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Abstract

We study the mean-field approximation of Quantum Electrodynamics, by means
of a thermodynamic limit. The QED Hamiltonian is written in Coulomb gauge
and does not contain any normal-ordering or choice of bare electron/positron
subspaces. Neglecting photons, we define properly this Hamiltonian in a finite
box [−L/2;L/2)3, with periodic boundary conditions and an ultraviolet cut-off
Λ. We then study the limit of the ground state (i.e. the vacuum) energy and of
the minimizers asL goes to infinity, in the Hartree-Fock approximation.

In case with no external field, we prove that the energy per volume con-
verges and obtain in the limit a translation-invariant projector describing the free
Hartree-Fock vacuum. We also define the energy per unit volume of translation-
invariant states and prove that the free vacuum is the unique minimizer of this
energy.

In the presence of an external field, we prove that the difference between
the minimum energy and the energy of the free vacuum converges asL goes to
infinity. We obtain in the limit the so-called Bogoliubov-Dirac-Fock functional.
The Hartree-Fock (polarized) vacuum is a Hilbert-Schmidt perturbation of the
free vacuum and it minimizes the Bogoliubov-Dirac-Fock energy.c© 0 Wiley
Periodicals, Inc.

1 Introduction

In Coulomb gauge and when photons are neglected, the Hamiltonian of Quan-
tum Electrodynamics (QED) reads formally [31, 32, 53, 48, 7]

(1.1) Hϕ =
∫

Ψ∗(x)D0Ψ(x)dx−
∫

ϕ(x)ρ(x)dx+
α
2

∫∫ ρ(x)ρ(y)
|x−y| dxdy
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whereΨ(x) is the second-quantized field operator satisfying the usual anti-commutation
relations, andρ(x) is the densityoperator

(1.2) ρ(x) =
tr[Ψ∗(x),Ψ(x)]

2
= ∑4

σ=1{Ψ∗(x)σ Ψ(x)σ −Ψ(x)σ Ψ∗(x)σ}
2

,

whereσ is the spin variable. In (1.1),D0 =−iα ·∇ +m0β is the usual free Dirac
operator [55] (m0 > 0 is thebaremass of the electron),α is thebareSommerfeld
fine structure constant andϕ is the external potential. We have chosen a system of
units such that̄h = c = 1.

In QED, one main issue is the minimization of the Hamiltonian (1.1). For the
study of systems like atoms or molecules, one usually uses the Born-Oppenheimer
approximation and treats the nuclei as fixed and time-independent external sources,
justifying the introduction of the external fieldϕ. A global minimizer ofHϕ would
then be interpreted as the free vacuum ifϕ = 0, or the polarized vacuum when
ϕ 6= 0. On the other hand, a minimizer in theNth charge sector (in a sense to be
made more precise) would describe a bound state with particles.

However, none of these minimization problems make sensea priori, sinceHϕ

cannot be bounded from below. This old problem [15, 16] is due to the fact that the
free Dirac operatorD0 has a negative essential spectrum:σ(D0) = (−∞;−m0]∪
[m0;∞). Our goal in this paper will be to use a thermodynamic limit in order to
give a precise mathematical meaning to the minimization ofHϕ in the mean-field
approximation, that is to say when it is restricted to Hartree-Fock (HF) states. We
shall in particular be able to define properly the Hartree-Fock global minimizer (i.e.
the vacuum), with or without an external fieldϕ.

We have neglected photons in (1.1). This approximation is physically justified
when studying the free vacuum (i.e. whenϕ = 0). In full QED, the expectation
value of the photon field〈~A(x)〉 vanishes for the (non Hartree-Fock) free vacuum,
see e.g. [49, 50, 44]. But photons should be included for a complete treatment of
the external field case.

We emphasize that (1.1) does not contain any normal-ordering or notion of
(bare) electrons and positrons:Ψ(x) can annihilate electrons of negative kinetic
energy. Indeed, the distinction between electrons and positrons should be a result
of the theory and not an input. The commutator used in the formula (1.2) ofρ(x)
is a kind of renormalization, independent of any reference. It is due to Heisenberg
[31] (see also [43, Eq.(96)] and [17, Eq. (38)]), and has been widely used by
Schwinger (see [48, Eq.(1.14)], [49, Eq. (1.69)] and [50, Eq. (2.3)]) as a ne-
cessity for a covariant formulation of QED. More precisely, the HamiltonianHϕ

possesses the interesting property of being invariant under charge conjugation since
the following relations hold formally

C ρ(x)C−1 =−ρ(x), CHϕC−1 =H−ϕ ,

whereC is the charge conjugation operator acting on the Fock space (details will
be given later on). Notice that the use of a commutator in the same way as (1.2) for



THE MEAN-FIELD APPROXIMATION IN QED 3

the kinetic energy term would have no effect since the Dirac matrices are trace-less:

1
2

∫
tr[Ψ∗(x),D0Ψ(x)]dx=

∫
Ψ∗(x)D0Ψ(x)dx.

In the mean-field approximation, one restricts the QED Hamiltonian (1.1) to
Hartree-Fock states in the underlying Fock space. These states|Ω〉 have the prop-
erty of being totally described, up to a phase, by the two-point functionP(x,y) =
〈Ω|Ψ∗(x)Ψ(y)|Ω〉, also called thedensity matrix of|Ω〉. In the usual Hartree-Fock
theory, the energy only depends on the orthogonal projectorP. This is also true
in QED but, due to the specific definition of the density operatorρ(x) in (1.2), the
energy will be more easily expressed in terms of therenormalized density matrix

(1.3) γ :=
P−P⊥

2
= P−1/2

where we have introducedP⊥ = 1−P, or equivalently

γ(x,y) := 〈Ω|
(

[Ψ∗(x),Ψ(y)]
2

)
|Ω〉.

The operatorγ and the associated projectorP = γ + 1/2 will be our main objects
of concern in this paper. Notice thatγ is closely related to the Feynman propagator
SF taken at equal times [7], a widely used object in QED (for the true non-HF QED
vacuum):

γ(x,y) =−iSF(x,y; tx = ty)β .

In order to give a precise mathematical meaning to the minimization ofHϕ in
the Hartree-Fock class, we proceed as follows: we first define properlyHϕ in a fi-
nite box in spaceCL = [−L/2;L/2)3 and with an ultraviolet cut-offΛ in the Fourier
domain. For the sake of simplicity, we also use periodic boundary conditions on
CL, i.e. we work on the torusTL := R3/(LZ3). Since the problem becomes fi-
nite dimensional, the minimization of this well-defined Hamiltonian restricted to
Hartree-Fock states makes sense. Let us denote byEL(ϕ) the minimum energy in
the presence of the external fieldϕ. The main goal of this paper will be to study
the thermodynamic limitL → ∞, i.e. the behavior of both the minimizers and the
minimum energyEL(ϕ) when the size of the box grows.

Our states will always be represented by their density matrixP or their renor-
malized density matrixγ = P−1/2, defined in (1.3). We shall prove that, asL goes
to infinity, the sequence of global minimizers indeed converges to a state defined
on the whole space, which will be interpreted as the Hartree-Fock global minimizer
of the QED Hamiltonian.

Moreover, our method will also allow us to define the energy of these states.
We have to study separately the free caseϕ = 0 and the external field caseϕ 6= 0.
In the free case, we shall define properly theenergy per unit volumeof translation-
invariant states; the HF free vacuum will be the unique minimizer of this energy.
In the external field case, we will obtain at the limit the Bogoliubov-Dirac-Fock
(BDF) energy [12] which is the energy of the state, measured with respect to
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the energy of the free vacuum. The HF polarized vacuum will be a minimizer
of this energy. Therefore, the BDF theory is the appropriate model for the study of
Hartree-Fock states in QED in the presence of an external potential.

These limits are studied for a fixed ultraviolet cut-offΛ. Our objects will be log-
arithmically divergent inΛ. The elimination of this last divergence would require
a renormalization, which we do not address in details here.

Let us now describe the results of this paper in more details.
We start with the free caseϕ = 0. First, we prove the existence, for eachL, of

a unique global minimizerof EL(0), γ0
L = P0

L −1/2, which is moreover invariant
under translations. We then study the energy per unit volume and prove that

(1.4) lim
L→∞

EL(0)
L3 = min

γ= f (−i∇),
−1/2≤γ≤1/2

T ( f ).

The energyT is a natural functional defined for translation-invariant operators
only, γ = f (−i∇), by
(1.5)

T ( f ) =
1

(2π)3

∫

B(0,Λ)
trC4[D0(p) f (p)]dp− α

(2π)5

∫∫

B(0,Λ)2

trC4[ f (p) f (q)]
|p−q|2 dpdq,

where we recall thatΛ is the ultraviolet cut-off. The functionalT indeed can be
interpreted as theenergy per unit volumeof translation-invariant states.

We prove that, whenL → ∞, the sequence(γ0
L) converges in some sense to

theunique translation-invariant minimizerof the r.h.s. of (1.4), denoted byγ0 =
P0−−1/2 whereP0− is an orthogonal projector. This state is interpreted as the HF
free vacuum. Writing the Euler-Lagrange equation satisfied byγ0, we obtain the
self-consistent equation

(1.6)





γ0 =−sgn(D0)
2

,

D0 = D0−α
γ0(x,y)
|x−y| .

Written in terms ofP0− = γ0 +1/2, this equation reads

(1.7) P0
− = χ(−∞;0)(D

0),

which corresponds to the usual Dirac picture that the density matrix of the free
vacuum should be the projector associated with the negative part of the spectrum
of a translation-invariant Dirac operator.

Let us emphasize that in many works, the free vacuum isassumedto be repre-
sented by the free Dirac projector

P0
− := χ(−∞;0)(D

0),

following thereby ideas of Dirac [15, 16] (see, e.g. [12, 13, 36, 37, 5, 25, 26]).
The true Hartree-Fock vacuumP0− obtained in this paper is different fromP0−,
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except whenα = 0. The interpretation is that, contrary toP0−, the self-consistent
interactions between the virtual particles of the vacuum are taken into account via
the termαγ0(x−y)|x−y|−1 in (1.6).

The self-consistent operatorD0 defined in (1.6) has an interesting special form.
Using the usual notationp =−i∇, it can be written

D0(p) = α · pg1(|p|)
|p| +βg0(|p|)

which means that, due to (1.6),

(1.8) γ0(p) =− g1(|p|)
2|p|

√
g1(|p|)2 +g0(|p|)2

α · p− g0(|p|)
2
√

g1(|p|)2 +g0(|p|)2
β .

In QED, the Feynman propagatorSF is often expressed using the Källén-Lehmann
representation [35, 38, 7], based on relativistic invariances. Although our model is
not fully relativistically invariant (we discard photons and use an ultraviolet cut-off
Λ) and is only defined in the mean-field approximation, our solution (1.8) has ex-
actly the form which may be derived from the Källén-Lehmann representation for
the equal time propagator. In four-dimensional full QED, a self-consistent equa-
tion similar to (1.6) is well-known and used. These so-called Schwinger-Dyson
equations [51, 18] have been approximately solved for the free vacuum case first
by Landauet al. in [1, 2], and then by many authors (see, e.g., [34, 23, 3]).

In [41], Lieb and Siedentop arrived at the same equation (1.6) with totally dif-
ferent arguments from ours. In particular, they did not derive the equation (1.6)
as the Euler-Lagrange equation associated with a minimization problem, but rather
looked for a self-consistent normal-ordering in a free Hamiltonian. They proved
the existence of a solution of (1.6) by means of a fixed-point method, valid under a
restrictive condition of the formα logΛ <C whereΛ is the ultraviolet cut-off. Our
proof is completely different since it proceeds by minimizing the functionalT .
This enables us to prove the existence of a solution to (1.6) without any constraint
linking α andΛ.

Let us remark that sinceγ0 is translation-invariant, the associateddensity of
charge, formally defined byργ0(x) = trC4 γ0(x,x), is indeed a constant. A conse-
quence of the special form (1.8) ofγ0 is thatργ0(x) ≡ 0, the Dirac matrices being
trace-less. Therefore, in this formalism and thanks to (1.2), the free vacuum has no
local density of charge, which is physically comforting.

We know thatγ0 is a minimizer of the energyT among other translation-
invariant operators. Since howeverγ0

L is for anyL a global minimizer, we will
also prove (in a sense to be made more precise later) that the limitingγ0 is also a
minimizer ofH0 under local Hilbert-Schmidt perturbations. Our study therefore
shows that although one cannot give a meaning to the energy of the free HF vac-
uum, one can give a sense of being a minimizer of the Hartree-Fock energy, either
among translation-invariant operators, or under Hilbert-Schmidt perturbations.
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We then study the external field caseϕ 6= 0. We prove that the energy measured
with respect to the free energy has a limit:

(1.9) lim
L→∞

{EL(ϕ)−EL(0)}= min
γ−γ0∈S2,

−1/2≤γ≤1/2

E ϕ
BDF(γ− γ0).

HereE ϕ
BDF is the so-called Bogoliubov-Dirac-Fock (BDF) energy [12, 11, 5, 25,

26], associated with the free vacuumγ0. It measures the energy of a HF state|Ω〉
with renormalized density matrixγ, relatively to the energy of the free vacuum
|Ω0〉, whose renormalized density matrixγ0 has been defined previously, i.e.

(1.10) E ϕ
BDF(γ− γ0) = “〈Ω|Hϕ |Ω〉−〈Ω0|H0|Ω0〉” .

The BDF energy reads formally

(1.11) E ϕ
BDF(Q) = tr[D0(P0

+QP0
+ +P0

−QP0
−)]−

∫
ϕ(x)ρQ(x)dx

+
α
2

∫∫ ρQ(x)ρQ(y)
|x−y| dxdy− α

2

∫∫ |Q(x,y)|2
|x−y| dxdy,

whereρQ(x) = trC4(Q(x,x)) is the charge density, a well-defined object whenQ∈
S2, thanks to the ultraviolet cut-offΛ [25].

