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Abstract

We study the mean-field approximation of Quantum Electrodynamics, by means
of a thermodynamic limit. The QED Hamiltonian is written in Coulomb gauge
and does not contain any normal-ordering or choice of bare electron/positron
subspaces. Neglecting photons, we define properly this Hamiltonian in a finite
box [—L/2;L/2)3, with periodic boundary conditions and an ultraviolet cut-off
A. We then study the limit of the ground state (i.e. the vacuum) energy and of
the minimizers a& goes to infinity, in the Hartree-Fock approximation.

In case with no external field, we prove that the energy per volume con-
verges and obtain in the limit a translation-invariant projector describing the free
Hartree-Fock vacuum. We also define the energy per unit volume of translation-
invariant states and prove that the free vacuum is the unique minimizer of this
energy.

In the presence of an external field, we prove that the difference between
the minimum energy and the energy of the free vacuum convergegass to
infinity. We obtain in the limit the so-called Bogoliubov-Dirac-Fock functional.
The Hartree-Fock (polarized) vacuum is a Hilbert-Schmidt perturbation of the
free vacuum and it minimizes the Bogoliubov-Dirac-Fock energg 0 Wiley
Periodicals, Inc.

1 Introduction

In Coulomb gauge and when photons are neglected, the Hamiltonian of Quan-
tum Electrodynamics (QED) reads formally [31, 32, 53, 48, 7]

Ly H :/Lu*(x)DOw(x)dx—/¢(x)p(x)dx+z//‘dedy
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whereW(x) is the second-quantized field operator satisfying the usual anti-commutation
relations, ang(x) is the densityoperator

* 4 % B ;
12) =¥ <X2)"“(X>J_Zo_1{w (x)cw(x)20 (oW (o)

whereg is the spin variable. In (1.1p° = —ia.- O+ myP is the usual free Dirac
operator [55] (p > O is thebare mass of the electrond is thebare Sommerfeld
fine structure constant arjdis the external potential. We have chosen a system of
units such thah=c= 1.

In QED, one main issue is the minimization of the Hamiltonian (1.1). For the
study of systems like atoms or molecules, one usually uses the Born-Oppenheimer
approximation and treats the nuclei as fixed and time-independent external sources,
justifying the introduction of the external fiedil A global minimizer ofHi® would
then be interpreted as the free vacuung i&= O, or the polarized vacuum when
¢ # 0. On the other hand, a minimizer in tiNth charge sector (in a sense to be
made more precise) would describe a bound state with particles.

However, none of these minimization problems make sarsgori, sinceH?
cannot be bounded from below. This old problem [15, 16] is due to the fact that the
free Dirac operatob? has a negative essential spectrus{D°) = (—o0; —mg| U
[mp; ). Our goal in this paper will be to use a thermodynamic limit in order to
give a precise mathematical meaning to the minimizatioHbin the mean-field
approximation, that is to say when it is restricted to Hartree-Fock (HF) states. We
shall in particular be able to define properly the Hartree-Fock global minimizer (i.e.
the vacuum), with or without an external fiejd

We have neglected photons in (1.1). This approximation is physically justified
when studying the free vacuum (i.e. whén= 0). In full QED, the expectation
value of the photon fieldA(x)) vanishes for the (non Hartree-Fock) free vacuum,
see e.g. [49, 50, 44]. But photons should be included for a complete treatment of
the external field case.

We emphasize that (1.1) does not contain any normal-ordering or notion of
(bare) electrons and positron®(x) can annihilate electrons of negative kinetic
energy. Indeed, the distinction between electrons and positrons should be a result
of the theory and not an input. The commutator used in the formula (1 2)0f
is a kind of renormalization, independent of any reference. It is due to Heisenberg
[31] (see also [43, Eq(96)] and [17, Eq. (38)]), and has been widely used by
Schwinger (see [48, Eq(1.14)], [49, Eq. (1.69)] and [50, Eqg. (2.3)]) as a ne-
cessity for a covariant formulation of QED. More precisely, the Hamiltofi&n
possesses the interesting property of being invariant under charge conjugation since
the following relations hold formally

Ep(X)E 1=—p(x), CHb e 1 =H"?,

where% is the charge conjugation operator acting on the Fock space (details will
be given later on). Notice that the use of a commutator in the same way as (1.2) for
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the kinetic energy term would have no effect since the Dirac matrices are trace-less:
1
5 / tr[W* (x), DOW(x)] dx — / W (x)DOW(x) dx.

In the mean-field approximation, one restricts the QED Hamiltonian (1.1) to
Hartree-Fock states in the underlying Fock space. These #3tésve the prop-
erty of being totally described, up to a phase, by the two-point fun®ierny) =
(QI¥*(x)¥(y)|Q), also called thelensity matrix ofQ). In the usual Hartree-Fock
theory, the energy only depends on the orthogonal projdttorhis is also true
in QED but, due to the specific definition of the density opergtod in (1.2), the
energy will be more easily expressed in terms ofrdreormalized density matrix

P—Pt

(1.3) yi= > =P-1/2

where we have introducefl- = 1 — P, or equivalently

vixy) = (0l (05 E0 ) ),

The operatoly and the associated project®r=y+ 1/2 will be our main objects

of concern in this paper. Notice thats closely related to the Feynman propagator
S taken at equal times [7], a widely used object in QED (for the true non-HF QED
vacuum):

y(Xa y) = _iSF(Xa WA tx = ty)B

In order to give a precise mathematical meaning to the minimizatidii®ain
the Hartree-Fock class, we proceed as follows: we first define profiérip a fi-
nite box in spac& = [—L/2;L/2)® and with an ultraviolet cut-off\ in the Fourier
domain. For the sake of simplicity, we also use periodic boundary conditions on
%, i.e. we work on the toru¥, := R3/(LZ3). Since the problem becomes fi-
nite dimensional, the minimization of this well-defined Hamiltonian restricted to
Hartree-Fock states makes sense. Let us denokg (dy) the minimum energy in
the presence of the external figh)d The main goal of this paper will be to study
the thermodynamic limit. — oo, i.e. the behavior of both the minimizers and the
minimum energyE, (¢ ) when the size of the box grows.

Our states will always be represented by their density m&ix their renor-
malized density matriy = P—1/2, defined in (1.3). We shall prove that,lagoes
to infinity, the sequence of global minimizers indeed converges to a state defined
on the whole space, which will be interpreted as the Hartree-Fock global minimizer
of the QED Hamiltonian.

Moreover, our method will also allow us to define the energy of these states.
We have to study separately the free cse 0 and the external field cage= 0.
In the free case, we shall define properly émergy per unit volumef translation-
invariant states; the HF free vacuum will be the unique minimizer of this energy.
In the external field case, we will obtain at the limit the Bogoliubov-Dirac-Fock
(BDF) energy [12] which is the energy of the state, measured with respect to
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the energy of the free vacuum. The HF polarized vacuum will be a minimizer
of this energy. Therefore, the BDF theory is the appropriate model for the study of
Hartree-Fock states in QED in the presence of an external potential.

These limits are studied for a fixed ultraviolet cut-6ffOur objects will be log-
arithmically divergent im\. The elimination of this last divergence would require
arenormalization which we do not address in details here.

Let us now describe the results of this paper in more details.

We start with the free cagee = 0. First, we prove the existence, for edchof
aunique global minimizeof E_ (0), y2 = £22 — 1/2, which is moreover invariant
under translations. We then study the energy per unit volume and prove that

. EL(0) .
9 fm =5 =, in,, 70
—1/2<y<1/2

The energy.7 is a natural functional defined for translation-invariant operators
only,y = f(—i0d), by
(1.5)

L o trea[f () f (o)
9(]:)_W/B(O’A)tr@[Do(p)f(p)]dp (2n)5//5(o,/\)2 | ipds

p—al?

where we recall thaf\ is the ultraviolet cut-off. The functiona¥ indeed can be
interpreted as thenergy per unit volumef translation-invariant states.

We prove that, wheh — oo, the sequencéyf) converges in some sense to
the unique translation-invariant minimizesf the r.h.s. of (1.4), denoted by =
0 —1/2where#° is an orthogonal projector. This state is interpreted as the HF
free vacuum. Writing the Euler-Lagrange equation satisfieg%ywve obtain the
self-consistent equation

Vo=— sgn2°)
(1.6) 2 0
@0: DO—(Xy (X7y).
X—Y|
Written in terms of#2° = y° +1/2, this equation reads
(1.7) P =X(w)(2°).

which corresponds to the usual Dirac picture that the density matrix of the free
vacuum should be the projector associated with the negative part of the spectrum
of a translation-invariant Dirac operator.

Let us emphasize that in many works, the free vacuuasssimedo be repre-
sented by the free Dirac projector

Pg = X(—OO;O)(DO)7
following thereby ideas of Dirac [15, 16] (see, e.g. [12, 13, 36, 37, 5, 25, 26]).
The true Hartree-Fock vacuur® obtained in this paper is different frolf,
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except whero = 0. The interpretation is that, contrary B, the self-consistent
interactions between the virtual particles of the vacuum are taken into account via
the termay®(x—y)|x—y|~tin (1.6).