For any L, we prove the existence of a Hartree-Fock global minimizer for
EL(ϕ), γL = PL − 1/2. Then we show thatγL − γ0

L = PL −P0
L converges, in

some sense, to a global minimizer̄Q = γ̄ − γ0 of the BDF energy (1.11). Hence,
the solutionγ̄ = γ0 + Q̄ of the r.h.s. of (1.9) is a Hilbert-Schmidt perturbation of
the freeγ0 and solves the self-consistent equation

(1.12) γ̄ =−sgn(D̄)
2

with

D̄ = D0−ϕ +αρ(γ̄−γ0) ∗
1
| · | −α

(γ̄− γ0)(x,y)
|x−y|

= D0−ϕ +αργ̄ ∗ 1
| · | −α

γ̄(x,y)
|x−y| ,(1.13)

where we have used the definition ofD0 in (1.6) andργ0 ≡ 0. Written in terms of
the projectorP̄− = γ̄ +1/2, (1.12) can be written

(1.14) P̄− = χ(−∞;0)(D̄),

which one more time corresponds to Dirac’s interpretation that the density matrix
of the vacuum should be the projector associated with the negative spectrum of
an effective Dirac operator. We emphasize that, due to (1.13), the self-consistent
equation (1.12) does not depend on the referenceγ0 used for the definition of the
BDF energy.
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Self-consistent equations for relativistic Hartree-Fock states are well-known in
QED. We refer the reader for instance to [46, Eq.(4)] which is exactly equivalent to
(1.14), and to [45, 20, 22, 14, 30] for related studies. In [20, 19], similar equations
are obtained in the relativistic density functional theory.

Notice that the BDF energy (1.11) can also be used in the free caseϕ = 0. Sim-
ilarly to [13, 5, 25], we shall prove in this case that its minimizer is0, which pre-
cisely means that the free vacuumγ0 is a minimizer ofH0 under Hilbert-Schmidt
perturbations.

The Bogoliubov-Dirac-Fock energy has been introduced first by Chaix-Iracane
in [12, 11]. They also study a mean-field approximation of QED, but start with
a different Hamiltonian: taking the free Dirac projectorP0− as a definition of the
free vacuum, they used a Hamiltonian normal-ordered with respect toP0−. In [13],
Chaix, Iracane and Lions proved that their free vacuumP0− is stable when no exter-
nal field is present. Our BDF energy (1.11) is similar to the one of Chaix-Iracane,
butP0− andD0 have been replaced byP0− andD0.

The BDF model of Chaix-Iracane has been studied by Bach, Barbaroux, Helffer
and Siedentop in [5], in which a mathematical setting without any ultraviolet cut-
off is provided whenϕ = 0, to prove the stability of the free vacuumP0− under
trace-class perturbations. The case of an external field is studied as well, but the
vacuum polarization is neglected, leading to a totally different model.

A rigorous framework for the study of the external field case has been recently
provided by Hainzl, Lewin and Śeŕe in [25, 26]. There, an ultraviolet cut-off is
introduced and the energy is defined on a set of Hilbert-Schmidt operators which
are not necessarily trace-class. Starting from the Hamiltonian of Chaix and Ira-
cane, it is proved that the corresponding BDF energy is bounded from below and
that it possesses a minimizer. It satisfies an equation similar to (1.14), but which
still explicitly depends on the chosen referenceP0− [25, Eq. (6)]. We shall rely
heavily on [25, 26]. In particular, we shall generalize the results of [26] to the new
BDF energy (1.11) and obtain the existence of a minimizer satisfying our equation
(1.14). For a time-dependent study of the BDF model of Chaix-Iracane, we refer
to [28].

Summarizing our results, we have been able to give a meaning to the Hartree-
Fock approximation in no-photon QED, by means of a thermodynamic limit. The
free vacuum has a renormalized density matrixγ0 =P0−−1/2, which is a translation-
invariant operator, solution of (1.6). It is a minimizer among other translation in-
variant operators of the energy per unit volumeT defined in (1.5) and as well a
minimizer ofH0 under Hilbert-Schmidt perturbations. In the presence of an ex-
ternal potential, the HF polarized vacuum is a Hilbert-Schmidt perturbationγ̄ =
γ0 + Q̄ of the freeγ0. The operatorQ̄ minimizes the BDF functional (1.11) and̄γ
solves (1.12).
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This work shows that the BDF functional (1.11) is the appropriate tool for the
study of Hartree-Fock states in QED, in the presence of an external potential. Al-
though the present paper only addresses the case of the vacuum, our method should
be applicable to the case of atoms and molecules. In that case, one would have to
minimize the BDF energy in a sector of fixed chargeN.

As mentioned above, the theory is still divergent in the cut-offΛ. This phe-
nomenon is also encountered in full QED, where the concepts ofmass and charge
renormalization[18, 7] are used to get finite physical quantities. Mass and charge
renormalization will usually not remove the divergences in the propagatorSF or
in the equal time propagatorγ. This is not surprising sinceγ as defined in (1.3)
does not represent a physical quantity, it is not the propagator of a physical parti-
cle. The physical electron (at rest) is represented by the lowest energy state in the
charge one sector (the positron corresponds to the charge -1 sector). In particular,
the rest mass of the physical particle is the lowest energy in the charge one sector.
Thephysical electronis not just the bare particle, but includes also a cloud of vir-
tual particles. The relation between the bare propagatorSF and the propagator for
the physical particle is in the physics literature often expressed by what is called
a wavefunction renormalization. We will discuss the concept of renormalization
in Section 2.5. As we will explain, wavefunction renormalization is conceptually
different from charge and mass renormalization. A completely different notion of
wavefunction renormalization, which also leads to a different notion of physical
mass, was introduced in [41].

Of course, this study only applies to the Hartree-Fock approximation, the gen-
eral case being much more difficult in our point of view. In particular, we do not
know if the use of a normal-ordered Hamiltonian with respect to the free elec-
tron/positron spaces defined byP0− as proposed in [41], is physically relevant. By
definition, the normal-ordering procedure takes a projector (i.e. a Hartree-Fock
state) as a reference, whereas the true vacuum is known to be a non Hartree-Fock
state. The study of a thermodynamic limit for the full QED model could be a better
approach in the quest of a non-perturbative formulation of QED.

The paper is organized as follows. In the next section, we define properly the
models and state our main theorems. We start by giving a meaning to the QED
Hamiltonian in the boxCL and formulate the thermodynamic problem mathemat-
ically. Then, we define the models on the whole space that will be obtained as
thermodynamic limits: the energyT of translation-invariant projectors and its
minimizerγ0 = P0−−1/2, and the associated Bogoliubov-Dirac-Fock model. Fi-
nally, we state our main results concerning the thermodynamic limit. For the sake
of clarity, we have brought all the proofs together at the end of the paper, in Section
3. Section 2.5 is devoted to the discussion of the renormalization problem.
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2 Model and main results

In this section, we present the models and state our results. The proofs are given
separately, in the next section.

2.1 QED energy on the torus in the Hartree-Fock approximation

Let us start by defining the no-photon QED Hamiltonian in the cubeCL =
[−L/2;L/2)3. As mentioned in the introduction, we add periodic boundary condi-
tions and therefore work in the torusTL := R3/(LZ3).

Notations

A function ψ in L2(TL,C4) = L2
per(CL,C4) can be written as

ψ(x) =
(2π)3/2

L3 ∑
k∈2πZ3/L

ψ̂(k)eik·x =
(

2π
L

)3/2

∑
k∈2πZ3/L

ψ̂(k)ek(x),

whereek(x) = eik·x/L3/2 andψ̂(k) ∈ C4. We now add a cut-off in Fourier space
and define the following finite-dimensional subspace ofL2(TL,C4)

(2.1) HL
Λ := span

{
ekεσ | k∈ ΓL

Λ, σ ∈ {1, ...,4}} , ΓL
Λ := 2πZ3/L∩B(0,Λ),

(εσ )σ=1,..,4 being the canonical orthonormal basis ofC4. Note that any operatorγ
acting onHL

Λ has a kernel of the form

γ(x,y) = ∑
k,l∈ΓL

Λ

γ̂(k, l)ek(x)el (y)

whereγ̂(k, l) is aC4×C4 matrix such thatγ[εσ ek] = ∑σ ′ ∑l∈ΓL
Λ

γ̂(l ,k)σ ′,σ el εσ ′ . Its
density is defined as

ργ(x) = trC4(γ(x,x)) = L−3 ∑
k,l∈ΓL

Λ

trC4 (γ̂(k, l))eix·(k−l).

A translation-invariant operatorT acting onHL
Λ satisfiesT̂(k, l) = g(k)δkl where

g(k) is, for anyk∈ ΓL
Λ, aC4×C4 matrix. Denoting now

ǧ(x) = (2π/L)3/2 ∑
k∈ΓL

Λ

g(k)ek(x),

we easily see that

T(x,y) = (2π)−3/2ǧ(x−y).

The density of a translation-invariant operator is a constant:

ρT(x) := trC4 T(x,x) = (2π)−3/2 trC4 ǧ(0) =
1
L3 ∑

k∈ΓL
Λ

trC4 g(k).
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The identity onHL
Λ is IL

Λ whose kernel is

(2.2) IL
Λ(x,y) =

1
L3 ∑

k∈ΓL
Λ

I4eik·(x−y)

and whose density isρIL
Λ

= 4|ΓL
Λ|/L3. In the following, we shall denote

(2.3) ρL
Λ =

ρIL
Λ

2
=

2|ΓL
Λ|

L3 .

Dirac operator, Coulomb potential and external field onTL

Recall that the free Dirac operator is defined as

D0 =−iα ·∇+m0β

wherem0 > 0 is the bare mass of the electron andα = (α1,α2,α3), β are the
Dirac matrices [55]. On the torus, we use the same notation and simply defineD0

as the multiplication operator in the Fourier domain, by(α · k+ m0β )k∈ΓL
Λ
. The

same abuse of notation will be done for the operator−i∇ acting as a multiplication
operator in the Fourier domain by(k)k∈ΓL

Λ
.

We shall use a Coulomb potential similar to the choices made in [42, 9, 8, 10].
We defineWL as being the unique solution of

(2.4)




−∆WL = 4π

(
∑

x∈Z3

δLx− 1
L3

)

min
CL

WL = 0.

This means that there exists a constantµ > 0 such that

WL(x) =
1
L3


 ∑

k∈(2π)Z3/L
k6=0

4π
|k|2eik·x + µL2


 .

Notice that in [42, 9, 8, 10],µ is replaced by 0 (i.e. the integral of the Coulomb
potential is assumed to vanish). Indeed most of our results are valid ifµ is replaced
by any non-negative real number. However, the non-negativity of the Coulomb
potential, which seems physically relevant to us, is usually needed in the study
of Hartree-Fock minimizers. Moreover, our choice better mimics the behavior of
1/|k|2 at 0.

In the following, we shall also consider an external potential of the form

ϕ = αn∗ 1
| · |
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in the whole space, created by external sources for instance like nuclei. We will
assume thatn∈ C whereC is the so-called Coulomb space [26]

(2.5) C =

{
f |

∫

R3

| f̂ (k)|2
|k|2 dk< ∞

}
.

We do not necessarily assume in this paper thatn is anL1 non-negative function
but the reader should think of

∫
R3 n = Z as being the total number of protons in the

nuclei.

Remark2.1. Notice that, since we will add an ultraviolet cut-off, the definition
(2.5) also contains the usual Coulomb potential since the (regularized) Dirac mea-
sureδΛ defined by

(2.6) δ̂Λ = (2π)−3/21B(0,Λ)

belongs to the spaceC .

For the sake of simplicity, we shall also assume that the restriction to the ball
B(0,Λ) of the Fourier transform̂n is a continuous function. This allows us to define
the external potential on the torus by

(2.7) nL(x) =
(2π)3/2

L3 ∑
k∈ΓL

Λ

n̂(k)eik·x,

In the whole space, the Dirac operator with external potential will be denoted by
Dϕ = D0−ϕ = D0−αn∗ 1

|·| , whereas we use the notation

(2.8) Dϕ
L = D0−ϕL, ϕL(x) := αnL ∗WL(x) = α

∫

CL

nL(y)WL(x−y)dy

for the corresponding operator acting onHL
Λ.

No-photon QED Hamiltonian onTL

We are now able to define and compute the no-photon QED energy inTL. The
Fock space associated withHL

Λ is

F L
Λ := C⊕

⊕

m≥1

(
m∧

i=1

HL
Λ

)

(this is indeed a finite dimensional space). OnF L
Λ , the creation operatorΨ∗

k,σ is
defined as usually, fork∈ ΓL

Λ andσ ∈ {1,2,3,4}, by

Ψ∗
k,σ (ψ1∧·· ·∧ψp) = (ekεσ )∧ψ1∧·· ·∧ψp.

It satisfies the anti-commutation relation

(2.9) {Ψk,σ ,Ψ∗
l ,σ ′}= δk,l δσ ,σ ′ .
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In the following, we shall use the common notationΨ(x)σ = ∑k∈ΓL
Λ

ek(x)Ψk,σ for

the second-quantized field operator. We shall also need to use, for somef ∈ HL
Λ,

the notation

(2.10) Ψ( f )σ =
(

2π
L

)3/2

∑
k∈ΓL

Λ

f̂ (k)σ Ψk,σ

when f =
(

2π
L

)3/2
∑k∈ΓL

Λ
f̂ (k)ek.

The no-photon QED Hamiltonian is the well-defined operator acting on the
finite-dimensional spaceF L

Λ ,

(2.11) Hϕ
L =

∫

TL

Ψ∗(x)D0Ψ(x)dx−
∫

TL

ϕL(x)ρ(x)dx

+
α
2

∫∫

(TL)2
ρ(x)ρ(y)WL(x−y)dxdy

whereα is thebarefine structure constant and

ρ(x) =
1
2

tr[Ψ∗,Ψ](x)

=
1
2 ∑

σ
(Ψ∗(x)σ Ψ(x)σ −Ψ(x)σ Ψ∗(x)σ )

=
1
2 ∑

σ
∑

k,l∈ΓL
Λ

(
Ψ∗

k,σ Ψl ,σ −Ψl ,σ Ψ∗
k,σ

)
ek(x)el (x).(2.12)

The charge-conjugation operatorC is the uniquely defined (up to a phase) unitary
operator acting on the Fock spaceF L

Λ (see, e.g. [47, Prop.2.1]) such that, for any
f ∈ HL

Λ,

CΨ( f )C−1 = Ψ(C f)∗ and CΨ( f )∗C−1 = Ψ(C f),

whereC is the charge conjugation operator acting onHL
Λ, defined byC f := iβα2 f ,

andΨ( f ) has been introduced in (2.10). It is then easy to see that the following
relations hold

C ρ(x)C−1 =−ρ(x), CHϕ
L C−1 =H−ϕ

L .

Using the CAR (2.9) and the formula (2.12), we obtain

(2.13) ρ(x) = Ψ∗(x)Ψ(x)−ρL
Λ.
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whereρL
Λ is defined in (2.3). Inserting (2.13), we obtain for the last term of (2.11)

α
2

∫∫

(TL)2
ρ(x)ρ(y)WL(x−y)dxdy

=
α
2

∫∫

(TL)2
Ψ∗(x)Ψ(x)Ψ∗(y)Ψ(y)WL(x−y)dxdy

−αρL
Λ

∫∫

(TL)2
Ψ∗(x)Ψ(x)WL(x−y)dxdy+

α(ρL
Λ)2

2

∫∫

(TL)2
WL(x−y)dxdy

= α ∑
1≤i< j

WL(xi−x j)+
α
2

∫∫

(TL)2
IL
Λ(x,y)Ψ∗(x)Ψ(y)WL(x−y)dxdy

−αρL
Λ

∫∫

(TL)2
Ψ∗(x)Ψ(x)WL(x−y)dxdy+

α(ρL
Λ)2

2

∫∫

(TL)2
WL(x−y)dxdy,

(2.14)

where we recall thatIΛ(x,y) is defined in (2.2). Therefore, computing the energy
of a Hartree-Fock state with density matrixP(x,y) (an orthonormal projector on
HL

Λ), we obtain from (2.11) and (2.14)

(2.15) E QED
L,ϕ (P) = tr(D0P)−

∫

TL

ϕL(x)(ρP(x)−ρL
Λ)dx

+
α
2

∫∫

(TL)2
ρP(x)ρP(y)WL(x−y)dxdy− α

2

∫∫

(TL)2
|P(x,y)|2WL(x−y)dxdy

+
α
2

∫

(TL)2
trC4

(
IL
Λ(x,y)P(x,y)

)
WL(x−y)dxdy

−αρL
Λ

∫∫

(TL)2
ρP(x)WL(x−y)dxdy+

α(ρL
Λ)2

2

∫∫

(TL)2
WL(x−y)dxdy.

UsingρIL
Λ/2(x) = ρL

Λ andtr(D0IL
Λ) = 0, we infer

(2.16) E QED
L,ϕ (P) = E ϕ

L (P− IL
Λ/2)+

α
8

∫∫

(TL)2
|IL

Λ(x,y)|2WL(x−y)dxdy

whereE ϕ
L is the usual Dirac-Fock energy on the torus

(2.17) E ϕ
L (γ) = tr(Dϕ

L γ)+
α
2

DL(ργ ,ργ)− α
2

∫∫

(TL)2
|γ(x,y)|2WL(x−y)dxdy

defined for any self-adjoint operatorγ acting onHL
Λ, and with

DL( f , f ) =
∫∫

(TL)2
f (x) f (y)WL(x−y)dxdy=

1
L3 ∑

k∈(2πZ3)/L

| f̂ (k)|2ŴL(k)≥ 0,

ργ(x) = trC4 γ(x,x).
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The last term of (2.16) is a constant which behaves like

(2.18)
α
8

∫∫

(TL)2
|IL

Λ(x,y)|2WL(x−y)dxdy∼L→∞
αL3

2

∫

R3

|δΛ(x)|2
|x| dx

whereδΛ ∈ L2(R3)∩L∞(R3) is the Fourier inverse of(2π)−3/21B(0,Λ) already de-
fined in (2.6). Because of (2.18), this term shifts the limit of the energy per unit
volume by a constant and disappears when looking at differences. Hence, it will
not play any role for the study of our thermodynamic limit, and we discard it for
the rest of the paper. We therefore study the minimization problem

(2.19) EL(ϕ) := inf

{
E ϕ

L (γ), γ ∈L (HL
Λ), γ∗ = γ, − IL

Λ
2
≤ γ ≤ IL

Λ
2

}

(L (HL
Λ) denotes the space of all linear operators acting onHL

Λ). Notice that we
have extended the set{P− IL

Λ/2, P orth. projector} to its convex hull

G L
Λ =

{
γ ∈L (HL

Λ), γ∗ = γ, − IL
Λ
2
≤ γ ≤ IL

Λ
2

}

as this is usually done in Hartree-Fock type theories [39]. It will be proved that
this does not change the minimizer. With this change of variable, our goal will be
to prove

• without external field (ϕ = 0):
(1) the existence of a unique minimizerγ0

L = P0
L− IL

Λ/2 for EL(0), when
L is large enough;

(2) that the energy per unit volume
EL(0)

L3 has a limit asL→ ∞;

(3) thatγ0
L converge in a certain sense to a translation-invariant limitγ0 =

P0−−1/2, which will be the HF free vacuum (P0− is a projector);
(4) that the limitingγ0 is the unique minimizer of theenergy per unit

volume, a functional defined only for translation-invariant operators
acting on the whole space;

• in the presence of an external field (ϕ 6= 0):
(5) the existence of a minimizerγL = PL− IL

Λ/2 for EL(ϕ);
(6) that the energy differenceEL(ϕ)−EL(0) has a limit asL→ ∞;
(7) thatγL converges in a certain sense to an operatorγ̄ = P̄−−1/2which

will be interpreted as the HF polarized vacuum (P̄− is a projector);
(8) thatγ̄−γ0 is a minimizer of the Bogoliubov-Dirac-Fock energy, which

measures the energy with respect to the (infinite) energy of the free
vacuumγ0.

These questions are rather common in the mathematical study of thermody-
namic limits [40, 42, 8, 9]. Before we answer them, we have to define properly the
variational problems obtained in the whole space. In the next section, we define
the energy per unit volume of translation-invariant operators acting on the whole
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space when no external field is present; its minimizer will be the free vacuumγ0. In
Section 2.3, we define the associated Bogoliubov-Dirac-Fock model properly and
prove the existence of the polarized vacuumγ̄ in the presence of an external field;
this will be only an easy extension of the work already done by Hainzl-Lewin-Séŕe
in [25, 26]. Finally, we answer questions (1)–(8) in Section 2.4.

2.2 Definition of the free vacuumP0−
Let us now define the models in the whole space. The cut-off is implemented

in the Fourier domain by considering the following Hilbert space

(2.20) HΛ :=
{

ψ ∈ L2(R3,C4) | suppψ̂ ⊂ B(0,Λ)
}

.

In this subsection, we consider the case where no external field is present,n = 0.
We want to define the energy per unit volume of a translation-invariant operatorγ
acting onHΛ and such that

− IΛ

2
≤ γ ≤ IΛ

2
,

IΛ being the identity onHΛ. Such an operator acts as a multiplication operator in
the Fourier domain and can therefore be writtenγ = f (−i∇) or, formallyγ(x,y) =
(2π)−3/2 f̌ (x−y), with f belonging to

AΛ =
{

f ∈ L∞(B(0,Λ),S4(C)), − IC4

2
≤ f ≤ IC4

2

}
.

HereS4(C) is the set of4×4 self-adjoint complex matrices. Notice that its density
of charge is a well-defined constant:

ργ(x) = trC4 γ(x,x) = (2π)−3/2 trC4 f̌ (0) = (2π)−3
∫

B(0,Λ)
trC4( f (p))dp.

The energy per unit volume of such a translation-invariant operatorγ = f (−i∇) is
then defined in terms off ∈AΛ by
(2.21)

T ( f ) =
1

(2π)3

∫

B(0,Λ)
trC4[D0(p) f (p)]dp− α

(2π)5

∫∫

B(0,Λ)2

trC4[ f (p) f (q)]
|p−q|2 dpdq.

To give a hint why we consider the energyT , let us fix some operatorγ =
f (−i∇) wheref ∈AΛ. To simplify the discussion, we also assume thattrC4( f (k))=
0 for anyk∈ B(0,Λ). To avoid any confusion, we denote byγL the operator acting
onHL

Λ associated withγ, and which is just the multiplication operator by( f (k))k∈ΓL
Λ

in the Fourier domain. Its energy is given by (2.17) and can be expressed as

E 0
L (γL) = ∑

k∈ΓL
Λ

trC4(D0(k) f (k))−L3 α
2(2π)3

∫

TL

| f̌L(x)|2WL(x)dx
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where f̌L(x) := (2π/L)3/2 ∑k∈ΓL
Λ

f (k)ek(x). Notice that we have used

ργL = L−3 ∑
k∈ΓL

Λ

trC4 f (k) = 0

since by assumptiontrC4 f (k) = 0 for anyk∈ B(0,Λ). It is easy to see that

lim
L→∞

E 0
L (γL)
L3 = T ( f ).

It is therefore natural to define the free vacuum as a minimizer ofT and we intro-
duce

ET := inf {T ( f ) | f ∈AΛ} .

Theorem 2.2(Definition of the free vacuum). Assume that0≤α < 4/π, Λ > 0and
that m0 > 0. ThenT possesses a unique global minimizerf̄ onAΛ and any mini-
mizing sequence( fn)⊂AΛ of T converges strongly tōf in L2(B(0,Λ),S4(C)).

The associated renormalized density matrixγ0 := f̄ (−i∇) is a translation-
invariant operator satisfying the self-consistent equation

(2.22)





γ0 =−sgn(D0)
2

,

D0 = D0−α
γ0(x,y)
|x−y|

or, written in terms of the translation-invariant projectorP0− = γ0 + IΛ/2,

(2.23) P0
− = χ(−∞;0)

(
D0) .

Moreover,D0 takes the special form, in the Fourier domain,

(2.24) D0(p) = α ·ωpg1(|p|)+g0(|p|)β
whereωp = p/|p| andg0, g1 ∈ L∞([0;Λ],R) are such that

g1(x)≥ x andg0(x)≥m0,(2.25)

m0g1(x)≤ g0(x)x(2.26)

for anyx∈ [0;Λ), and therefore

(2.27) m2
0 + |p|2 ≤ |D0(p)|2 ≤ g0(|p|)

m0
(m2

0 + |p|2).

Finally, D0(p) ∈⋂
m≥1Hm(B(0,Λ))⊂ C ∞(B(0,Λ)).

The proof of Theorem 2.2 is given in section 3.2.
This result is a generalization of a work by Lieb and Siedentop. In [41], the

equation (2.22) is solved by means of a fixed point method, only valid under a
condition of the formα logΛ ≤C. Thanks to the variational interpretation using
the functionT , we have been able to prove the existence of a solution of (2.22)
without any constraint linkingα andΛ, and by means of a completely different
proof. Our solution coincides with [41] whenα logΛ ≤C, and the properties of
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D0 stated in Theorem 2.2 are exactly the ones which have been proved in [41].
The interpretation of (2.22) given in [41] however does not seem to be the same as
ours.

We notice that a self-consistent equation similar to (2.22) (written in terms
of the four-dimensional Green function of the electron) has been approximately
solved first by Landauet al. in [1, 2], and then by many authors (see, e.g., [34,
23, 3]). They use an ansatz analogous to (2.24) (see, e.g., [1, Eq.(1)] and [2, Eq.
(4.1)]).

Remark that the density of the vacuumγ0 = f̄ (−i∇) also vanishes, since (2.22)
and (2.24) mean

f̄ (p) =− g1(|p|)
2
√

g1(|p|)2 +g0(|p|)2
α ·ωp− g0(|p|)

2
√

g1(|p|)2 +g0(|p|)2
β

and therefore

ργ0 = (2π)−3
∫

B(0,Λ)
trC4 f̄ (p)dp= 0,

the Dirac matricesαi andβ being trace-less.

Remark2.3. Adapting the proof given in Section 3.2, it can be shown that when
m0 = 0, the functionalT also has a unique minimizer̄f (p)=−D0(p)/(2|D0(p)|),
with D0(p) = α ·ωpg1(|p|), g1 being given by [41, Eq.(26)].

Remark2.4. The energyT satisfies a nice scaling invariance property (already
used in [13]). Namely one has, with an obvious notation,

Tm0,α,Λ( f ) = λ−4Tλm0,α,λΛ( f (·/λ ))

which implies that

ET (m0,α,Λ)= λ−4ET (λm0,α,λΛ) and (P0
−)λm0,α,λΛ(p)= (P0

−)m0,α,Λ(p/λ ).

2.3 The Bogoliubov-Dirac-Fock theory based onP0−
In the previous section, we have defined the HF free vacuum, whose renormal-

ized density matrix isγ0 = P0−− IΛ/2. We now assume thatn 6= 0 (recall that
ϕ = αn∗1/| · |) and define the Bogoliubov-Dirac-Fock model [12, 13, 11, 5, 25,
26], based on this new reference. Our goal will be to show that the results by
Hainzl-Lewin-Śeŕe [25, 26] can be extended to this case. We refer the reader to
[12, 11, 25, 26] for a detailed presentation of the BDF model.

The BDF energy reads [25, 26]
(2.28)

E ϕ
BDF(Q) := trP0−

(D0Q)+
α
2

D(ρQ,ρQ)−αD(ρQ,n)− α
2

∫∫

R6

|Q(x,y)|2
|x−y| dxdy

where

(2.29) Q∈QΛ :=
{

Q∈S
P0−
1 (HΛ), −P0

− ≤Q≤P0
+, ρQ ∈ C

}
,
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C = { f | D( f , f ) < ∞}
and

D( f ,g) = 4π
∫

f̂ (k)ĝ(k)
|k|2 dk.

The spaceS
P0−
1 (HΛ) is introduced in [25, Sec. 2.1]. It contains all the Hilbert-

Schmidt operatorsQ∈S2(HΛ) which are such thatQ++ = P0
+QP0

+ andQ−− =
P0−QP0− are trace-class (∈S1(HΛ)). TheP0−-trace ofQ is then defined by

trP0−
Q := tr(Q++ +Q−−).