The self-consistent operat6t® defined in (1.6) has an interesting special form.
Using the usual notatiop = —i[J, it can be written

gu(pl)

2°(p)=a-p
(P) Pl

+Bgo(/pl)

which means that, due to (1.6),

18) vO(p) — — g1(/pl) b ao(|p|) |
& Y = o pZ T g P 2/@p)2 + Gollol

In QED, the Feynman propagat8r is often expressed using théken-Lehmann
representation [35, 38, 7], based on relativistic invariances. Although our model is
not fully relativistically invariant (we discard photons and use an ultraviolet cut-off
N) and is only defined in the mean-field approximation, our solution (1.8) has ex-
actly the form which may be derived from thé&kén-Lehmann representation for

the equal time propagator. In four-dimensional full QED, a self-consistent equa-
tion similar to (1.6) is well-known and used. These so-called Schwinger-Dyson
equations [51, 18] have been approximately solved for the free vacuum case first
by Landauet al. in [1, 2], and then by many authors (see, e.g., [34, 23, 3]).

In [41], Lieb and Siedentop arrived at the same equation (1.6) with totally dif-
ferent arguments from ours. In particular, they did not derive the equation (1.6)
as the Euler-Lagrange equation associated with a minimization problem, but rather
looked for a self-consistent normal-ordering in a free Hamiltonian. They proved
the existence of a solution of (1.6) by means of a fixed-point method, valid under a
restrictive condition of the form logA < C whereA is the ultraviolet cut-off. Our
proof is completely different since it proceeds by minimizing the functio#al
This enables us to prove the existence of a solution to (1.6) without any constraint
linking a andA\.

Let us remark that sincg® is translation-invariant, the associateensity of
charge formally defined byp,o(X) = trca y2(x,x), is indeed a constant. A conse-
quence of the special form (1.8) ¢f is thatp,o(x) = 0, the Dirac matrices being
trace-less. Therefore, in this formalism and thanks to (1.2), the free vacuum has no
local density of charge, which is physically comforting.

We know thaty® is a minimizer of the energy? among other translation-
invariant operators. Since howevg{i is for any L a global minimizer, we will
also prove (in a sense to be made more precise later) that the limttiscalso a
minimizer of H® under local Hilbert-Schmidt perturbations. Our study therefore
shows that although one cannot give a meaning to the energy of the free HF vac-
uum, one can give a sense of being a minimizer of the Hartree-Fock energy, either
among translation-invariant operators, or under Hilbert-Schmidt perturbations.
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We then study the external field cajses 0. We prove that the energy measured
with respect to the free energy has a limit:
(1.9) lim {EL(§)—EL(0)} = min ey —Y°).

—z_/g<y<l/2

HerecéaE‘fDF is the so-called Bogoliubov-Dirac-Fock (BDF) energy [12, 11, 5, 25,
26], associated with the free vacuwh It measures the energy of a HF stii®
with renormalized density matriy, relatively to the energy of the free vacuum
1Qo), whose renormalized density matgiX has been defined previously, i.e.

(1.10) Edor(v—¥°) = “(QH?|Q) — (Qo|H|Q0)".
The BDF energy reads formally

(111) &2.(Q) = tr][2%(#°Q° + 99@@9)] - / ¢ (X)po(x)dx

Po(X QMx.y) 2
dxd =77 dxd
2 / X —w 5 x—y

wherepg(X) = tre4(Q(X, X)) is the charge density, a well-defined object wiiea
&», thanks to the ultraviolet cut-off [25].
For anyL, we prove the existence of a Hartree Fock global minimizer for
EL($), Y. = £ — 1/2. Then we show thay._ —y2 = 2 — 2P converges, in
some sense, to a global m|n|m|z©r— y —y° of the BDF energy (1.11). Hence,
the solutiony = y°+ Q of the r.h.s. of (1.9) is a Hilbert-Schmidt perturbation of
the freey? and solves the self-consistent equation

(1.12) V= —Sgg@)
with
_ V3 0
@:@0_ +0p *7—G(y_y )(X7y)
PP oy
1 y(xy)
(1.13) _ DO rapye k- |
Yl T Xy

where we have used the definition @f in (1.6) andpyo = 0. Written in terms of
the prOJector@_ =y+1/2, (1.12) can be written

(1.14) P =X(—w0)(D),

which one more time corresponds to Dirac’s interpretation that the density matrix
of the vacuum should be the projector associated with the negative spectrum of
an effective Dirac operator. We emphasize that, due to (1.13), the self-consistent
equation (1.12) does not depend on the refergfaesed for the definition of the

BDF energy.
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Self-consistent equations for relativistic Hartree-Fock states are well-known in
QED. We refer the reader for instance to [46, E4)] which is exactly equivalent to
(1.14), and to [45, 20, 22, 14, 30] for related studies. In [20, 19], similar equations
are obtained in the relativistic density functional theory.

Notice that the BDF energy (1.11) can also be used in the freejcasg Sim-
ilarly to [13, 5, 25], we shall prove in this case that its minimize®,isvhich pre-
cisely means that the free vacuwyfis a minimizer ofH® under Hilbert-Schmidt
perturbations.

The Bogoliubov-Dirac-Fock energy has been introduced first by Chaix-lracane
in [12, 11]. They also study a mean-field approximation of QED, but start with
a different Hamiltonian: taking the free Dirac project as a definition of the
free vacuum, they used a Hamiltonian normal-ordered with resp& tm [13],
Chaix, Iracane and Lions proved that their free vacuRfns stable when no exter-
nal field is present. Our BDF energy (1.11) is similar to the one of Chaix-lracane,
but P° andDP have been replaced by° and 2°.

The BDF model of Chaix-Iracane has been studied by Bach, Barbaroux, Helffer
and Siedentop in [5], in which a mathematical setting without any ultraviolet cut-
off is provided whenp = 0, to prove the stability of the free vacuuR? under
trace-class perturbations. The case of an external field is studied as well, but the
vacuum polarization is neglected, leading to a totally different model.

A rigorous framework for the study of the external field case has been recently
provided by Hainzl, Lewin and &g in [25, 26]. There, an ultraviolet cut-off is
introduced and the energy is defined on a set of Hilbert-Schmidt operators which
are not necessarily trace-class. Starting from the Hamiltonian of Chaix and Ira-
cane, it is proved that the corresponding BDF energy is bounded from below and
that it possesses a minimizer. It satisfies an equation similar to (1.14), but which
still explicitly depends on the chosen refere®®®[25, Eq. (6)]. We shall rely
heavily on [25, 26]. In particular, we shall generalize the results of [26] to the new
BDF energy (1.11) and obtain the existence of a minimizer satisfying our equation
(1.14). For a time-dependent study of the BDF model of Chaix-Iracane, we refer
to [28].

Summarizing our results, we have been able to give a meaning to the Hartree-
Fock approximation in no-photon QED, by means of a thermodynamic limit. The
free vacuum has a renormalized density mat?ix £2° —1/2, which is a translation-
invariant operator, solution of (1.6). It is a minimizer among other translation in-
variant operators of the energy per unit volurfiedefined in (1.5) and as well a
minimizer of H® under Hilbert-Schmidt perturbations. In the presence of an ex-
ternal potential, the HF polarized vacuum is a Hilbert-Schmidt perturbatien
v° + Q of the freey?. The operato minimizes the BDF functional (1.11) aryd
solves (1.12).
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This work shows that the BDF functional (1.11) is the appropriate tool for the
study of Hartree-Fock states in QED, in the presence of an external potential. Al-
though the present paper only addresses the case of the vacuum, our method should
be applicable to the case of atoms and molecules. In that case, one would have to
minimize the BDF energy in a sector of fixed chalgje

As mentioned above, the theory is still divergent in the cutfoffThis phe-
nomenon is also encountered in full QED, where the conceptsast and charge
renormalization18, 7] are used to get finite physical quantities. Mass and charge
renormalization will usually not remove the divergences in the propagator
in the equal time propagatgr This is not surprising since as defined in (1.3)
does not represent a physical quantity, it is not the propagator of a physical parti-
cle. The physical electron (at rest) is represented by the lowest energy state in the
charge one sector (the positron corresponds to the charge -1 sector). In particular,
the rest mass of the physical particle is the lowest energy in the charge one sector.
The physical electrons not just the bare patrticle, but includes also a cloud of vir-
tual particles. The relation between the bare propagai@nd the propagator for
the physical particle is in the physics literature often expressed by what is called
a wavefunction renormalizationWe will discuss the concept of renormalization
in Section 2.5. As we will explain, wavefunction renormalization is conceptually
different from charge and mass renormalization. A completely different notion of
wavefunction renormalization, which also leads to a different notion of physical
mass, was introduced in [41].

Of course, this study only applies to the Hartree-Fock approximation, the gen-
eral case being much more difficult in our point of view. In particular, we do not
know if the use of a normal-ordered Hamiltonian with respect to the free elec-
tron/positron spaces defined B¥° as proposed in [41], is physically relevant. By
definition, the normal-ordering procedure takes a projector (i.e. a Hartree-Fock
state) as a reference, whereas the true vacuum is known to be a nhon Hartree-Fock
state. The study of a thermodynamic limit for the full QED model could be a better
approach in the quest of a non-perturbative formulation of QED.

The paper is organized as follows. In the next section, we define properly the
models and state our main theorems. We start by giving a meaning to the QED
Hamiltonian in the bo¥ and formulate the thermodynamic problem mathemat-
ically. Then, we define the models on the whole space that will be obtained as
thermodynamic limits: the energy” of translation-invariant projectors and its
minimizery® = 229 — 1/2, and the associated Bogoliubov-Dirac-Fock model. Fi-
nally, we state our main results concerning the thermodynamic limit. For the sake
of clarity, we have brought all the proofs together at the end of the paper, in Section
3. Section 2.5 is devoted to the discussion of the renormalization problem.
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2 Model and main results

In this section, we present the models and state our results. The proofs are given
separately, in the next section.

2.1 QED energy on the torus in the Hartree-Fock approximation

Let us start by defining the no-photon QED Hamiltonian in the cdbe=
[—L/2;L/2)3. As mentioned in the introduction, we add periodic boundary condi-
tions and therefore work in the tor(s := R3/(LZ3).

Notations
A function s in L3(Ty,C*) = L34, C*) can be written as
e oo e (2m\? o
=" 5 awe=(T) 5 du.
e2nZ3/L

ke2mnz3/L

wheregc(x) = €*/L%2 and i (k) € C*. We now add a cut-off in Fourier space
and define the following finite-dimensional subspace3fT, , C*)

(2.1) Hk :=spanfecs | ke, 0 €{1,....4}},  T:=2nZ3/LNB(O,A),

(€5)o=1...4 being the canonical orthonormal basis@ff. Note that any operatagr
acting onﬁ,L\ has a kernel of the form

yooy) = 5 vk hedx)a(y)

klerk

wherey(k,1) is aC* x C* matrix such thay[ese] = T o Siert V{1, K)o c@Eor. Its
density is defined as

py(x) =tree(Y(x, X)) = L2 5 trea (§(k 1) @),

klerk

A translation-invariant operatdF acting on$k satisfiesT (k,1) = g(k)& where
g(k) is, for anyk € 'k, aC* x C* matrix. Denoting now

§(x) = (2m/L)*2 5 g(k)adx).
kel
we easily see that
T(xy) = (2m)~¥%g(x~y).
The density of a translation-invariant operator is a constant:

pT(X) i=trea T(x,X) = (21) ">/ 2trca §(0) = L—l?, Y treag(k).

kel
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The identity onf}; is I} whose kernel is

1 Ty
(2.2) Ry =15 5 la€ty
kelk

and whose density ig;. = 4|r|/L3. In the following, we shall denote

P 2rk
L A
(2.3) Px = ?A =3

Dirac operator, Coulomb potential and external field onT.
Recall that the free Dirac operator is defined as

D= —ia- O+ moP

wheremp > 0 is the bare mass of the electron and= (a1,02,03), B are the
Dirac matrices [55]. On the torus, we use the same notation and simply @ine
as the multiplication operator in the Fourier domain, (by- k + mop ). The
same abuse of notation will be done for the operatiat acting as a multiplication
operator in the Fourier domain k), .

We shall use a Coulomb potential similar to the choices made in [42, 9, 8, 10].
We defindM_ as being the unique solution of

1
— AW, = 4 Sx — =
2.4) (XEZZs X L3>
minW_ = 0.
6L

This means that there exists a consiant 0 such that

1 AT ix
E K2
ke (2m)Z3/L
k40

WL(x) = +puL?

Notice that in [42, 9, 8, 10]u is replaced by O (i.e. the integral of the Coulomb
potential is assumed to vanish). Indeed most of our results are vglid ifeplaced
by any non-negative real number. However, the non-negativity of the Coulomb
potential, which seems physically relevant to us, is usually needed in the study
of Hartree-Fock minimizers. Moreover, our choice better mimics the behavior of
1/|k|? at 0.

In the following, we shall also consider an external potential of the form

1
o =anx—
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in the whole space, created by external sources for instance like nuclei. We will
assume that € ¥ where% is the so-called Coulomb space [26]

(2.5) %:{f | /Rs'fﬁ;;'zdkw}.

We do not necessarily assume in this paper thistanL® non-negative function
but the reader should think ¢fsn = Z as being the total number of protons in the
nuclei.

Remark2.1 Notice that, since we will add an ultraviolet cut-off, the definition
(2.5) also contains the usual Coulomb potential since the (regularized) Dirac mea-
sured, defined by

—

(2.6) S = (2m) 1o
belongs to the spacg€.

For the sake of simplicity, we shall also assume that the restriction to the ball
B(0,A) of the Fourier transform is a continuous function. This allows us to define
the external potential on the torus by

211)3/2 .
2.7) n () = &Y 3 A(ke,

|_3
kelk

In the whole space, the Dirac operator with external potential will be denoted by
D* =D%°—¢ =D°—an=x ﬁ, whereas we use the notation

(8 DY =D"—0 (9 =aneW()=a [ nyME(x-y)dy
L
for the corresponding operator acting 9k.

No-photon QED Hamiltonian on T

We are now able to define and compute the no-photon QED enefyy ihhe
Fock space associated wif, is

m
%L;:«:@@< sak)
m>1 \i=1

(this is indeed a finite dimensional space). @p‘q, the creation operatd¥y ; is
defined as usually, fdce ' ando € {1,2,3,4}, by

Wio (WA Alp) = (&Eg) AW A+ Alp.
It satisfies the anti-commutation relation
(2.9) {W¥o, le"c,/} =005 g'-



12 HAINZL, LEWIN AND SOLOVEJ

In the following, we shall use the common notathéix)s = 3 cr:. &(X) Wk o for

the second-quantized field operator. We shall also need to use, forfsansi,
the notation

3/2 R
210 w(No= () 3 oo
kelk

~

3/2
whenf = (4) / Skert f(K)ex.

The no-photon QED Hamiltonian is the well-defined operator acting on the
finite-dimensional spacér,

2.11) H :/TL lP*(x)DOlP(x)dx—/TLq)L(x)p(x)dx

a
+5 [ peopWL(x—y)dxay
(TL)?
wherea is thebarefine structure constant and

P(x) = Str[¥", W)

(2.12) -

The charge-conjugation operatéris the uniquely defined (up to a phase) unitary
operator acting on the Fock spaé%,k (see, e.g. [47, Proj2.1]) such that, for any
f e 9k,

CO(f) 6 1=w(Cf)* and €¥(f)" ¢ 1 =¥(Cf),
whereC is the charge conjugation operator acting@jn defined byC f :=iBasf,
and ¥ (f) has been introduced in (2.10). It is then easy to see that the following
relations hold
CPNE T =—p(x), CHIE T=H".
Using the CAR (2.9) and the formula (2.12), we obtain

(2.13) p(x) =W (X)W(X) - pk.
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Wherep,'; is defined in (2.3). Inserting (2.13), we obtain for the last term of (2.11)

3 /2P0 (x—y)axdy

2 //TL )W (Y)W ()WL (x—y)dxdy

—Gp}(/ llJ*(x)‘lJ(x)\/\/L(x—y)dxdy+ // (x—y)dxdy
=a Z (X —X%j)+ 2// L y) W () W(y)W (x—y)dxdy
1<i<j
(2.14)
—apk/m W () W)W (x—y)dxdy+ — 1 p“ // (x—y)dxdy
. L
where we recall thaliz (x,y) is defined in (2.2). Therefore, computing the energy

of a Hartree-Fock state with density matiXx,y) (an orthonormal projector on
$k), we obtain from (2.11) and (2.14)

215) 555°(P) =tr(D%) — | 4109 (pe(x) - Ok Ox

2// WL (x— dedY—*// P(x,y)[PWL (x — y)dxdy

+—/ tr I (X, X, x—y)dxd
2 gy e (RO y))VVL( y)dxdy

—Gp}(// PP (X)WL (X — y)dxdy+ // (x—y)dxdy
(TL)?