Finally, ρQ(x) = trC4 Q(x,x) is the charge density associated withQ, a well-defined
object in Fourier space thanks to the ultraviolet cut-off [25]:

ρ̂Q(k) = (2π)−3/2
∫

B(0,Λ)
trC4

(
Q̂(p+k/2, p−k/2)

)
dp.

Notice that compared to [12, 13, 11, 5, 25, 26], we have not only replacedP0−
by P0−, but alsoD0 by D0 in the definition (2.28) of the BDF energy.

The interpretation of (2.28) is thatE ϕ
BDF(γ − γ0) is the energy of the HF state

γ, measured relatively to the energy of the free vacuumγ0. This statement will
be made more precise in the next section, in which we prove thatEL(ϕ)−EL(0)
converges to the minimum of the BDF energy. Notice whenγ satisfies−IΛ/2≤
γ ≤ IΛ/2, then one has−P0− ≤ γ−γ0≤P0

+, justifying the constraint imposed on
Q in the definition ofQΛ in (2.29).

We may now state a result similar to [25, Theorem 1]:

Theorem 2.5 (The BDF energy is bounded-below). Assume that0≤ α ≤ 4/π,
Λ > 0, m0 > 0 and thatn∈ C .

(1) One has

∀Q∈QΛ, E ϕ
BDF(Q)+

α
2

D(n,n)≥ 0

and thereforeE is bounded from below onQΛ.
(2) If moreovern = 0, thenE 0

BDF is non-negative onQΛ, 0 being its unique
minimizer.

Proof. The proof is the same as in [13, 5, 25], using Kato’s inequality

1
|x| ≤

π
2
|D0| ≤ π

2
|D0|,

due to (2.27). ¤

The interpretation of the second part of Theorem 2.5 is thatγ0 is not only a
minimizer among translation-invariant projectors (Section 2.2), but also among
Hilbert-Schmidt perturbations.
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Let us now define the BDF ground state energy in the presence of an external
field:

(2.30) EBDF(ϕ) = inf
QΛ

E ϕ
BDF.

The existence of a minimizer is obtained by a result analogous to [26, Theorem 1]:

Theorem 2.6 (Definition of the polarized vacuum). Assume that0≤ α < 4/π,
Λ > 0, m0 > 0 and thatn∈ C . ThenE ϕ

BDF possesses a minimizer̄Q on QΛ such
that γ̄ = Q̄+ γ0 satisfies the self-consistent equation

(2.31)





γ̄ =−sgn(D̄)
2

,

D̄ := D0 +α
(
ργ̄ −n

)∗ 1
| · | −α

γ̄(x,y)
|x−y|

or, written in terms of the projectorP̄− := γ̄ + IΛ/2 = Q̄+P0−,

(2.32) P̄− = χ(−∞;0)
(
D̄

)
.

Additionally, ifα andn satisfy

(2.33) 0≤ α
π
4

{
1−α

(
π
2

√
α/2

1−απ/4
+π1/6211/6

)
‖n‖C

}−1

≤ 1,

then this global minimizer̄Q is unique and the associated polarized vacuum is
neutral: trP0−

(Q̄) = 0.

Proof. The proof works analogously to [26, Proof of Theorem 1]. The only modi-
fication is [26, Lemma 1]: one proves that

∣∣∣∣ [ξR, |D0|] ∣∣∣∣
S∞(HΛ) = O(1/R) using the

regularity ofD0(p) stated in Theorem 2.2. ¤

2.4 Thermodynamic limits

Let us first state a result for the thermodynamic limit whenn = 0, and which
answers to the questions (1)–(4) of Section 2.1. We recall thatET , T , f̄ , γ0 and
P0− are defined in Section 2.2.

Theorem 2.7(Thermodynamic limit with no external field). Assume that0≤ α <
4/π, Λ > 0, and thatm0 > 0. Then forL large enough,E 0

L possesses a unique
minimizerγ0

L = P0
L − IL

Λ/2 on G L
Λ , whereP0

L is an orthogonal projector. It is
translation-invariant,γ0

L = f 0
L (−i∇) (or equivalentlyγ0

L(x,y)= (2π)−3/2 f̌ 0
L (x−y)).

One has

(2.34) lim
L→∞

EL(0)
L3 = ET = min{T ( f ) | f ∈AΛ}

and

(2.35) lim
L→∞

∣∣∣∣γ0
L − γ0

∣∣∣∣
S∞(TL) = lim

L→∞
sup
k∈ΓL

Λ

∣∣ f 0
L (k)− f̄ (k)

∣∣ = 0,
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(2.36) lim
L→∞

∣∣∣∣P0
L−P0

−
∣∣∣∣

S∞(TL) = lim
L→∞

sup
k∈ΓL

Λ

∣∣P0
L(k)−P0

−(k)
∣∣ = 0.

The proof of this result is given in Section 3.3.
It is interesting to see how this result would change if another choice was made

for the definition of the no-photon QED Hamiltonian on the torus, like

H̃1
L :=

∫

TL

Ψ∗(x)D0Ψ(x)dx+
α
2

∫∫

(TL)2
Ψ∗(x)Ψ(x)Ψ∗(y)Ψ(y)WL(x−y)dxdy

or

H̃2
L := ∑

i≥1

(D0)xi + ∑
1≤i< j

WL(xi−x j)

=
∫

TL

Ψ∗(x)Dϕ
L Ψ(x)dx+

α
2

∫∫

(TL)2
Ψ∗(x)Ψ∗(y)Ψ(y)Ψ(x)WL(x−y)dxdy.

In both cases, the thermodynamic limit is dramatically changed since we can prove
the following result:

Theorem 2.8(Thermodynamic limit for other Hamiltonians). Assume thatH0
L is

replaced byH̃1
L or H̃2

L in the previous study, thatα > 0, Λ > 0, m0 > 0 andn = 0.
Let us denote by0≤ΘL≤ IL

Λ a self-adjoint operator acting onHL
Λ, which is the one-

body density matrix of a minimizer of the QED Hamiltonian, when it is restricted
to translation-invariant Hartree-Fock states. Then

(2.37) lim
L→∞

ρΘL = lim
L→∞

L−3 ∑
k∈ΓL

Λ

trC4(ΘL(k)) = 0.

Therefore, writingΘL(x,y) = (2π)−3/2ξL(x−y),

(2.38) lim
L→∞

||ξL||L∞(R3) = 0.

In other words, when the HamiltoniañH1
L or H̃2

L is chosen instead ofH0
L, the

thermodynamic limit asL → ∞ is trivial. This phenomenon is due to the term
DL(ρ,ρ) which behaves likeL5 and not likeL3 and which plays the role of ape-
nalization: the limit necessarily has a vanishing density. This shows the usefulness
of the commutator in the definition ofρ(x) in (2.12) or (1.2). In that case, one
obtains

lim
L→∞

ργ0
L
= lim

L→∞
ρ(P0

L−IL
Λ/2) = lim

L→∞
(ρP0

L
−ρL

Λ/2) = 0

andργ0 = ρ(P0−−P0
+)/2 = 0.

We now state a result for the thermodynamic limit whenn 6= 0; this answers the
questions (5)–(8) of Section 2.1.

Theorem 2.9 (Thermodynamic limit with external field). Assume that0≤ α <
4/π, Λ > 0, m0 > 0, n ∈ C and thatn̂ is continuous onB(0,Λ). Then for any
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L, E ϕ
L possesses a minimizerγL = PL− IL

Λ/2 on G L
Λ wherePL is an orthogonal

projector, and one has

(2.39) lim
L→∞

{EL(ϕ)−EL(0)}= EBDF(ϕ) = min
{
E ϕ

BDF(Q), Q∈QΛ
}

.

Moreover, up to a subsequence,QL(x,y) := (γL−γ0
L)(x,y) = (PL−P0

L)(x,y) con-
verges uniformly on compact subsets ofR6 to Q̄(x,y), a minimizer ofE ϕ

BDF onQΛ.

This result justifies the Bogoliubov-Dirac-Fock theory for the study of the po-
larized vacuum in no-photon QED restricted to Hartree-Fock states. The proof is
given in Section 3.5.

The study of the thermodynamic limit for atoms and molecules (i.e. when the
minimization is restricted to a specific charge sector) is clearly out of the scope of
this paper. Let us however indicate briefly what should be obtained in that case.

We fix some integerN and define the minimization problems in charge sectors:

(2.40) EN
L (ϕ) := inf

{
E ϕ

L (γ),γ ∈ G L
Λ , tr(γ) = N

}
,

(2.41) EN
BDF(ϕ) := inf

{
E ϕ

BDF(Q) | Q∈QΛ, trP0−
(Q) = N

}
.

A minimizer Q̃ = γ̃ − γ0 of (2.41), if it exists, is a solution of a self-consistent
equation of the form [27]

(2.42)





γ̃ =−sgn(Dγ̃ −µ)
2

Dγ̃ := D0 +α
(
ργ̃ −n

)∗ 1
| · | −α

γ̃(x,y)
|x−y| ,

µ being an Euler-Lagrange multiplier due to the charge constraint, interpreted as a
chemical potential. Written in terms of̃P− = γ̃ + IΛ/2, (2.42) reads

(2.43) P̃− = χ(−∞;0)
(
Dγ̃ −µ

)
= χ(−∞;µ)

(
Dγ̃

)
.

We refer the reader to [12] and [25, Remark 6] for comments in connection with
the Dirac-Fock equations [21].

We nowconjecturethat

(2.44) lim
L→∞

{EN
L (ϕ)−EL(0)}= EN

BDF(ϕ)

which would also justify the Bogoliubov-Dirac-Fock approach for the minimiza-
tion in charge sectors.
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2.5 The Renormalization Problem

Throughout this paper, the cut-offΛ has been considered as a fixed parameter.
However, most of the objects that we have obtained, like for instance the density
matrix γ, are divergent inΛ. This phenomenon is also encountered in full QED.

To give an example of this, let us considerg0(0), whereg0 has been defined in
Theorem 2.2. Writing the self-consistent equation (2.31), it can be seen that [41,
Eq. (20)]

g0(0) = m0 +
α

4π2

∫

B(0,Λ)

1
|q|2

g0(|q|)√
g1(|q|)2 +g0(|q|)2

dq.

Therefore, using (2.27), one obtains

g0(0) ≥ m0 +
α

4π2

∫

B(0,Λ)

1
|q|2

m0g0(|q|)
g0(|q|)

√
|q|2 +m2

0

dq

= m0


1+

α
4π2

∫

B(0,Λ)

1
|q|2

1√
|q|2 +m2

0

dq




= m0

(
1+

α
π

arcsinh(Λ/m0)
)

,(2.45)

which shows thatg0(0) is divergent asΛ→ ∞.
In regular QED, the divergences of the (appropriately defined) physical mea-

surable quantities are usually eliminated by means of amassand acharge renor-
malization. The main idea is to assume that the parametersα andm0 appearing in
the theory are indeedbare parameterswhich are not physically observable. The
physical parametersare assumed to be functions ofα, m0 and the cut-offΛ

αph = αph(α,m0,Λ), mph = mph(α,m0,Λ)

and equal the physical values obtained in experiment. These functions should be
inverted in order to express the unknown bare quantities in term of the physical
quantities

(2.46) α = α(αph,mph,Λ), m0 = m0(αph,mph,Λ).

Using these functions, one expects to remove (in some sense that needs to be pre-
cised) all divergences from physically measurable quantities.

Mass and charge renormalization however does not remove all divergences in
the theory. Certain quantities, e.g. the bare Feynman propagatorSF (either at equal
times or at general space time points), are still divergent. The expectation is that
all these divergences cancel in physically measurable quantities and that they are
therefore of no real relevance in formulating the theory.

Although there is no real need to do this, it is often convenient to introduce
a renormalization of the bare Feynman propagatorSF . This is referred to as a
wavefunction renormalization. In full QED [18] it is claimed that the divergence in
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the Feynman propagator may be removed by amultiplicative renormalizationand
that the renormalized propagator has the same pole near mass shell in 4-momentum
space as a free propagator corresponding to a particle with the correct physical
mass.

Note that in practice, this theoretical renormalization procedure is always used
to justifying the dropping of the divergent terms obtained at each order of the per-
turbation theory [18]. For this fact to be true, it is particularly important that renor-
malization can be expressed by means ofmultiplicativeparameters in front of the
different propagators [18].

In Hartree-Fock QED, it is not clear at all if the usual renormalization program
of QED can be applied (especially when photons are not included). In [26], a
renormalization of the charge is proposed but it seems to be only valid if the ex-
change term is neglected. In [46, p. 194–195], it is argued that mass and charge
renormalization is alone not enough to completely remove the divergences of the
HF theory by means of multiplicative parameters.

In [41], it is proposed, among other possibilities, to write the operator of Theo-
rem 2.2 as

D0(p) =
g1(|p|)
|p|

(
α · p+

|p|g0(|p|)
g1(|p|) β

)

and to interpretg0(0)/g′1(0) as being the physical massmph andg′1(0) as being the
wavefunction renormalization constant. This proposal does not at all correspond
to the procedure described above. Indeed, multiplyingD0 by a constant does not
change the equal time Feynman propagatorγ0, sinceγ0 =−sgn(D0)/2.

We believe that the correct solution is rather to define the quantitiesαph andmph

for a free Hartree-Fock electron (strictly speaking, photons should be included).
Namely, we define the physical mass as the minimum energy of a free electron
which means, using (2.41),

(2.47) mph := E1
BDF(0).

Since an electron never sees its own field but interacts with the Dirac sea, we be-
lieve thatE1

BDF(0) possesses a minimizer̃Q = γ̃ − γ0, i.e. that an electron can
bind alone when interacting with the Dirac sea (this has been first proposed by
Éric Śeŕe). According to (2.42), the operatorγ̃ would then be a solution of the
self-consistent equation

(2.48)





γ̃ =−sgn(Dγ̃ −µ)
2

Dγ̃ := D0 +αργ̃ ∗ 1
| · | −α

γ̃(x,y)
|x−y| ,

whereµ is a chemical potential chosen such thattrP0−
(γ̃ − γ0) = 1. Formally, we

could then defineαph by

(2.49) αph := α lim
x→∞

|x|(ργ̃ ∗ | · |−1)(x).
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If ρ̂γ̃ is smooth enough, for instancêργ̃ ∈W1,∞(B(0,Λ)), this is equivalent to

αph := (2π)−3/2αρ̂γ̃(0).