Usingpyt »(X) = p andtr(DOI§) = 0, we infer

(2.16) &% 0(P) = s P-15/2)+ 8// L%, y)PWL(x— y)dxdy

Whereéf’ is the usual Dirac-Fock energy on the torus

vy — tr(DPv) + & 9 20 (x—
@17) |6 (1) =t(BfY) +5Duproy) 5 [[ - VoY)W (x-y)dedy

defined for any self-adjoint operatpmacting onfk, and with

(=[] T0T M x—yidxdy= 5 5 (TR >0,

ke (2mZ3) /L

Py(X) = treay(Xx, X).
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The last term of (2.16) is a constant which behaves like

al® 1 a2

)2
(2.18) 8// KO Y) PWL (X — y)dxdy~| e 2 ) X dx

whered, € L2(R?) N L*(R3) is the Fourier inverse of2m) %21 g 1) already de-
fined in (2.6). Because of (2.18), this term shifts the limit of the energy per unit
volume by a constant and disappears when looking at differences. Hence, it will
not play any role for the study of our thermodynamic limit, and we discard it for
the rest of the paper. We therefore study the minimization problem

L L
@19)  |E@) =it g ye LRy -y -5 <y< ]

(Z(9K) denotes the space of all linear operators actingyqh Notice that we
have extended the sg® — 1% /2, P orth. projecto} to its convex hull

I 1%
Gy = {vei”(fok), V=Y, -5 <Y< 2}
as this is usually done in Hartree-Fock type theories [39]. It will be proved that
this does not change the minimizer. With this change of variable, our goal will be

to prove

¢ without external field§ = 0):
(1) the existence of a unique minimizgt= 220 — 1 /2 for E_ (0), when
L is large enough;
E, (0)

(2) that the energy per unit vqumeLT has a limit ad. — oo;

3) thaty,? converge in a certain sense to a translation-invariant it
— 1/2, which will be the HF free vacuum? is a projector);

(4) that the limitingy° is the unique minimizer of thenergy per unit
volume a functional defined only for translation-invariant operators
acting on the whole space;

e in the presence of an external fielpl £ 0):

(5) the existence of a minimizgr = 2 —15/2for EL($);

(6) that the energy differend® (¢ ) — E_ (0) has a limit ad. — oo;

(7) thaty, converges in a certain sense to an openater”?_ —1/2 which
will be interpreted as the HF polarized vacuu# ( is a projector);

(8) thaty —y?is a minimizer of the Bogoliubov-Dirac-Fock energy, which
measures the energy with respect to the (infinite) energy of the free
vacuumy®.

These questions are rather common in the mathematical study of thermody-
namic limits [40, 42, 8, 9]. Before we answer them, we have to define properly the
variational problems obtained in the whole space. In the next section, we define
the energy per unit volume of translation-invariant operators acting on the whole
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space when no external field is present; its minimizer will be the free vagfium
Section 2.3, we define the associated Bogoliubov-Dirac-Fock model properly and
prove the existence of the polarized vacuyim the presence of an external field;
this will be only an easy extension of the work already done by Hainzl-Lewig-S

in [25, 26]. Finally, we answer questions (1)—(8) in Section 2.4.

2.2 Definition of the free vacuum£2°

Let us now define the models in the whole space. The cut-off is implemented
in the Fourier domain by considering the following Hilbert space

(2.20) 9= {P € LAR3,C*) | supp C B(O,A)}.

In this subsection, we consider the case where no external field is preseft,

We want to define the energy per unit volume of a translation-invariant opgrator
acting on$), and such that

I being the identity o). Such an operator acts as a multiplication operator in
the Fourier domain and can therefore be writfena f(—iJ) or, formallyy(x,y) =
(2m)~%/2f (x—y), with f belonging to

G\ = {f € L*(B(0,A),.74(C)), —%4 <f< kg‘}
Here.74(C) is the set of x 4 self-adjoint complex matrices. Notice that its density
of charge is a well-defined constant:

By = trcey(x) = (210 P2t F(0) = (272 [ wrea((p)
B(O,A
The energy per unit volume of such a translation-invariant opeyatof (—ilJ) is
then defined in terms df € .75 by
(2.21)

1 o trea[F(P) f ()]
7= s foo, TP PIdp— e ] Ee R Dlapag

To give a hint why we consider the energy, let us fix some operator =
f(—i0) wheref € @7\. To simplify the discussion, we also assume that( f (k)) =
0for anyk € B(0,A\). To avoid any confusion, we denote fythe operator acting
on$k associated witly, and which is just the multiplication operator Wk))ker,t\
in the Fourier domain. Its energy is given by (2.17) and can be expressed as

) = 3 1e0100) L g [ 100 ax

kelk
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wherefy (x) := (21/L)*? 5 (K)a(x). Notice that we have used
ppr=L"Y treaf(k)=0

kelk

since by assumptiolncs f (k) = 0 for anyk € B(0,A). It is easy to see that

&Y
lim S = 7 ().

It is therefore natural to define the free vacuum as a minimizex @ind we intro-

duce
E7 :=inf{7(f)| f e ap}.

Theorem 2.2(Definition of the free vacuum)Assume thad < a < 4/, A > 0and
thatmp > 0. Then.7 possesses a unique global minimiZesn <74 and any mini-
mizing sequencef,) C .27y of 7 converges strongly td in L2(B(0,A\),.74(C)).

The associated renormalized density mat®:= f(—i0) is a translation-
invariant operator satisfying the self-consistent equation

Vo= — sgn2°)
(2.22) 2

90 — DO—G Y <X7y>

Ix—y]|

or, written in terms of the translation-invariant projectoP® = y0+1, /2,
(2.23) P° = X(—w0) (2°).
Moreover,2° takes the special form, in the Fourier domain,
(2.24) 7°(p) = ar- wpga(|p]) + o(| P)B
wherew, = p/|p| andgo, g1 € L*([0;A],R) are such that
(2.25) g1(x) > xandgo(x) > my,
(2.26) M1 (X) < go(X)Xx
for anyx € [0;\), and therefore
(2.27) -+ 192 <729 < S gt ).

Finally, 2°(p) € Nm=1H™(B(0,A)) C €= (B(O,\)).

The proof of Theorem 2.2 is given in section 3.2.

This result is a generalization of a work by Lieb and Siedentop. In [41], the
equation (2.22) is solved by means of a fixed point method, only valid under a
condition of the forma logA < C. Thanks to the variational interpretation using
the function.7, we have been able to prove the existence of a solution of (2.22)
without any constraint linkingt andA, and by means of a completely different
proof. Our solution coincides with [41] whamlogA < C, and the properties of
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29 stated in Theorem 2.2 are exactly the ones which have been proved in [41].
The interpretation of (2.22) given in [41] however does not seem to be the same as
ours.

We notice that a self-consistent equation similar to (2.22) (written in terms
of the four-dimensional Green function of the electron) has been approximately
solved first by Landawt al. in [1, 2], and then by many authors (see, e.g., [34,
23, 3]). They use an ansatz analogous to (2.24) (see, e.g., [11B@nd [2, Eq.
(4.2))).

Remark that the density of the vacuyfh= f —i0) also vanishes, since (2.22)
and (2.24) mean

_ <|p|> %o(|p)
f(p) = G Wp—
P i ralme . 2/alp)+ sallpl?
and therefore

Py = (2m)~° / tres f(p)dp=0,
B(O,A)
the Dirac matricest; andf3 being trace-less.

Remark2.3. Adapting the proof given in Section 3.2, it can be shown that when
mp = 0, the functionalZ also has a unique minimizéx p) = —2°(p) /(2| 2°(p)|),
with 2°(p) = - wpgs1 (| p|), g1 being given by [41, Eq(26)].

Remark2.4. The energy.7 satisfies a nice scaling invariance property (already
used in [13]). Namely one has, with an obvious notation,

ynb,a,/\(f) =A 74%\%7017)\/\(1:('/}‘ ))
which implies that

E7 (mo,a,A) =A~*E7 (A\mo, o, AA) and (Z2)ameaan(P) = (#2)moan(P/N).

2.3 The Bogoliubov-Dirac-Fock theory based or??

In the previous section, we have defined the HF free vacuum, whose renormal-
ized density matrix ig® = 2° —1,/2. We now assume that +# 0 (recall that
¢ =anx1/|-|) and define the Bogoliubov-Dirac-Fock model [12, 13, 11, 5, 25,
26], based on this new reference. Our goal will be to show that the results by
Hainzl-Lewin-Sré [25, 26] can be extended to this case. We refer the reader to
[12, 11, 25, 26] for a detailed presentation of the BDF model.

The BDF energy reads [25, 26]
(2.28)

S8or(Q) i=tr 50 (7°Q) + 5 D(pa, p) —aD(Pq,n) -

QI Y)I?

=~ dxd
2l x—y

where

(2.29) Qe 2n:={Qe & (60), ~#° <Q< 72, poe ¥},
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¢ ={f|D(f,f) <o}
and

D(f,g) :41'[/ f(TI)(g(k)dk

The space’sf?g ($HA) is introduced in [25, Sec. 2.1]. It contains all the Hilbert-
Schmidt operator® € G2($Ha) which are such tha* = 22Q4#° andQ~~ =
P0Q° are trace-class{S1(Hn)). The 20 -trace ofQ is then defined by

tr o Q:=tr(Q" " +Q 7).

Finally, po(x) = trc4 Q(X,X) is the charge density associated witha well-defined
object in Fourier space thanks to the ultraviolet cut-off [25]:

Bok) = (@722 [ et (Ap+k/2,p—k/2) dp

Notice that compared to [12, 13, 11, 5, 25, 26], we have not only replai%ed
by 229, but alsoD® by 2° in the definition (2.28) of the BDF energy.

The interpretation of (2.28) is thafg’DF(y—yo) is the energy of the HF state
y, measured relatively to the energy of the free vacyyimThis statement will
be made more precise in the next section, in which we proveBH@t) — E (0)
converges to the minimum of the BDF energy. Notice whesatisfies—Ip/2 <
y <Ia/2, then one has 2° <y —y° < 220 justifying the constraint imposed on
Q in the definition of2, in (2.29).

We may now state a result similar to [25, Theorem 1]:
Theorem 2.5(The BDF energy is bounded-belawAssume thad < a < 4/,
A >0,mp > 0and thath € %.

(1) One has
VQ € 2, é"é’DF(Q)Jr%D(n, n) >0

and thereforef is bounded from below o&x.
(2) If moreovern = 0, then&3, is non-negative o2y, 0 being its unique
minimizer.

Proof. The proof is the same as in [13, 5, 25], using Kato’s inequality

L < Tpoy< M99,
X — 2
due to (2.27). O

The interpretation of the second part of Theorem 2.5 is yAas not only a
minimizer among translation-invariant projectors (Section 2.2), but also among
Hilbert-Schmidt perturbations.
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Let us now define the BDF ground state energy in the presence of an external
field:

(2.30) Espr(0) = inf &35,
I
The existence of a minimizer is obtained by a result analogous to [26, Theorem 1]:

Theorem 2.6 (Definition of the polarlzed vacuum)Assume tha® < a < 4/m,
A >0, mg >0 and thatn € . ThenéaBDF possesses a minimiz€ron 2, such
thaty = Q+ y° satisfies the self-consistent equation

__ sgn(9)
(2.31) B 2 L
y(x.y)
2:=D+a (py—n)x— —a
By = =% =y
or, written in terms of the projecto®”_ :=y+1,/2=Q+ #°,

(2.32) P_=X( w0 (2).
Additionally, ifa andn satisfy

-1
T a/2
(2.33) 0< az {1 a (2, / 10(//4+n1/6211/6> Hnu%ﬂ} <1,

then this global minimizen is unigue and the associated polarized vacuum is
neutral: tr 50 (Q) = 0.

Proof. The proof works analogously to [26, Proof of Theorem 1]. The only modi-
fication is [26, Lemma 1]: one proves tHgiEr, | 2°|] Hem(m) = O(1/R) using the

regularity of 2°(p) stated in Theorem 2.2. O

2.4 Thermodynamic limits

Let us first state a result for the thermodynamic limit wimea O, and which
answers to the questions (1)—(4) of Section 2.1. We recalBHat.7, f, y° and
20 are defined in Section 2.2.

Theorem 2.7(Thermodynamic limit with no external fieldAssume thad < a <
4/, A > 0, and thatmy > 0. Then forL large enoughéj_o possesses a unique
minimizery? = 222 —15/2 on ¢%, where 20 is an orthogonal projector. It is
translation-invarianty® = f2(—idJ) (or equivalently?®(x,y) = (2r)~3/2f(x—y)).
One has

EL(O ; ,
(2.34) Imo II__(3) —E7 =min{Z(f) | f € o}
and
(2.35) Iim (V0 || (., = [im sup| (k) — f(k)| =0,

L= yert
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(2.36) lim |20~ 72 = lim sup| 2{(k) — 2° (k)| = 0.

HGW(T L=yt

The proof of this result is given in Section 3.3.

Itis interesting to see how this result would change if another choice was made
for the definition of the no-photon QED Hamiltonian on the torus, like

= [ W )DOW(x) dx+ & / W ()W) W* (y) WY)W (x—y) dxdy
2 JJm)2

To

or
H? = Zl (D% +
i> 1§|<]

= lP*(X)D LP(X)CIX+

2 W (X)W (y) W(y) WOWL (X — y) dx dy
Tt (TL)?

In both cases, the thermodynamic limit is dramatically changed since we can prove
the following result:

Theorem 2.8(Thermodynamic limit for other Hamiltonianspssume thaHE is
replaced byf! or 2 in the previous study, that > 0, A > 0, my > 0 andn = 0.
Letusdenote b§ <O < I,L\ a self-adjoint operator acting of),L\, which is the one-
body density matrix of a minimizer of the QED Hamiltonian, when it is restricted
to translation-invariant Hartree-Fock states. Then

(2.37) lim pe, = lim L™ 3 Y tres(OL(k)) =0.
kel

Therefore, writing®, (x,y) = (21)~¥/2&_(x—),
(2.38) J[nw ||EL||L°°(R3) =0.

In other words, when the Hamiltonidit or H? is chosen instead dil?, the
thermodynamic limit as. — oo is trivial. This phenomenon is due to the term
DL (p,p) which behaves lik&® and not likeL® and which plays the role of pe-
nalization the limit necessarily has a vanishing density. This shows the usefulness
of the commutator in the definition gf(x) in (2.12) or (1.2). In that case, one
obtains

lim pyo = lim P01 /2 = lim (p 50— pr/2) =
andpye = P(zo_ 912 = 0-

We now state a result for the thermodynamic limit wime# O; this answers the
questions (5)—(8) of Section 2.1.

Theorem 2.9(Thermodynamic limit with external field)Assume tha0 < a <
4/, A >0, mp > 0, n€ ¥ and thatn is continuous orB(0,A). Then for any
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L, @ﬁf" possesses a minimizar = 2 —15/2 on ¢+ where 2 is an orthogonal
projector, and one has

(239)  Jim {EL()~EL(0)} = Esor(9) = min{&$r(Q), Q€ 2}

Moreover, up to a subsequen€@,(x,y) := (Y. —Y°) (x,y) = (2L — 20)(x,y) con-
verges uniformly on compact subset®6&fto Q(x,y), a minimizer of65pE ON 2.

This result justifies the Bogoliubov-Dirac-Fock theory for the study of the po-
larized vacuum in no-photon QED restricted to Hartree-Fock states. The proof is
given in Section 3.5.

The study of the thermodynamic limit for atoms and molecules (i.e. when the
minimization is restricted to a specific charge sector) is clearly out of the scope of
this paper. Let us however indicate briefly what should be obtained in that case.

We fix some integeN and define the minimization problems in charge sectors:

(2.40) EN®) :==inf{& (v),y € %k, tr(y) =N},

(241)  ENor(6) = inf {6r(Q) Q€ 2n, rm(Q) =N}

A minimizer Q = § — y° of (2.41), if it exists, is a solution of a self-consistent
equation of the form [27]

;SO )
(2.42) 2 )
%5 :=D°+a (py—n)* |1y - \!/fiﬁ

U being an Euler-Lagrange multiplier due to the charge constraint, interpreted as a
chemical potential. Written in terms aP_ =y +1,/2, (2.42) reads

(2.43) P = X0 (D5 = ) = X (o) (%) -

We refer the reader to [12] and [25, Remark 6] for comments in connection with
the Dirac-Fock equations [21].

We nowconjecturethat
(2.44) lim {EN(§) —EL(0)} = Efbe(0)

which would also justify the Bogoliubov-Dirac-Fock approach for the minimiza-
tion in charge sectors.
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2.5 The Renormalization Problem

Throughout this paper, the cut-ag%f has been considered as a fixed parameter.
However, most of the objects that we have obtained, like for instance the density
matrixy, are divergent im\. This phenomenon is also encountered in full QED.

To give an example of this, let us considpf0), wheregy has been defined in
Theorem 2.2. Writing the self-consistent equation (2.31), it can be seen that [41,
Eq. (20)]

9o(0) = mo+

a 1 go(lal)
J

412 Json [dl? \/g1(al)? + go([d])?
Therefore, using (2.27), one obtains

a
0) > +7/
%0 =M+ 25 foon

1 mmld) g

2
19 go([al)/|al2 +
a 1 1
Y T
412 Jeon) |02 /|q\2+m§

o .
(2.45) =My <1+ Earcsmhi/\/mo)> ,

which shows thag)y(0) is divergent ag\ — co.

In regular QED, the divergences of the (appropriately defined) physical mea-
surable quantities are usually eliminated by meansmfasand acharge renor-
malization The main idea is to assume that the parametexadmg appearing in
the theory are indeeldare parametersvhich are not physically observable. The
physical parameterare assumed to be functionsafmy and the cut-off\

aph:aph(avnba/\)a Mph = rnph(a7nba/\)

and equal the physical values obtained in experiment. These functions should be
inverted in order to express the unknown bare quantities in term of the physical
guantities

(2.46) o = a (Oph, Mph, A\, Mo = Mo (Clph, Mph, ).

Using these functions, one expects to remove (in some sense that needs to be pre-
cised) all divergences from physically measurable quantities.