If γ̃−γ0 were trace-class, one would have(2π)−3/2ρ̂γ̃(0)= tr(γ̃−γ0)=
∫
R3 ργ̃−γ0 =

1 andαph = α. But in the present case, it is known that whenγ̃ is a solution of
the self-consistent equation (2.48) such thatργ̃ 6= 0, thenγ̃−γ0 is never trace-class
[36, 29, 25]. Expanding (2.48) to first order in the bareα, this should rather lead
to a formula of the form [26]

αph(α,m0,Λ) =
α

1+ 2α
3π log(Λ/m0)

+o(α),

the usual formula in QED [33, Eq.(7.18)].
Both (2.47) and (2.49) would definemph andαph as extremely complicated non-

linear functions ofα, m0 andΛ. A challenging task is to study the finiteness of
measurable quantities like for instance the energy of an electron in the presence of
an external fieldE1

BDF(ϕ), whenαph andmph are fixed to be the observed physical
quantities.

3 Proofs

3.1 Preliminaries

We shall need the following lemma, which summarizes the properties ofWL,
defined in (2.4):

Lemma 3.1. The potentialWL satisfies the following properties:

(1) there exists a constantC such that[42]

(3.1)

∣∣∣∣
∣∣∣∣WL(x)− 1

|x|

∣∣∣∣
∣∣∣∣
L∞(CL)

≤ C
L

;

(2) (Kato-type inequality) for anym0 > 0 and L large enough, there exists a
constantCL

Λ(m0) such that, onHL
Λ,

(3.2) WL ≤CL
Λ(m0)|D0|, lim

L→∞
CL

Λ(m0) = CΛ(m0)

whereCΛ(m0)≤ π/2 is the optimal constant for the inequality

1
|x| ≤CΛ(m0)|D0|

onHΛ.

Proof. We know from [42, Eq.(112)] thatC :=
∣∣∣
∣∣∣W1− 1

|·|
∣∣∣
∣∣∣
L∞(C1)

< ∞. On the other

hand, we have the scaling property

WL(x) =
1
L

W1

( x
L

)
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which implies that ∣∣∣∣
∣∣∣∣WL− 1

| · |

∣∣∣∣
∣∣∣∣
L∞(CL)

≤ C
L

.

For a fixed bare massm0 > 0, let us define (we do not mentionm0 for simplicity)

CL
Λ := sup

ψ∈HL
Λ

〈|D0|ψ,ψ〉≤1

∫

CL

WL(x)|ψ(x)|2dx< ∞,

CΛ := sup
ψ∈HΛ

〈|D0|ψ,ψ〉≤1

∫

R3

|ψ(x)|2
|x| dx< ∞.

A proof thatCL
Λ is finite can be found in [10]. Let us consider a functionψ ∈ HΛ

such thatψ̂ is continuous on the ballB(0,Λ) and
∣∣∣∣
∫

R3

|ψ(x)|2
|x| dx−CΛ

∣∣∣∣≤ ε , 〈|D0|ψ,ψ〉< 1.

We now approximateψ by a sequence of functions inHL
Λ by defining

ψL(x) =
(2π)3/2

L3 ∑
k∈ΓL

Λ

ψ̂(k)eik·x.

We have

||ψL||L∞(CL) ≤
(2π)3/2|ΓL

Λ|
L3 ||ψ̂||L∞(B(0,Λ)) ,

||∇ψL||L∞(CL) ≤
Λ(2π)3/2|ΓL

Λ|
L3 ||ψ̂||L∞(B(0,Λ)) .

Therefore(ψL)L is bounded inW1,∞(R3) andψL → ψ uniformly on compact sub-
sets ofR3. On the other hand,

||ψL||2L2(CL) ≤
(2π)3|ΓL

Λ|
L3 ||ψ̂||2L∞(B(0,Λ))

which is also uniformly bounded inL. Using now
∣∣∣∣
∫

CL

|ψL(x)|2WL(x)dx−
∫

CL

|ψL(x)|2
|x| dx

∣∣∣∣≤ ||ψL||2L2(CL)

∣∣∣∣
∣∣∣∣WL− 1

| · |

∣∣∣∣
∣∣∣∣
L∞(CL)

≤ C
L

,

we easily deduce that

lim
L→∞

∫

CL

|ψL(x)|2WL(x)dx=
∫

R3

|ψ(x)|2
|x| dx.

On the other hand,

〈|D0|ψL,ψL〉=
(

2π
L

)3

∑
k∈ΓL

Λ

〈|D0(k)|ψ̂(k), ψ̂(k)〉C4
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which converges to〈|D0|ψ,ψ〉 asL → ∞, and therefore〈|D0|ψL,ψL〉 ≤ 1 for L
large enough. This shows that

liminf
L→∞

CL
Λ ≥CΛ + ε

for anyε > 0 and thusliminfL→∞CL
Λ ≥CΛ.

SinceHL
Λ is finite dimensional, there exists for anyL an optimal functionfL ∈

HL
Λ satisfying〈|D0| fL, fL〉 ≤ 1 and

∫
CL

WL(x)| fL(x)|2dx=CL
Λ. Thanks to the cut-off

in Fourier space,( fL)L is bounded for instance inH1(CL) and thereforefL → f ∈
HΛ in L2

loc(R3), up to a subsequence. Passing to the limit like above, we obtain

lim
L→∞

∫

CL

| fL(x)|2WL(x)dx=
∫

R3

| f (x)|2
|x| dx

and〈|D0| f , f 〉 ≤ 1. This shows that

lim
L→∞

CL
Λ ≤

∫

R3

| f (x)|2
|x| dx≤CΛ.

As a conclusion, we have
lim
L→∞

CL
Λ = CΛ ≤ π/2

which ends the proof of Lemma 3.1. ¤

3.2 Proof of Theorem 2.2

The functionalT can as well be written

T ( f ) =
1

(2π)3

(∫

B(0,Λ)
trC4[D0(p) f (p)]dp− α

2

∫

R3

| f̌ (x)|2
|x| dx

)
,

which easily shows thatT is continuous for the weak topology ofL2(B(0,Λ),S4(C)).
SinceAΛ is bounded and closed in this topology,T possesses a minimizer onAΛ.
In order to show the uniqueness and the mentioned properties of this minimizer,
we shall now minimizeT on a special subset ofAΛ.

• Step 1: Minimization ofT on a restricted set.Let us introduce the following
subset ofAΛ

(3.3) BΛ := { f ∈AΛ | ∃( f0, f1) ∈G, f (p) = α ·ωp f1(|p|)+ f0(|p|)β}
whereωp = p/|p| andG⊂ L∞([0;Λ],R)2 is the set of pairs( f0, f1) satisfying the
following properties

f0 ≤ 0 and f1 ≤ 0,(3.4)

f 2
0 + f 2

1 ≤ 1/4(3.5)

∀p∈ B(0,Λ), |p|
∫

B(0,Λ)

f0(|q|)
|p−q|2dq≤m0

∫

B(0,Λ)

ωp ·ωq f1(|q|)
|p−q|2 dq.(3.6)

Notice thatG is a bounded convex set, closed in the weak topology ofL2([0;Λ],R)2.
Therefore,BΛ is also a closed subset ofAΛ. As a consequence, we deduce that
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T possesses a minimizer̄f on BΛ. Let us now show that̄f satisfies the same
Euler-Lagrange equation as global minimizers ofT onAΛ.

Indeed, considering perturbations of the form(1− t) f̄ + tg for any g ∈ BΛ,
t ∈ [0;1], one easily shows that̄f is a minimizer of the following energy onBΛ

(3.7) T f̄ (g) =
∫

B(0,Λ)
trC4

(
D0(p)g(p)

)
dp,

i.e. T f̄ (g)≥T f̄ ( f̄ ) for anyg∈BΛ. HereD0 is the mean-field operator associated
with f̄

D0(p) = D0(p)− α
2π2

∫

B(0,Λ)

f̄ (q)
|p−q|2dq(3.8)

= α ·ωp

(
|p|− α

2π2

∫

B(0,Λ)

ωp ·ωq f̄1(|q|)
|p−q|2 dq

)

+β
(

m0− α
2π2

∫

B(0,Λ)

f̄0(|q|)
|p−q|2dq

)
.

= α ·ωpg1(|p|)+βg0(|p|),
with

g1(|p|) = |p|− α
2π2

∫

B(0,Λ)

ωp ·ωq f̄1(|q|)
|p−q|2 dq

= |p|− α
π

∫ Λ

0

v
|p|Q1

(
1
2

( |p|
v

+
v
|p|

))
f̄1(v)dv,(3.9)

and

g0(|p|) = m0− α
2π2

∫

B(0,Λ)

f̄0(|q|)
|p−q|2dq

= m0− α
π

∫ Λ

0

v
|p|Q0

(
1
2

( |p|
v

+
v
|p|

))
f̄0(v)dv.(3.10)

HereQ0 andQ1 are positive functions on(1;∞), defined in [41, Eq.(24) and(25)],
arising from the integration of the angle as shown in [41].

Due to the assumptions of (3.4), we deduce thatg1(|p|)≥ |p| andg0(|p|)≥m0,
which implies

|D0(p)| ≥
√
|p|2 +m2

0 ≥m0 > 0.

ThereforeD0(p) is always invertible. This now easily implies that the unique
globalminimizer ofT f̄ defined in (3.7), onAΛ, is

f̄ ′(p) =−sgn(D0(p))
2

=− D0(p)
2|D0(p)| .
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We now show that indeed̄f ′ ∈BΛ, which will imply f̄ ′ = f̄ . To this end, we just
have to prove that

f̄ ′0(p) =− g0(p)
2|D0(p)| and f̄ ′1(p) =− g1(p)

2|D0(p)|
satisfy the additional properties (3.4) and (3.6). For (3.4), this is an immediate
consequence of the fact thatQ0 andQ1 are non-negative on(1;∞), whereas (3.6)
is proved in [41, Theorem 2].

As a conclusion, we have found a minimizer ofT on the restricted setBΛ
which is a solution to the self-consistent equation

f̄ (p) =−sgn(D0(p))
2

whereD0(p) is defined in (3.8). Notice that by construction,D0(p) satisfies the
properties (2.25), (2.26) and (2.27). Of course,γ0 := f̄ (−i∇) andP0− := γ0+ IΛ/2
are respectively solutions of the self-consistent equations (2.22) and (2.23).

• Step 2: the minimizerf̄ of T on BΛ is its unique global minimizer onAΛ. We
now show that we not only have solved the self-consistent equation (2.22), but that
f̄ is the unique global minimizer ofT .

To this end, we compute, for somef ∈AΛ,

T ( f ) = T ( f̄ )+
1

(2π)3

(∫

B(0,Λ)
trC4[D0(p)Q(p)]dp− α

2

∫

R3

|Q̌(x)|2
|x| dx

)
,

whereQ(p) = f (p)− f̄ (p). Since−IC4/2≤ f (p)≤ IC4/2 due to (3.5) and̄f (p) =
(P0−(p)−P0

+(p))/2, we see that

(3.11) ∀p∈ B(0,Λ), −P0
−(p)≤Q(p)≤P0

+(p).

We now adapt arguments from [5, 25] in the translation-invariant case. Namely,
(3.11) implies

Q(p)2 ≤P0
+(p)Q(p)P0

+(p)−P0
−(p)Q(p)P0

−(p)

and

0≤ trC4(|D0(p)|Q(p)2)≤ trC4(D0(p)Q(p))

for any p∈ B(0,Λ). Now, by Kato’s inequality,

∫

R3

|Q̌(x)|2
|x| dx≤ π

2

∫
trC4(|p|Q(p)2)dp≤ π

2

∫
trC4(|D0(p)|Q(p)2)dp

for

|p| ≤
√
|p|2 +m2

0 ≤ |D0(p)|
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by (2.27), and therefore, when0≤ α < 4/π,

T ( f ) ≥ T ( f̄ )+
1

(2π)3(1−απ/4)
∫

B(0,Λ)
trC4[|D0(p)|( f − f̄ )2(p)]dp

≥ T ( f̄ )+
(1−απ/4)m0

(2π)3

∣∣∣∣ f − f̄
∣∣∣∣2

L2(B(0,Λ),S4(C)) .

This immediately implies that̄f is the unique global minimizer ofT and also
shows that any minimizing sequence( fn)⊂AΛ necessarily satisfiesfn→ f̄ strongly
in L2(B(0,Λ),S4(C)).

• Step 3: regularity ofD0(p). It remains to show that the self-consistent free Dirac
operatorD0 is smooth in the Fourier domain. To this end, we notice that it satisfies
the equation

D0(p) = D0(p)− α
4π2

∫

B(0,Λ)

D0(q)
|D0(q)| |p−q|2dq

or, onB(0,Λ),

D0 = D0− α
4π2

D0

|D0| ∗
1
| · |2 .

Therefore

|∇|D0 = |∇|D0− α
2

D0

|D0|
which shows thatD0 ∈H1(B(0,Λ)). Applying now∇ to this equation and using a
easy boot-strap argument, one obtains that

D0 ∈
⋂

m≥1

Hm(B(0,Λ))⊂ C ∞(B(0,Λ)).

which ends the proof of Theorem 2.2. ¤

3.3 Proof of Theorem 2.7

Our proof proceeds as follows: we first minimizeE 0
L on a restricted set of

translation invariant operators and study the limit of the corresponding sequence
of minimizers asL→∞. Using then the properties of the solution̄f constructed in
Theorem 2.2, we show that, for eachL large enough, the so-obtained local mini-
mizer is indeed the unique global minimizer ofE 0

L .

• Step 1: Definition of the restricted minimization procedure.Let us define the
following minimization problem1:

(3.12) ET
L := inf

{
E 0

L (γ) | γ = f (−i∇), f ∈BL
Λ
}

1Recall that we denote also by−i∇ the operator acting onHL
Λ, i.e. the multiplication operator in

the Fourier domain by(k)k∈ΓL
Λ
. Thereforef (−i∇) is just the multiplication operator by( f (k))k∈ΓL

Λ
,

in the Fourier domain.
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whereBL
Λ is the set of functionsf : ΓL

Λ 7→ S4(C) which take the special form
(compare withBΛ defined in (3.3))

(3.13) ∀p∈ ΓL
Λ, f (p) = α ·A(p)+βb(p)

whereA : ΓL
Λ 7→ R3 andb : ΓL

Λ 7→ R are such that

(3.14) ∀p∈ ΓL
Λ, b(p)≤ 0,

(3.15) ∀p∈ ΓL
Λ, |A(p)|2 +b(p)2 ≤ 1/4.