Mass and charge renormalization however does not remove all divergences in
the theory. Certain quantities, e.g. the bare Feynman propdgafeither at equal
times or at general space time points), are still divergent. The expectation is that
all these divergences cancel in physically measurable quantities and that they are
therefore of no real relevance in formulating the theory.

Although there is no real need to do this, it is often convenient to introduce
a renormalization of the bare Feynman propag&sar This is referred to as a
wavefunction renormalizationn full QED [18] it is claimed that the divergence in

=My
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the Feynman propagator may be removed Iyutiplicative renormalizatiorand

that the renormalized propagator has the same pole near mass shell in 4-momentum
space as a free propagator corresponding to a particle with the correct physical
mass.

Note that in practice, this theoretical renormalization procedure is always used
to justifying the dropping of the divergent terms obtained at each order of the per-
turbation theory [18]. For this fact to be true, it is particularly important that renor-
malization can be expressed by meansottiplicativeparameters in front of the
different propagators [18].

In Hartree-Fock QED, it is not clear at all if the usual renormalization program
of QED can be applied (especially when photons are not included). In [26], a
renormalization of the charge is proposed but it seems to be only valid if the ex-
change term is neglected. In [46, p. 194-195], it is argued that mass and charge
renormalization is alone not enough to completely remove the divergences of the
HF theory by means of multiplicative parameters.

In [41], it is proposed, among other possibilities, to write the operator of Theo-

emeas (o (. . Iploollp)
0 01([P PIGo(|P
7o) = S (e p+ )
and to interpret(0)/g}(0) as being the physical mass, andg; (0) as being the
wavefunction renormalization constant. This proposal does not at all correspond
to the procedure described above. Indeed, multiplyigoy a constant does not
change the equal time Feynman propaggfosincey® = —sgn 2°) /2.
We believe that the correct solution is rather to define the quantigieandmpp
for a free Hartree-Fock electron (strictly speaking, photons should be included).
Namely, we define the physical mass as the minimum energy of a free electron
which means, using (2.41),

(2.47) Mpn := Egpr(0).
Since an electron never sees its own field but interacts with the Dirac sea, we be-
lieve thatEZ,-(0) possesses a minimiz€) = ¥ — P, i.e. that an electron can
bind alone when interacting with the Dirac sea (this has been first proposed by
Eric Sere). According to (2.42), the operatgrwould then be a solution of the
self-consistent equation

. Sgn%5—H)

(2.48) 1 v
y(xy)
P4 =D +apy* — —a ,
g L T -y
wherep is a chemical potential chosen such thiafo (¥ —y°) = 1. Formally, we
could then definepn by

(2.49) apn = a lim || (py || ) (%).
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If py is smooth enough, for instange € W1>(B(0,A\)), this is equivalent to
aph = (211) %20 p5(0).

If ¥—y° were trace-class, one would ha@st) ~3/255(0) =tr(y—y°) = [rspy_yo =
1 andopy = a. But in the present case, it is known that wheis a solution of
the self-consistent equation (2.48) such fha# 0, theny —y@ is never trace-class
[36, 29, 25]. Expanding (2.48) to first order in the bargthis should rather lead
to a formula of the form [26]
a

1+ £ log(A/mp)
the usual formula in QED [33, E¢7.18)].

Both (2.47) and (2.49) would defimgy, andapn as extremely complicated non-
linear functions ofa, my andA. A challenging task is to study the finiteness of
measurable quantities like for instance the energy of an electron in the presence of

an external fiel&E35r(¢), whenapn andmyy are fixed to be the observed physical
guantities.

Gph(u,nb,A) = +0(G)7

3 Proofs

3.1 Preliminaries

We shall need the following lemma, which summarizes the properti¥g of
defined in (2.4):

Lemma 3.1. The potentialM_ satisfies the following properties:
(1) there exists a constaftsuch thaf42]

1

3.1 =
(3.1) X

<
L=(61)
(2) (Kato-type inequality) for anyny > 0 andL large enough, there exists a
constan(Ck (mp) such that, ok,

C
L,

]v»ux)

(3.2) WL < Cx(mo)[D%,  lim Ck(mp) = Ca(mo)
whereCx (mp) < 11/2 is the optimal constant for the inequality
1
— < Cp(mp)|D°
X
onH .

Proof. We know from [42, Eq(112)] thatC := le — ﬁ
hand, we have the scaling property

w00 = B ()

< o, On the other
L=(¢1)
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which implies that

el =2
| | L*(%1) L
For a fixed bare masg, > 0, let us define (we do not mentiom for simplicity)
Chi= sup WL(X) [P (%) 2dx < oo,
pesk A
(ID°lp.p)<1
2
Ch:= sup de<oo
peny R [X
(ID%y.p)<1

A proof thatC} is finite can be found in [10]. Let us consider a functipre £
such that] is continuous on the baB(0,A) and

2
WO 4y el <
R [X

e, (D.uy)<1

We now approximate) by a sequence of functionsfb‘b\ by defining

21T 3/2 R €
0 =2 5 Goe
L
kel
We have
(2m)3/3|ry|
Loy < 3 [Pl B0n) -
/\(2")3 ?rAl

1O < (Lt

Therefore(y, ). is bounded irW17°°(R3) anquL — unlformly on compact sub-
sets ofR3. On the other hand,

<2n> \r |
lWLlZ2i0) < =5 2o g

which is also uniformly bounded in. Usmg now

()
‘/%L|'~|JL(x)|2V\4_(x)dx— //L ™ dx‘ < w1z

1
-

C
<z

Le(s) L

V\L_

we easily deduce that

! LIJ

“m/ WL (X)|2WL(X)
On the other hand,

21

ot = () 3 1PwI9K. k)
kelk
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which converges tq|D°|y, ) asL — o, and therefore|D°|y, Y ) < 1 for L
large enough. This shows that
Ii[ninfC,L\ >Cp+e
for anye > 0 and thudiminf__.Ck > Ca.
Sincek is finite dimensional, there exists for ahyan optimal functionf, €
9} satisfying(|DO| fL, fL) < 1and [, WL(X)| fL(x)|?dx= Cj. Thanks to the cut-off

in Fourier space(f_ ), is bounded for instance id1(%( ) and thereforef, — f ¢
O in L2 (R3), up to a subsequence. Passing to the limit like above, we obtain

2
Jm[ﬁ |fL(X)|2V\4_(x)dx:/Rs|f|(:|)’d

and(|DO|f, f) < 1. This shows that

I|m C,\ / [T (x

As a conclusion, we have

lim Ci=Cp<m/2
which ends the proof of Lemma 3.1. d

3.2 Proof of Theorem 2.2
The functionalZ” can as well be written

T a [ [fx?
y(f)_(2“)3</B(o,/\)tr@*[Do(p)f(lo)]d|0_2/11&3 IX| dx>,

which easily shows tha?” is continuous for the weak topology bf(B(0,A),.74(C)).
Since) is bounded and closed in this topolody, possesses a minimizer @#h.

In order to show the uniqueness and the mentioned properties of this minimizer,
we shall now minimize7 on a special subset afj.

e Step 1: Minimization of.7 on a restricted setLet us introduce the following
subset ofawp

(B3)  Ba={fecaph|I(fo,f1)€G, f(p)=a- wfi(|p|)+ fo(|pI)B}

wherewp = p/|p| andG c L*([0;A],R)? is the set of pairgfo, f1) satisfying the
following properties

(3.4) fo<0Oandf; <0,
(3.5) f2+f2§1/4

fo(lal) wp - Wy fa(]al)
3.6) VpeB(O,A), / d / - LIS VPP
(36) VpeB P B(O.A) \p ql? a= BOA) |P—0l? a

Notice thatG is a bounded convex set, closed in the weak topolodgy @0;A], R)?.
Therefore, %) is also a closed subset ofy. As a consequence, we deduce that
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7 possesses a minimizdron ABp. Let us now show thaf satisfies the same
Euler-Lagrange equation as global minimizers’fbon 7.

Indeed, considering perturbations of the fo(ﬂn—t)f_+tg for any g € %,
€ [0;1], one easily shows thdtis a minimizer of the following energy o,

37) 7ie)= [, e (7°(P)a(p) dp

i.e. 7¢(g) > Fi(f) for anyg € %p. Here2° is the mean-field operator associated
with f

@Y PO =0 [ 1D

212 Jeon) [P —q?

_ o a wp- wyfa(]a))
_aw"(’p‘ 2ﬂ2/s<o,A> Ip—qf? da

a fo(lal)
+B < _2112/5(0,A) \p—QIqu> '
= o~ Wpd1(|p|) +Bo(|P]),

with

au(1) = 191~ [ P e
(3.9) ~jp|- /|m@( Cp mO)mW“
and

do(lpl) = —;TZ/B(ON ’:fﬂ?q")qu
s[5 )

HereQp andQ; are positive functions ofil; ), defined in [41, Eq(24) and(25)],
arising from the integration of the angle as shown in [41].

Due to the assumptions of (3.4), we deduce ¢héip|) > |p| andgo(|p|) > Mo,

which implies
12°(P)| = 4/ IP2+ Mg > mo > 0.

Therefore2°(p) is always invertible. This now easily implies that the unique
global minimizer of .7 defined in (3.7), o, is

S s _ 2%
A== = 2oy
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We now show that indeefl € %, which will imply f’ = f. To this end, we just
have to prove that

7 9o(P) 7 91(p)
P ="gg0y 2 P = g0
satisfy the additional properties (3.4) and (3.6). For (3.4), this is an immediate
consequence of the fact th@y andQ; are non-negative ofil;»), whereas (3.6)
is proved in [41, Theorem 2].
As a conclusion, we have found a minimizer .6f on the restricted se®
which is a solution to the self-consistent equation

_ 0
lp = - S92°(0)

where 2°(p) is defined in (3.8). Notice that by construction?(p) satisfies the
properties (2.25), (2.26) and (2.27). Of counge= f(—i0) and 2% :=y0 +1,/2
are respectively solutions of the self-consistent equations (2.22) and (2.23).

e Step 2: the minimizerf of 7 on %, is its unique global minimizer on/s. We
now show that we not only have solved the self-consistent equation (2.22), but that
f is the unique global minimizer of’.

To this end, we compute, for sonfec @,

- 1 a [ Q)P
76 =70+ s ([ o el PR 5 [ G 0x).

whereQ(p) = f(p) — f(p). Since—Ics/2 < f(p) <lcsa/2dueto (3.5) and (p) =
(2°(p) — 2°(p))/2, we see that

(3.11) VpeB(O,A),  —2%p) <Q(p) < 22p).

We now adapt arguments from [5, 25] in the translation-invariant case. Namely,
(3.11) implies

Q(p)* < 22 (PP 2L (p) — 22 (P)Q(P) Z°(p)
and

0 < tres(|2°(P)IQ(P)) < trea(2°(P)Q(P))
for any p € B(0,A\). Now, by Kato’s inequality,

QX

R [X

dx< 2 [trea(pIQ(PAIAP< 5 [ tree(12°(p) Q(P)?) P

| </ IplR+mg < |2°p)

for
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by (2.27), and therefore, whéh< a < 4/m,

1
T(1) 2 7O+ GraC-oma) [ el 2@ - (pldp

= (1—am/4)my 712
> 7(f)+ T nd 1= f 1|2 m0.m).40)

This immediately implies thaf is the unique global minimizer of/ and also
shows that any minimizing sequendg) C </ necessarily satisfiefg — f strongly
in L2(B(0,A),.#(C)).

e Step 3:regularity of 2°(p). It remains to show that the self-consistent free Dirac
operator@o is smooth in the Fourier domain. To this end, we notice that it satisfies
the equation

a 2°(q)
2%(p) — D° _7/ d
(P) P~ e 80 | 29(0)] [p— a2
or, onB(0,A\),
o_po. @ 2° 1
2°=D 4T[2|_@0|*|-]2'
Therefore o
9
012° = op°— < Z_
ID12° = 100~ 5 1

which shows thaiz® € HY(B(0,A)). Applying now( to this equation and using a
easy boot-strap argument, one obtains that
7° € ([ H™(B(O,A)) C €°(B(O,A)).
m>1

which ends the proof of Theorem 2.2. O

3.3 Proof of Theorem 2.7

Our proof proceeds as follows: we first minimiz? on a restricted set of
translation invariant operators and study the limit of the corresponding sequence
of minimizers ad. — oo. Using then the properties of the solutibrronstructed in
Theorem 2.2, we show that, for eacHarge enough, the so-obtained local mini-
mizer is indeed the unique global minimizer(ﬁ_?.

e Step 1: Definition of the restricted minimization procedureet us define the
following minimization problerh:

(3.12) E7 i=inf{& (y) | y= f(~iD), f € R}

1 Recall that we denote also byiO the operator acting ofj,L\, i.e. the multiplication operator in
the Fourier domain byk)kel’,L\' Thereforef (—i0) is just the multiplication operator W(k))ker';\l

in the Fourier domain.
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where 45, is the set of functiond : 'k — #4(C) which take the special form
(compare with# defined in (3.3))

(3.13) vpelk,  f(p)=a-A(p)+Bb(p)
whereA: Ty — R3andb: 'k — R are such that

(3.14) VperR, b(p) <o,

(3.15) VpeTR, |A(p)[*+Db(p)* < 1/4.

The energy of such a state reads

(3.16) £°(y) = tr(DO) // V(X,y)|PW (x— y)dxdy

= 3 PR (P) ~ 5rrt® [ 170 (0x

perk
3/2 e
=2 trca(Do(mf(p))—a(?g > te(f(p)f(@)W(p—a).
perk p,gerk

where we have used that, due to the special form (3.13), dhe density ofy
vanishespy = L3 ,ri tres f(p) = 0.

e Step 2: Upper bound on the energy per unit volurhet us now show that

E7
Ilmsup iy < E7 =min{7(f) | f € op}.
L—oo

This is easily done by considering the minimiz‘_etglc 7 as atest function. For the
sake of clarity, we denote by the restriction off to F',-\ and byG_ = g, (—il)
the associated operator acting £k, which is the multiplication operator in the
Fourier domain b)(f(k))ker,t\- Notice that

(2-,-[)3/2

(3.17) gi(x) = L3

z f_(k)eik-x
kel
and thatg, = f_\rk belongs to%k for any L due to the properties of stated in
Theorem 2.2.
Using|f (k)| < 1/2for anyk € B(0,A) and (3.17), one sees that
(2m)*?r 3 N2>y
I 213 ’
Therefore(gdi ). is bounded itw!:*(R®) and converges tb uniformly on compact
subsets oR3. Finally, we havepg, = 0 sincetrg. f(k) = 0 for anyk € B(0,A) and
therefore, by (3.16),
(G 1
L3 LS

(3.18) HgL”Lw(RS) < HngL||L°°(R3) <

5 a0 1K) ~ s [ 1600/ (0

kel
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Arguing like in the proof of Lemma 3.1, one easily shows that

&G =
lim S5 = 7 (),
hence
- E N g7
limsup—- < .7(f)=E".
L—oo L3
« Step 3: Existence of a minimizer f&” . In order to show the converse inequality
(3.19) liminf ol >E7
) L—oo |_3 - ’

we first prove the existence of a minimizer for (3.12).

Sincefk is finite-dimensional, there exists a solutigh= f°(—i0), f° € AL,
of the minimization problem (3.12). We now argue like in the proof of Theorem
2.2 (step 1) to show thayf’ satisfies the same equation as global minimizewﬁ_oof
on%y. Due to the fact tha®}, is convex,f? also minimizes

(3.20) To(f)= 5 tres(22(p)F(p))
perk

in 2%, whereZ? is the mean-field operator associated wfith= o - A + B b?:

3/2 -
Z(p) = D°(p) - G(ZLT? > f(@W(a—p)
gerk
3/2 -
= (p G(ZL? > AW (q- p))
gerk
o (2m)¥2 —
o (rrb (Lﬁqezrk B0 (W (0 - p)) .
Notice that
3/2 .
3.21) mo- CCT S W@W(p-a) > my
gery

which shows tha@,?(p) is invertible for allp. The unique global minimizer ot
on %k is —sgn(2Q) /2, which is easily seen to belong 8. We therefore obtain,
forke Ik,

Z2(K)
(3.22) fO(k) = ——L 2
]
Saying differentlyy? := f2(—i0) satisfies the equation
sgn 2P
V=200 g0 DO oyl W (x—y)

2 i



32 HAINZL, LEWIN AND SOLOVEJ

or, written in terms of the projecto#?? := y° +1%/2,
QL = X(foo;O)(@L)‘

e Step 4: Lower bound on the energy per unit volum#&e now prove (3.19) by
studying the weak limit of> = f0(—i0) defined in the previous step. Using the
same type of estimate as (3.18), we obtain (H@ is bounded inV*(R?) and

it therefore converges to some functibpuniformly on compact subsets Bf, up

to a subsequence. On the other hand, let us define the stepwise fun@ﬂﬁrby

(3.23) w[fl(p =Y fRKx(p),

kerk
Xk being the characteristic function pfe_, [ki; ki + 21/L[NB(0,A). Thenv [f7] is
bounded inL™(B(0,A\),.#4(C)) and thusv [f’] — h € @/, up to a subsequence,
for instance for the weak topology & (B(0,A\),.74(C)). To see thah = f, we
can for instance notice that

200501000 = 2m 22 5 1209 [ () (&~ &) dp+0( £ ).
kerL

where ourO(1/L) is due to thek € 'k which are close to the boundary B0, \).
Hence, for any compact subgéof R?,

y - 0
fO— Vi [f]]

<CEm 2 3 M) [ xulp)l(k—p) x|dp+0< )
L>(K) kerL

Ck 1
< =
<7 |B(O,/\)|+O<L>

~

—~ = .
for some constants andCy, which shows thae, [f’] — f on compact subsets of
R3 and impliesf =h € .a/j.
The energy ofy reads

0 v
20 0 = 5 5 WK - s [ 1T 9

kel

a
+§U|—2(pyL)2-
We have .
. ~ f(x)|
lim £0(x)|2 xdx:/ ‘7d
im [ 15200 gax= [ 5

due to the fact tha(thE)L converges locally td and that

2m) (2m)3|rk|
HfLOHLZ(TL) = (L) > fO(K)? < T?,A

kel
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is uniformly bounded in.. On the other hand, using the notation (3.23),
_ 1
B 3 R = @m 2 [ e 0wl p)dp+O( ).
KT B(OA)

SlncevL[fO] — f weakly and/L[DO] — DO strongly inL?(B(0,A)), we deduce that

im 5 3 es°0010) = @0 [ tres(0%(p) ()

Lo L k T

and

. a h
dm( k;”@“ 9F009) ~ 57353 /. Lf8<x>2wL<x>dx> - 7(f).