The energy of such a state reads

E 0
L (γ) = tr(D0γ)− α

2

∫∫

(TL)2
|γ(x,y)|2WL(x−y)dxdy(3.16)

= ∑
p∈ΓL

Λ

trC4(D0(p) f (p))− α
2(2π)3L3

∫

TL

| f̌ (x)|2WL(x)dx

= ∑
p∈ΓL

Λ

trC4(D0(p) f (p))− α(2π)3/2

2L3 ∑
p,q∈ΓL

Λ

trC4( f (p) f (q))ŴL(p−q),

where we have used that, due to the special form (3.13) off , the density ofγ
vanishes,ργ = L−3 ∑p∈ΓL

Λ
trC4 f (p) = 0.

• Step 2: Upper bound on the energy per unit volume.Let us now show that

limsup
L→∞

ET
L

L3 ≤ ET = min{T ( f ) | f ∈AΛ} .

This is easily done by considering the minimizerf̄ of T as a test function. For the
sake of clarity, we denote bygL the restriction off̄ to ΓL

Λ and byGL = gL(−i∇)
the associated operator acting onHL

Λ, which is the multiplication operator in the
Fourier domain by( f̄ (k))k∈ΓL

Λ
. Notice that

(3.17) ǧL(x) =
(2π)3/2

L3 ∑
k∈ΓL

Λ

f̄ (k)eik·x

and thatgL = f̄|ΓL
Λ

belongs toBL
Λ for any L due to the properties of̄f stated in

Theorem 2.2.
Using| f̄ (k)| ≤ 1/2 for anyk∈ B(0,Λ) and (3.17), one sees that

(3.18) ||ǧL||L∞(R3) ≤
(2π)3/2|ΓL

Λ|
2L3 , ||∇ǧL||L∞(R3) ≤

Λ(2π)3/2|ΓL
Λ|

2L3 .

Therefore,(ǧL)L is bounded inW1,∞(R3) and converges tǒ̄f uniformly on compact
subsets ofR3. Finally, we haveρGL ≡ 0 sincetrC4 f̄ (k) = 0 for anyk∈ B(0,Λ) and
therefore, by (3.16),

E 0
L (GL)
L3 =

1
L3 ∑

k∈ΓL
Λ

trC4(D0(k) f̄ (k))− α
2(2π)3

∫

TL

|ǧL(x)|2WL(x)dx.
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Arguing like in the proof of Lemma 3.1, one easily shows that

lim
L→∞

E 0
L (GL)
L3 = T ( f̄ ),

hence

limsup
L→∞

ET
L

L3 ≤T ( f̄ ) = ET .

•Step 3:Existence of a minimizer forET
L . In order to show the converse inequality

(3.19) liminf
L→∞

ET
L

L3 ≥ ET ,

we first prove the existence of a minimizer for (3.12).
SinceHL

Λ is finite-dimensional, there exists a solutionγ0
L = f 0

L (−i∇), f 0
L ∈BL

Λ,
of the minimization problem (3.12). We now argue like in the proof of Theorem
2.2 (step 1) to show thatγ0

L satisfies the same equation as global minimizers ofE 0
L

onG L
Λ . Due to the fact thatBL

Λ is convex,f 0
L also minimizes

(3.20) T f 0
L
( f ) = ∑

p∈ΓL
Λ

trC4(D0
L(p) f (p))

in BL
Λ, whereD0

L is the mean-field operator associated withf 0
L = α ·A0

L +βb0
L:

D0
L(p) = D0(p)− α(2π)3/2

L3 ∑
q∈ΓL

Λ

f 0
L (q)ŴL(q− p)

= α ·

p− α(2π)3/2

L3 ∑
q∈ΓL

Λ

A0
L(q)ŴL(q− p)




+β


m0− α(2π)3/2

L3 ∑
q∈ΓL

Λ

b0
L(q)ŴL(q− p)


 .

Notice that

(3.21) m0− α(2π)3/2

L3 ∑
q∈ΓL

Λ

b0
L(q)ŴL(p−q)≥m0

which shows thatD0
L(p) is invertible for allp. The unique global minimizer ofT fL

onBL
Λ is−sgn(D0

L)/2, which is easily seen to belong toBL
Λ. We therefore obtain,

for k∈ ΓL
Λ,

(3.22) f 0
L (k) =− D0

L(k)
2|D0

L(k)| .

Saying differently,γ0
L := f 0

L (−i∇) satisfies the equation

γ0
L =−sgn(D0

L)
2

, D0
L := D0−αγ0

L(x,y)WL(x−y)
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or, written in terms of the projectorP0
L := γ0

L + IL
Λ/2,

P0
L = χ(−∞;0)(D

0
L).

• Step 4: Lower bound on the energy per unit volume.We now prove (3.19) by
studying the weak limit ofγ0

L = f 0
L (−i∇) defined in the previous step. Using the

same type of estimate as (3.18), we obtain that( f̌ 0
L ) is bounded inW1,∞(R3) and

it therefore converges to some functionf̌ , uniformly on compact subsets ofR3, up
to a subsequence. On the other hand, let us define the stepwise functionνL[ f 0

L ] by

(3.23) νL[ f 0
L ](p) = ∑

k∈ΓL
Λ

f 0
L (k)χk(p),

χk being the characteristic function of∏3
i=1[ki ;ki +2π/L[∩B(0,Λ). ThenνL[ f 0

L ] is
bounded inL∞(B(0,Λ),S4(C)) and thusνL[ f 0

L ] ⇀ h∈ AΛ, up to a subsequence,
for instance for the weak topology ofL2(B(0,Λ),S4(C)). To see thath = f , we
can for instance notice that

f̌ 0
L (x)−

ˇ︷ ︸︸ ︷
νL[ fL](x) = (2π)−3/2 ∑

k∈ΓL
Λ

f 0
L (k)

∫
χk(p)

(
eik·x−eip·x

)
dp+O

(
1
L

)
,

where ourO(1/L) is due to thek∈ ΓL
Λ which are close to the boundary ofB(0,Λ).

Hence, for any compact subsetK of R3,∣∣∣∣∣

∣∣∣∣∣ f̌ 0
L −

ˇ︷ ︸︸ ︷
νL[ f 0

L ]

∣∣∣∣∣

∣∣∣∣∣
L∞(K)

≤ C(2π)−3/2 ∑
k∈ΓL

Λ

| f 0
L (k)|

∫
χk(p)|(k− p) ·x|dp+O

(
1
L

)

≤ CK

L
|B(0,Λ)|+O

(
1
L

)

for some constantsC andCK , which shows that
ˇ︷ ︸︸ ︷

νL[ f 0
L ]→ f̌ on compact subsets of

R3 and impliesf = h∈AΛ.
The energy ofγ0

L reads

(3.24)
E 0

L (γ0
L)

L3 =
1
L3 ∑

k∈ΓL
Λ

trC4(D0(k) f 0
L (k))− α

2(2π)3

∫

TL

| f̌ 0
L (x)|2WL(x)dx

+
α
2

µL2(ργL)
2.

We have

lim
L→∞

∫

TL

| f̌ 0
L (x)|2WL(x)dx=

∫

R3

| f̌ (x)|2
|x| dx

due to the fact that( f̌ 0
L )L converges locally tof and that

∣∣∣∣ f 0
L

∣∣∣∣
L2(TL) =

(
2π
L

)3

∑
k∈ΓL

Λ

| f 0
L (k)|2 ≤ (2π)3|ΓL

Λ|
4L3
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is uniformly bounded inL. On the other hand, using the notation (3.23),

1
L3 ∑

k∈ΓL
Λ

trC4(D0(k) f 0
L (k)) = (2π)−3

∫

B(0,Λ)
trC4(νL[D0](p)νL[ f 0

L ](p))dp+O

(
1
L

)
.

SinceνL[ f 0
L ] ⇀ f weakly andνL[D0]→D0 strongly inL2(B(0,Λ)), we deduce that

lim
L→∞

1
L3 ∑

k∈ΓL
Λ

trC4(D0(k) f 0
L (k)) = (2π)−3

∫

B(0,Λ)
trC4(D0(p) f (p))dp

and

lim
L→∞


 1

L3 ∑
k∈ΓL

Λ

trC4(D0(k) f 0
L (k))− α

2(2π)3

∫

TL

| f̌ 0
L (x)|2WL(x)dx


 = T ( f ).

Recall thatµ > 0, which implies due to (3.24)

liminf
L→∞

ET
L

L3 ≥T ( f )≥ ET

where we have used thatf ∈AΛ. This of course shows that

lim
L→∞

ET
L

L3 = ET .

and, as a matter of fact,T ( f ) = ET . By Theorem 2.2,̄f is the unique minimizer
of T onAΛ, and thusf = f̄ .

• Step 5: Study of the convergence ofγ0
L = f 0

L (−i∇). We know thatνL[ f 0
L ] ⇀ f̄

weakly inL2(B(0,Λ)) and thatf̌ 0
L → ˇ̄f uniformly on compact subsets ofR3. Notice

thatνL[ f 0
L ] ∈AΛ for anyL. Since we know from the proof of Theorem 2.2 thatT

is continuous onAΛ for the weak topology ofL2(B(0,Λ)), we obtain

lim
L→∞

T (νL[ f 0
L ]) = T ( f̄ ),

which means that(νL[ f 0
L ])L is a minimizing sequence ofT . By Theorem 2.2 we

infer νL[ f 0
L ]→ f̄ strongly inL2(B(0,Λ)). Recall now that

f 0
L (p) = α ·A0

L(p)+βb0
L(p), f̄ (p) = α ·ωp f̄1(|p|)+β f̄0(|p|)

which easily implies that, more precisely,νL[A0
L]→ f̄0(| · |) andνL[b0

L]→ω· f̄1(| · |)
strongly inL2(B(0,Λ)).

Using the equation (3.22) fulfilled byf 0
L , we are now able to prove a better

convergence:

Lemma 3.2. One has

(3.25) lim
L→∞

∣∣∣∣D0
L −D0

∣∣∣∣
S∞(TL) = lim

L→∞

(
sup
p∈ΓL

Λ

∣∣D0
L(p)−D0(p)

∣∣
)

= 0,
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(3.26) lim
L→∞

∣∣∣∣γ0
L − γ0

∣∣∣∣
S∞(TL) = lim

L→∞

(
sup
p∈ΓL

Λ

∣∣ f 0
L (p)− f̄ (p)

∣∣
)

= 0,

(3.27) lim
L→∞

∣∣∣∣P0
L−P0

∣∣∣∣
S∞(TL) = lim

L→∞

(
sup
p∈ΓL

Λ

∣∣P0
L(p)−P0(p)

∣∣
)

= 0.

Hence, forL large enough,

(3.28) ∀p∈ ΓL
Λ, |D0

L(p)|2 ≥ |p|2 +
m2

0

4
.

Proof. Since (3.25) easily implies (3.26), (3.27) and (3.28), we only have to prove
that

(3.29) sup
p∈ΓL

Λ

∣∣∣∣∣∣
(2π)5/2π

L3 ∑
q∈ΓL

Λ

A0
L(p−q)ŴL(q)−

∫

B(0,Λ)

ωp−q f̄1(|p−q|)
|q|2 dq

∣∣∣∣∣∣
→ 0

and that

(3.30) sup
p∈ΓL

Λ

∣∣∣∣∣∣
(2π)5/2π

L3 ∑
q∈ΓL

Λ

b0
L(p−q)ŴL(q)−

∫

B(0,Λ)

f̄0(|p−q|)
|q|2 dq

∣∣∣∣∣∣
→ 0

asL→ ∞. We only treat (3.30): (3.29) is obtained by the same arguments. This is
easily done by noting that for instance

∣∣∣∣∣∣∣∣

(2π)5/2π
L3 ∑

q∈ΓL
Λ

|q|≤η

b0
L(p−q)ŴL(q)−

∫

B(0,η)

f̄0(|p−q|)
|q|2 dq

∣∣∣∣∣∣∣∣

≤ 1
2




2π2µ
L

+
(

2π
L

)3

∑
q∈ΓL

Λ
q6=0, |q|≤η

1
|q|2 +

∫

B(0,η)

dq
|q|2




due to|b0
L(p)| ≤ 1/2 and | f̄0(p)| ≤ 1/2, and an easy estimate for the rest of the

form∣∣∣∣∣∣∣∣

(2π)5/2π
L3 ∑

q∈ΓL
Λ

|q|>η

b0
L(p−q)ŴL(q)−

∫

B(0,Λ)\B(0,η)

f̄0(|p−q|)
|q|2 dq

∣∣∣∣∣∣∣∣

≤
∣∣∣∣
∫

B(0,Λ)\B(0,η)

(
νL[b0

L](p−q)νL[1/| · |2](q)− f̄0(|p−q|)
|q|2

)
dq

∣∣∣∣+O(1/L)

≤C
∣∣∣∣νL[b0

L]− f̄0
∣∣∣∣

L2(B(0,Λ)) +C′
∣∣∣∣νL[1/| · |2]−1/| · |2∣∣∣∣L2(B(0,Λ)\B(0,η)) +O(1/L)
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which converges to 0 asL → ∞, due to the strong convergence ofνL[b0
L] to f̄0 in

L2(B(0,Λ)). ¤

• Step 6: γ0
L = f 0

L (−i∇) is the unique global minimizer ofE 0
L on G L

Λ for L large
enough. Using (3.28), we now show thatγ0

L = P0
L − IL

Λ/2 is the unique global
minimizer ofE 0

L . Indeed, using again ideas from [5, 25], we write for anyγ ∈ G L
Λ ,

E 0
L (γ) = E 0

L (γ0
L)+ tr(D0

LQ)− α
2

∫∫

(TL)2
|Q(x,y)|2WL(x−y)dxdy

+
α
2

DL(ρQ,ρQ)

where we have used that, by construction,ργ0
L
(x) = 0 for any x ∈ R3, and where

Q = γ− γ0
L . Notice thatQ satisfies the inequality

−P0
L ≤Q≤ 1−P0

L

which now implies as in [5, 25]

0≤ tr(|D0
L |Q2)≤ tr(D0

LQ).

By Lemma 3.1, we can estimate

α
2

∫∫

(TL)2
|Q(x,y)|2WL(x−y)dxdy≤ α

2
CL

Λ(m0/2) tr(
√
−∆+m2

0/4Q2)

≤ α
2

CL
Λ(m0/2) tr(|D0

L |Q2)

due to (3.28), and therefore

tr(D0
LQ)− α

2

∫∫

(TL)2
|Q(x,y)|2WL(x−y)dxdy≥

(
1− αCL

Λ(m0/2)
2

)
tr(|D0

L |Q2)

On the other hand,DL(ρQ,ρQ)≥ 0 and therefore

(3.31) E 0
L (γ)≥ E 0

L (γ0
L)+

(
1− αCL

Λ(m0/2)
2

)
tr(|D0

L |(γ0
L − γ)2)

ForL large enough one has

1− αCL
Λ(m0/2)

2
> 0,

since0 ≤ α < 4/π and limL→∞CL
Λ(m0/2) = CΛ(m0/2) ≤ π/2 by Lemma 3.1.

Therefore, by Lemma 3.2 and (3.31),

E 0
L (γ)≥ E 0

L (γ0
L)+

m0
(
1−αCL

Λ(m0/2)/2
)

2

∣∣∣∣γ0
L − γ

∣∣∣∣2
S2(HL

Λ)

which implies thatγ0
L is the unique minimizer ofE 0

L on G L
Λ and ends the proof of

Theorem 2.7. ¤



36 HAINZL, LEWIN AND SOLOVEJ

3.4 Proof of Theorem 2.8

For the sake of simplicity, we only treat the case where

H̃2
L = ∑

i≥1

(D0)xi + ∑
1≤i< j

WL(xi−x j)

is chosen instead ofH0
L, the arguments being easy to extend toH̃1

L.
The energy of a Hartree-Fock state of density matrixΘ (a self-adjoint operator

acting onHL
Λ such that0≤ Θ ≤ IL

Λ) is now simplyE 0
L (Θ) instead of (2.16) (re-

call thatE 0
L is defined in (2.17)). Therefore, restricting this energy to translation-

invariant operators, the minimization problem to be solved for a fixedL is

(3.32) ẼL := min
{
E 0

L (Θ)
∣∣ Θ∗ = Θ, 0≤Θ≤ IL

Λ, ∃ξ | Θ = ξ (−i∇)
}

.

SinceHL
Λ is finite dimensional, there exists a minimizerΘL(x,y) = (2π)−3/2ξL(x−

y) of this energy, where

ξL(x) = (2π/L)3/2 ∑
k∈ΓL

Λ

ΘL(k)ek(x).

Computing the energy ofΘL, we obtain
(3.33)

E 0
L (ΘL) = ∑

k∈ΓL
Λ

trC4(D0(k)ΘL(k))−L3 α
2(2π)3

∫

TL

|ξL(x)|2WL(x)dx+
α
2

µL5(ρΘL)
2.

Notice that ∣∣∣∣∣∣ ∑
k∈ΓL

Λ

trC4(D0(k)ΘL(k))

∣∣∣∣∣∣
≤ 2

√
Λ2 +m2

0 |ΓL
Λ|

since0≤ΘL(k)≤ IC4 for anyk, and that
∫

TL

|ξL(x)|2WL(x)dx≤ CL
Λ(m0)〈|D0|ξL,ξL〉

= CL
Λ(m0)

(2π)3

L3 ∑
k∈ΓL

Λ

|D0(k)| trC4(ΘL(k)2)

≤ 4(2π)3CL
Λ(m0)

√
Λ2 +m2

0
|ΓL

Λ|
L3

by Lemma 3.1. This implies

L−3

∣∣∣∣∣∣ ∑
k∈ΓL

Λ

trC4(D0(k)ΘL(k))−L3 α
2(2π)3

∫

TL

|ξL(x)|2WL(x)dx

∣∣∣∣∣∣
≤M

for some uniform constantM. Hence, usingE 0
L (ΘL)≤ 0, we obtain from (3.33)

α
2

µL2(ρΘL)
2 ≤M
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andlimL→∞ ρΘL = 0. To end the proof of Theorem 2.8, we notice that

||ξL||L∞(CL) = ||ξL||L∞(R3) ≤
(2π)3/2

L3 ∑
k∈ΓL

Λ

|ΘL(k)|

≤ C(2π)3/2

L3 ∑
k∈ΓL

Λ

trC4 ΘL(k)

≤ C(2π)3/2ρΘL

where we have used thatΘL ≥ 0 and that|M| = trC4(M∗M)1/2 ≤CtrC4(|M|) for
some constantC. This proves (2.38). ¤

Remark3.3. Passing to the weak limit in the energy, it is also easy to prove that
limL→∞ ẼL/L3 = 0.

3.5 Proof of Theorem 2.9

• Step 1:Construction of a minimizing sequence of finite rank operators forE ϕ
BDF.

In order to prove an upper bound for the energy differenceEL(ϕ)−EL(0), we need
to use a trial state. To simplify matter, we shall use a finite rank operator.

Lemma 3.4. Assume that0≤ α < 4/π, Λ > 0, m0 > 0 and thatn ∈ C . Then
there exists a sequence(Qk)⊂QΛ of finite rank operators such thatQk +P0− is a
projector for anyk, and

lim
k→∞

E ϕ
BDF(Qk) = min

QΛ
E ϕ

BDF.

Proof. We know from Theorem 2.6 thatE ϕ
BDF possesses a minimizer̄Q = P̄−−

P0− ∈QΛ such thatP̄− is a solution of the self-consistent equation

P̄− = χ(−∞;0)
(
D0 +ϕQ̄−RQ̄

)

where

ϕQ̄ := α(ρQ̄−n)∗ 1
| · | , RQ̄ := α

Q̄(x,y)
|x−y| .

We know from [25, 26] that∇ϕQ̄ ∈ L2(R3), ϕQ̄ ∈ L6(R3) andRQ̄ ∈S2(HΛ). Now,
let be(ϕk) and(Rk) two sequences such that

(1) ϕk ∈ L1(R3)∩H1(R3) for anyk, ∇ϕk→∇ϕQ̄ in L2 andϕk→ ϕQ̄ in L6(R3)
ask→ ∞;

(2) Rk ∈S1(HΛ) for anyk andRk → RQ̄ in S2(HΛ) ask→ ∞.

We defineP′k := χ(−∞;0)
(
D0 +ϕk−Rk

)
andQ′

k := P′k−P0−. For the sake of sim-
plicity, we assume that0 is not in the spectrum ofD0 + ϕQ̄−RQ̄, the following
arguments being easily adapted to the other case. Then0 /∈ σ(D0 +ϕk−Rk) for k
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large enough and we can use Cauchy’s formula like in [29, 25] to obtain

Q′
k = − 1

2π

∫ ∞

−∞

(
1

D0 +ϕk−Rk + iη
− 1

D0 + iη

)
dη

=
1

2π

∫ ∞

−∞

1
D0 +ϕk−Rk + iη

(ϕk−Rk)
1

D0 + iη
dη(3.34)

which impliesQ′
k ∈S1(HΛ) for

∣∣∣∣
∣∣∣∣

1
D0 +ϕk−Rk + iη

(ϕk−Rk)
1

D0 + iη

∣∣∣∣
∣∣∣∣
S1(HΛ)

≤ 1
√

ε2 +η2
√

m2
0 +η2

||ϕk−Rk||S1(HΛ)

since|D0+ϕk−Rk| ≥ ε > 0 and thanks to (2.27). Notice thatϕk ∈S1(HΛ) since,
denoting by1Λ the characteristic function of the ballB(0,Λ),

||ϕk||S1(HΛ) = ||1Λ(−i∇)ϕk1Λ(−i∇)||S1(HΛ)

≤
∣∣∣
∣∣∣1Λ(−i∇)|ϕk|1/2

∣∣∣
∣∣∣
2

S2(HΛ)

≤ C||1Λ||2L2 ||ϕk||L1

by the Kato-Seiler-Simon inequality, see [52] and [54, Theorem 4.1], or the appen-
dix of [24].

We now show thatlimk→∞ E ϕ
BDF(Q

′
k) = E ϕ

BDF(Q̄). Due to the results of Klaus-
Scharf [36] or the estimates of [25], we already know thatQ′

k → Q̄ in S2(HΛ).
SinceE ϕ

BDF is strongly continuous [25] for the norm

(3.35) ||Q|| :=
(
||Q||2S2(HΛ) + ||ρQ||2C

)1/2
,

it therefore remains to prove thatρQ′k → ρQ̄ in C . Notice that due to the ultraviolet

cut-off, ρQ′k → ρQ̄ strongly inL2 (see, e.g., [25, Formula(9)]). Expanding (3.34),
we obtain

(3.36) Q′
k =− 1

2π

5

∑
J=1

∫ ∞

−∞
dη

(
J

∏
j=1

1
D0 + iη

(Rk−ϕk)

)
1

D0 + iη

− 1
2π

∫ ∞

−∞
dη

(
6

∏
j=1

1
D0 + iη

(Rk−ϕk)

)
1

D0 +ϕk−Rk + iη

As proved in [25, Section 4.3.3], the first sum of the r.h.s. of (3.36) is continuous
for the norm (3.35) when∇ϕk→∇ϕQ̄ in L2(R3), ϕk→ ϕQ̄ in L6(R3) andRk→RQ̄

in S2(HΛ) (notice that the proof of [25] has to be adapted to the case whereD0

is replaced byD0, which is an easy task). It therefore remains to show that the
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density associated with the last term of (3.36) is also continuous for theC norm as
k→ ∞. The only non trivial term is

∫ ∞

−∞
dη

(
6

∏
j=1

1
D0 + iη

ϕk

)
1

D0 +ϕk−Rk + iη

which indeed is continuous for theS1(HΛ) topology by estimates of the type
∣∣∣∣∣

∣∣∣∣∣

(
6

∏
j=1

1
D0 + iη

ϕk

)
1

D0 +ϕk−Rk + iη

∣∣∣∣∣

∣∣∣∣∣
S1(HΛ)

≤C

∣∣∣∣
∣∣∣∣

1
D0(p)+ iη

∣∣∣∣
∣∣∣∣
6

L6

||ϕk||6L6
1√

ε2 +η2

≤C

∣∣∣∣
∣∣∣∣

1
D0(p)+ iη

∣∣∣∣
∣∣∣∣
6

L6

||ϕk||6L6
1√

ε2 +η2

= C(m2
0 +η2)−3/2(ε2 +η2)−1/2

∣∣∣
∣∣∣(1+ p2)−1/2

∣∣∣
∣∣∣
6

L6
||ϕk||6L6 .

This means that the associated density(ρk) converges inL1. Therefore the Fourier
transform(ρ̂k) converges inL∞ and has a compact support by assumption. Hence
(ρk) converges inC .

As a conclusion,Q′
k→ Q̄ask→∞ for the norm||Q|| :=(||Q||2S2(HΛ)+||ρQ||2C )1/2.

It is proved in [26, Section 5.1] thatE ϕ
BDF is strongly continuous for this norm,

which implies nowlimk→∞ E ϕ
BDF(Q

′
k) = E ϕ

BDF(Q̄). Hence, we have constructed a
minimizing sequence of trace-class operators inQΛ. As a last step, we now ap-
proximate eachQ′

k by a sequence of finite rank operators (sincek is fixed, we shall
denote for simplicityQ′ = P′−P0− instead ofQ′

k).

This will be done by using the following decomposition2 proved in [27]

(3.37) P′ =
N

∑
n=1

| fn〉〈 fn|+
∞

∑
i=1

|ui +λivi〉〈ui +λivi |
1+λ 2

i

,

(3.38) 1−P′ =
M

∑
m=1

|gm〉〈gm|+
∞

∑
i=1

|vi−λiui〉〈vi−λiui |
1+λ 2

i

.

where( fi)N
i=1∪ (vi)i≥1 is an orthonormal basis ofP0

+HΛ, (gi)M
i=1∪ (ui)i≥1 is an

orthonormal basis ofP0−HΛ, and∑i≥1 λ 2
i < ∞. Using (3.37) and (3.38), one sees

2The reader should compare this decomposition with the classical formula which gives the BDF
state associated with the projectorPk in the Fock space built withP0−, see, e.g., [55, Formula
(10.96)] whereA = ∑i≥1 λi |ui〉〈vi |.
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that

(3.39) Q′ =
N

∑
n=1

| fn〉〈 fn|−
M

∑
m=1

|gm〉〈gm|+ ∑
i≥1

λ 2
i

1+λ 2
i

(|vi〉〈vi |− |ui〉〈ui |
)

+ ∑
i≥1

λi

1+λ 2
i

(|ui〉〈vi |+ |vi〉〈ui |
)

which easily implies thatσ(Q′)∩ (0;1) =
⋃

i≥1

{
± λi√

1+λ 2
i

}
. Recall thatQ′ ∈

S1(HΛ) which implies(λi)i ∈ l1(R). Let us now define

PK :=
N

∑
n=1

| fn〉〈 fn|+
K

∑
i=1

|ui +λivi〉〈ui +λivi |
1+λ 2

i

+
∞

∑
i=K+1

|ui〉〈ui |.

The operator

(3.40)

QK = PK−P0
− =

N

∑
n=1

| fn〉〈 fn|−
M

∑
m=1

|gm〉〈gm|+
K

∑
i=1

λ 2
i

1+λ 2
i

(|vi〉〈vi |− |ui〉〈ui |
)

+
K

∑
i=1

λi

1+λ 2
i

(|ui〉〈vi |+ |vi〉〈ui |
)

is a finite rank operator inQΛ such thatQK → Q′ for the S1(HΛ) topology as
K → ∞. ThereforelimK→∞ E ϕ

BDF(QK) = E ϕ
BDF(Q

′). This ends the proof of Lemma
3.4. ¤

• Step 2: Upper bound on the energy differenceEL(ϕ)−EL(0). Let beε > 0 and
Q = P−P0− ∈QΛ a finite rank operator of the form (3.40) for someK, such that

E ϕ
BDF(Q)≤min

QΛ
E ϕ

BDF + ε.

We now define, fori = 1, ...,K,

uL
i (x) =

(2π)3/2

L3 ∑
k∈ΓL

Λ

ûi(k)eik·x

and( f L
n )N

n=1, (gL
m)M

m=1, (vL
i )

K
i=1 by similar formulas. We have, using the projector

P0
L defined in Theorem 2.7,

〈P0
LuL

i ,P
0
LuL

j 〉L2(TL) =
(

2π
L

)3

∑
k∈ΓL

Λ

〈P0
L(k)ûi(k), û j(k)〉C4

and so

(3.41) lim
L→∞

〈P0
LuL

i ,P
0
LuL

j 〉L2(TL) =
∫

B(0,Λ)
〈P0

−(k)ûi(k), û j(k)〉C4dk= δi j .
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On the other hand, we also have

(3.42) lim
L→∞

∣∣∣∣uL
i −P0

LuL
i

∣∣∣∣2
L2(TL) = 〈P0

+ui ,ui〉HΛ
= 0.

Using the same type of behavior for( f L
n )N

n=1, (gL
m)M

m=1 and(vL
i )

K
i=1 and the Gram-

Schmidt orthonormalization procedure, we may therefore find an orthonormal sys-
tem ( f̃ L

n )N
n=1∪ (ṽL

i )
K
i=1 of P0

LHL
Λ and an orthonormal system(g̃L

m)M
m=1∪ (ũL

i )
K
i=1 of

(1−P0
L)HL

Λ such that

(3.43) lim
L→∞

∣∣∣∣ũL
i −uL

i

∣∣∣∣
L2(TL) = 0, lim

L→∞

∣∣∣∣ṽL
i −vL

i

∣∣∣∣
L2(TL) = 0

for all i = 1, ...,K, and

(3.44) lim
L→∞

∣∣∣∣ f̃ L
n − f L

n

∣∣∣∣
L2(TL) = 0, lim

L→∞

∣∣∣∣g̃L
m−gL

m

∣∣∣∣
L2(TL) = 0.

for all n = 1, ...,N andm= 1, ...,M.
We now define our trial state by

(3.45) Q̃L =
N

∑
n=1

| f̃ L
n 〉〈 f̃ L

n |−
M

∑
m=1

|g̃L
m〉〈g̃L

m|+
K

∑
i=1

λ 2
i

1+λ 2
i

(|ṽL
i 〉〈ṽL

i |− |ũL
i 〉〈ũL

i |
)

+
K

∑
i=1

λi

1+λ 2
i

(|ũL
i 〉〈ṽL

i |+ |ṽL
i 〉〈ũL

i |
)

andγ̃L := γ0
L + Q̃L, where we recall thatγ0

L = P0
L − IL

Λ/2 is the unique translation-
invariant minimizer ofE 0

L defined in Theorem 2.7. Notice that by construction,Q̃L

satisfies
−P0

L ≤ Q̃L ≤ 1−P0
L

and thereforẽγL ∈ G L
Λ . Let us now compute

E ϕ
L (γ̃L)−EL(0) = E ϕ

L (γ̃L)−E 0
L (γ0

L)

= E ϕ
L (γ0

L + Q̃L)−E ϕ
L (γ0

L)

= tr(D0
LQ̃L)−

∫

TL

ϕL(x)ρQ̃L
(x)dx+

α
2

DL(ρQ̃L
,ρQ̃L

)

−α
2

∫∫

(TL)2
|Q̃L(x,y)|2WL(x−y)dxdy,(3.46)

where we have used thatργ0
L
≡ 0. Passing to the limit in (3.46) and using (3.43)

and (3.44), one easily obtains

lim
L→∞

(E ϕ
L (γ̃L)−EL(0)) = E ϕ

BDF(Q)≤min
QΛ

E ϕ
BDF + ε

and therefore
limsup

L→∞
(EL(ϕ)−EL(0))≤min

QΛ
E ϕ

BDF.

• Step 3:Lower bound on the energy differenceEL(ϕ)−EL(0). SinceHL
Λ is finite-

dimensional, there exists for anyL a minimizerγ ′L of E ϕ
L on G L

Λ . Using classical
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arguments already used in the Hartree-Fock theory [39, 4, 6] (see also [26, Lemma
2]) and the positivity ofWL (except on a set of measure zero), one easily shows that

γ̃ ′L + IL
Λ/2 = PL +λ |ϕ〉〈ϕ|

wherePL is an orthogonal projector,λ ∈ [0;1] andϕ ∈ ker(Dγ ′L) with

Dγ ′L = D0 +α(ργ ′L −nL)∗WL−αγ ′L(x,y)WL(x−y)

Since thenE ϕ
L (PL− IL

Λ) = E ϕ
L (γ ′L), γL := PL− IL

Λ/2 is also a global minimizer of
E ϕ

L onG L
Λ .

Let us now defineQL := γL− γ0
L = PL−P0

L . Like in (3.46), we have

EL(ϕ)−EL(0) = E ϕ
L (γL)−E ϕ

L (γ0
L)

= tr(D0
LQL)−

∫

TL

ϕL(x)ρQL(x)dx+
α
2

DL(ρQL ,ρQL)

−α
2

∫∫

(TL)2
|QL(x,y)|2WL(x−y)dxdy.(3.47)

Therefore, arguing like in [5, 25, 26] and using (3.28) and (3.2), we infer

EL(ϕ)−EL(0) ≥ (1−αCL
Λ(m0/2)/2) tr

(|D0
L |(Q++

L −Q−−
L )

)

+
α
2

DL(ρQL −nL,ρQL −nL)− α
2

DL(nL,nL)

≥ (1−αCL
Λ(m0/2)/2) tr

(|D0
L |Q2

L

)

+
α
2

DL(ρQL −nL,ρQL −nL)− α
2

DL(nL,nL)(3.48)

where Q++
L := (1−P0

L)QL(1−P0
L) ≥ 0 and Q−−

L := P0
LQLP0

L ≤ 0. Since
limL→∞CL

Λ(m0/2) = CΛ(m0/2) ≤ π/2 and0≤ α < 4/π by assumption, then1−
αCL

Λ(m0/2)/2 > 0 for L sufficiently large. Usingtr
(|D0

L |Q2
L

) ≥m0/2tr
(
Q2

L

)
due

to (3.28), we therefore deduce from (3.48) that

(1) QL(x,y)1CL(x)1CL(y) is bounded inL2((R3)2) and thereforeρQL(x)1CL(x)
is bounded inL2(R3) ;

(2) ρ|D0
L |1/2Q++

L |D0
L |1/2(x)1CL(x) andρ−|D0

L |1/2Q−−L |D0
L |1/2(x)1CL(x) are non-negative

functions, uniformly bounded inL1(R3).

Thanks to the ultraviolet cut-off, we may therefore assume that

(1) QL(x,y)1CL(x)1CL(y) ⇀ Q̄(x,y) weakly in L2((R3)2) and uniformly on
compact subsets ofR6 ;

(2) ρQL(x)1CL(x) ⇀ ρQ̄(x) weakly inL2(R3) and uniformly on compact sub-
sets ofR3 ;

(3) ρ|D0
L |1/2Q++

L |D0
L |1/2(x)1CL(x)→ ρ+(x)∈L1(R3) andρ−|D0

L |1/2Q−−L |D0
L |1/2(x) 1CL(x)→

ρ−(x) ∈ L1(R3) uniformly on compact subsets ofR3.
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Let us first show that̄Q∈QΛ. Due to (3.27), one easily obtains, passing to the
weak limit,

−P0
− ≤ Q̄≤P0

+.

Notice also that|D0
L |1/2Q−−

L |D0
L |1/2(x,y)= |D0

L |1/2P0
LQLP0

L |D0
L |1/2(x,y) converges

uniformly on compact subsets ofR6 to |D0|1/2P0−Q̄P0−|D0|1/2(x,y), by (3.25)
and (3.27). Therefore, one obtains

ρ+ = ρ|D0|1/2Q̄++|D0|1/2 ∈ L1(R3), ρ− = ρ−|D0|1/2Q̄−−|D0|1/2 ∈ L1(R3)

where, this time,Q̄−− = P0−QP0− andQ̄++ = P0
+QP0

+, which shows that̄Q is

P0−-trace class,̄Q∈S
P0−
1 (HΛ). Finally, (3.48) shows thatDL(ρQL −nL,ρQL −nL)

is bounded. Passing to the limit, we obtainρQ̄−n∈ C which impliesρQ̄ ∈ C and
as a conclusion̄Q∈QΛ. Hence, it remains to show that

liminf
L→∞

(EL(ϕ)−EL(0))≥ E ϕ
BDF(Q̄).

This will imply the desired bound

liminf
L→∞

(EL(ϕ)−EL(0))≥min
QΛ

E ϕ
BDF

sinceQ̄∈QΛ.
By Fatou’s lemma, we have

liminf
L→∞

DL(ρQL −nL,ρQL −nL)≥ D(ρQ̄−n,ρQ̄−n)

and since obviouslylimL→∞ DL(nL,nL) = D(n,n) due to the approximation of in-
tegrals by Riemann sums for the continuous functionn̂, it only remains to prove
that

(3.49) liminf
L→∞

(
tr

(|D0
L |(Q++

L −Q−−
L )

)− α
2

∫∫

(TL)2
|QL(x,y)|2WL(x−y)dxdy

)

≥ tr
(|D0|(Q̄++− Q̄−−)

)− α
2

∫∫

R6

|Q̄(x,y)|2
|x−y| dxdy.

This is shown by following exactly the method the authors of [26] used for the
proof of their Theorem 1 (step 1), which we briefly outline now.

The idea of [26] is to use space cut-off functionsηR andξR defined byηR(x) =
η(|x|/R) andξR(x) = ξ (|x|/R) whereη ,ξ ∈ C ∞([0;∞); [0;1]) are such thatη2 +
ξ 2 = 1, η(t) = 1 if t ∈ [0;1] and η(t) = 0 if t ≥ 2. Let us denote byηL

R the
periodized cut-off function which is defined forL large enough by the same formula
asηR onCL, and byξ L

R =
√

1− (ηL
R)2.

Then, in order to reproduce the first step of the proof of [26, Theorem 1], the
following analogue to [26, Lemma 1] is needed:

Lemma 3.5. We have

lim
R→∞

limsup
L→∞

∣∣∣∣ [|D0
L |,ξ L

R]
∣∣∣∣

S∞(HL
Λ) = 0.



44 HAINZL, LEWIN AND SOLOVEJ

Proof. We have

(3.50)
∣∣∣∣ [|D0

L |,ξ L
R]

∣∣∣∣
S∞(HL

Λ) ≤ 2
∣∣∣∣ |D0

L |− |D0| ∣∣∣∣
S∞(HL

Λ) +
∣∣∣∣ [|D0|,ξ L

R]
∣∣∣∣

S∞(HL
Λ) .

The first term of the right hand side of (3.50) tends to 0 asL→ ∞, due to Lemma
3.2. By the regularity ofD0(p) proved in Theorem 2.2, there exists a constantC
such that ∣∣ |D0(p)|− |D0(q)| ∣∣≤C|p−q|
whenp,q∈ ΓL

Λ. This enables us to argue similarly to the proof of [26, Lemma 1]
and obtain a bound of the form

∣∣∣∣ [|D0|,ξ L
R]

∣∣∣∣
S∞(HL

Λ) ≤
C
L3 ∑

p∈(2πZ3)/L

∣∣∣pξ̂ L
R(p)

∣∣∣

and therefore

limsup
L→∞

∣∣∣∣ [|D0|,ξ L
R]

∣∣∣∣
S∞(HL

Λ) ≤C′
∫

R3
|r ξ̂R(r)|dr = O(1/R),

which ends the proof of Lemma 3.5. ¤

One has

tr(|D0
L |(Q++

L −Q−−
L )) = tr(ηL

R|D0
L |(Q++

L −Q−−
L )ηL

R)

+ tr(|D0
L |ξ L

R(Q++
L −Q−−

L )ξ L
R)+ tr([ξ L

R, |D0
L |](Q++

L −Q−−
L )ξ L

R),

On the other hand,
∫∫

(CL)2
|QL(x,y)|2WL(x−y)dxdy=

∫∫

C 2
L

η2
R(x)η2

3R(y)|QL(x,y)|2
|x−y| dxdy

+
∫∫

C 2
L

(ξ L
R)2(x)|QL(x,y)|2WL(x−y)dxdy+O(1/L)+O(1/R)

where we have used (3.1). Now, multiplying−P0
L ≤ QL ≤ 1−P0

L by ξ L
R on

both sides and using Kato’s inequality (3.2) forL large enough, we easily obtain,
following [26], that

tr(|D0
L |ξ L

R(Q++
L −Q−−

L )ξ L
R)− α

2

∫∫

C 2
L

(ξ L
R)2(x)|QL(x,y)|2WL(x−y)dxdy≥ 0.

Hence,

(3.51) tr
(|D0

L |(Q++
L −Q−−

L )
)− α

2

∫∫

C 2
L

|QL(x,y)|2WL(x−y)dxdy

≥ tr(ηL
R|D0

L |(Q++
L −Q−−

L )ηL
R)− α

2

∫∫

C 2
L

η2
R(x)η2

3R(y)|QL(x,y)|2
|x−y| dxdy

+ tr([ξ L
R, |D0

L |](Q++
L −Q−−

L )ξ L
R)+O(1/L)+O(1/R).

The estimate (3.49) is then easily obtained by passing to the limit first asL → ∞
and then asR→ ∞, and using Lemma 3.5.
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As a conclusion, we have shown that

lim
L→∞

(EL(ϕ)−EL(0)) = min
QΛ

E ϕ
BDF.

Due to our estimates, we also conclude that the weak limitQ̄ of QL satisfies
E ϕ

BDF(Q̄) = minQΛ E ϕ
BDF. Therefore,Q̄ is a minimizer ofEBDF. This ends the proof

of Theorem 2.9. ¤
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