Recall thatu > 0, which implies due to (3.24)

iminf EL > 7(f) >E7

where we have used thatc «/5. This of course shows that

and, as a matter of fact/ (f) = EZ. By Theorem 2.2;f_is the unique minimizer
of 7 on ./, and thusf = f.
e Step 5: Study of the convergenceyﬁ il]). We know thatv [f0] — f

weakly inL2(B(0,A)) and tha‘ff0 — f unlformly on compact subsets Bf. Notice
thatv [f0] € @ for anyL. Since we know from the proof of Theorem 2.2 tifat
is continuous omj, for the weak topology of?(B(0,A)), we obtain

lim 7 (L [f7]) = 7 (F),

which means thatv [f]). is a minimizing sequence of . By Theorem 2.2 we
infer v, [f] — f strongly inL?(B(0,A\)). Recall now that

f2(p) = - A2(p) +BBY(p),  F(p) = wpfu(lpl)+B follpl)

which easily implies that, more precisely,[A?] — fo(|-|) andv [b?] — w.f1(]-|)
strongly inL?(B(0,A)).

Using the equation (3.22) fulfilled bf/lf’, we are now able to prove a better
convergence:

Lemma 3.2. One has

(3.25) lim (|20 — 2%z, = lim | sup|Z0(p) —2°(p)| | =0,
L—oo L—oo p€r|/_\
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(326) im0 =Y°[lg, ) = fim (pseurrg\f&p)— f‘(p))) =0,

A

ez |- A =i

00

Surg\@ﬁ’(p) - W(D)}) =0.

Hence, forL large enough,

(3.28) Vpelx, [20(p)f° > |pl*+ rf)-

Proof. Since (3.25) easily implies (3.26), (3.27) and (3.28), we only have to prove
that

21)%/21t _ wp_of1(lp—
(3.29) sup|' 23 AE(p—q)WL(q)—/ Do-alillp=dl) 4q
pEF,L\ qerll—\ B(Ov/\) ‘q‘
and that
2m)%/21t _ fo(|p—
@30 sup| T s wpp-aie) - [ PP Agq g
per',-\ qu'/—\ B(OA) ‘q’

asL — co. We only treat (3.30): (3.29) is obtained by the same arguments. This is
easily done by noting that for instance

(2m)5/?m 0 — fo(|p—al)
b (p—a)WL(q —/ ————-dq
3 qezr';\ L(P—a)WL(a) ST
lal<n

1| 2ru <2T[>3 1 dq
< +( T+ R
2|0 \T) 2 1 e TP

A

70, |g/<n

due to|b?(p)| < 1/2 and |fo(p)| < 1/2, and an easy estimate for the rest of the
form

OYP o pon o fo(lp—al)
E qezrk by (p— a)WL(a) — /B OB qu
la/>n
0 2 fo(|p—al)
<[ oo, (vuBp—aweiz/l- i@~ P ) ag + 0a/1)

=C HVL[bE] - ‘%HLZ(B(O,/\)) +C HVL[1/| PP -1/| |2HL2(B(O,/\)\B(O7n)) +0(1/L)
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which converges to 0 ds— o, due to the strong convergencewfb?] to fo in
L2(B(O,A)). O

e Step 6: y2 = f2(—i0) is the unique global minimizer &f® on ¥} for L large
enough Using (3.28), we now show thaf = 20 — 15 /2 is the unique global
minimizer of£|_°. Indeed, using again ideas from [5 25], we write for a;my%,\,

8) = &0 +1(70Q) =5 [ 10 y)AW (x—y)axdy

a
+EDL(pQ>pQ)

where we have used that, by constructipg@,(x) = 0 for anyx € R3, and where
Q=y—Y2. Notice thatQ satisfies the inequality
~P2<Q<1- A
which now implies as in [5, 25]
0<tr(|20|Q) < r(2°Q).

By Lemma 3.1, we can estimate

2// Q(x,y) AW (x— y)dxdy < EC,'-\(rTb/Z)tr(\/—A+rr%/4Q2)

a
< 5Calmo/2)tr(|7]Q°)
due to (3.28), and therefore

L
w(20Q) - [ QAL e yyxay> (1 SATE ) P

On the other hand) (pg,pg) > 0 and therefore

aCk( mo 2)
a0z a0+ (1- TR (ggl0f - v
ForL large enough one has
aCi(mo/2)
2
since0 < a < 4/m and lim|_»Ck(mg/2) = CA(mp/2) < 11/2 by Lemma 3.1.
Therefore, by Lemma 3.2 and (3.31),

mo (1—aCk(mg/2)/2
530y) > 8000+ ™ g< 22 o lsast

which implies thaty is the unique minimizer o£° on %\ and ends the proof of
Theorem 2.7. O

1- > 0,
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3.4 Proof of Theorem 2.8
For the sake of simplicity, we only treat the case where

A=y %)+ ¥ Wix-x)

i> 1<i<|

is chosen instead dﬂE, the arguments being easy to extendﬁlﬂo

The energy of a Hartree-Fock state of density ma®rifa self-adjoint operator
acting on$k such thatd < © < 1) is now simply£°(0) instead of (2.16) (re-
call that&? is defined in (2.17)). Therefore, restricting this energy to translation-
invariant operators, the minimization problem to be solved for a fixiex

(3.32) E.:=min{&’(©) |0 =06,0<0<I, & |0=§(-i0)}.

Sincefk; is finite dimensional, there exists a minimigr(x,y) = (2m)~%/2&, (x—
y) of this energy, where

&) =(2m/L)¥? Y oL(ke(x).

kerk
Computing the energy @, , we obtain
(3.33)
0 _ 0 _,3_ Q@ 2 a s 2
A0 = 3 1 (09OUK) ~L s [ LWL UL (P,
A
Notice that
T trea(DOKOL(K)| < 2/A2+ B |
kel &
since0 < O (k) < ¢4 for anyk, and that
|| 109 AL (90 < C(mo) (D &)
L
2m)3
= Ch(mo) 2" 5 1P| ree(@1 (?)
kel
3~L 2 ’rk
< 4(2m)°Cx(mo)y /A +"%ﬁ
by Lemma 3.1. This implies
-3 0 3« 2
L] 3 trea(D°K)OL(K) — L W/TL\EL(x) WL (x)dx| < M

kel &

for some uniform constam. Hence, usin@j_o(@L) < 0, we obtain from (3.33)

a
SHLZ(pe)? <M
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andlim__,. pe, = 0. To end the proof of Theorem 2.8, we notice that

o 3/2
Jeclerer) = IEcoms < 00— 3 100(K)

kel &

C(2m)%/?
< (L3) > treaOL(K)

kel &
< C(2m)¥?pe,

where we have used th@ > 0 and thatM| = tres(M*M)Y2 < Ctrea(|M]) for
some constar. This proves (2.38). O

Remark3.3. Passing to the weak limit in the energy, it is also easy to prove that
lim__«E /L3=0.

3.5 Proof of Theorem 2.9

e Step 1: Construction of a minimizing sequence of finite rank operatorgﬁ’gg.
In order to prove an upper bound for the energy differdfqe ) — E, (0), we need
to use atrial state. To simplify matter, we shall use a finite rank operator.

Lemma 3.4. Assume thab < a < 4/m, A > 0, mp > 0 and thatn € ¥. Then
there exists a sequen¢®y) C 2, of finite rank operators such thgy + 29 is a
projector for anyk, and

lim £§DF(QK) = minéﬁ’DF.
k—o0 KN

Proof. We know from Theorem 2.6 thﬁE‘I’DF possesses a minimiz& = & —
29 ¢ 2, such thatZ_ is a solution of the self-consistent equation

P = X(-w0) (2°+ 95— Rg)

where

(o me L _._ Q)
bor=aleo=mxry Re=ap oy

We know from [25, 26] thaflp5 € L2(R3), 05 € L8(R®) andRy5 € S2(Ha). Now,
let be(¢x) and(R«) two sequences such that
(1) ok € LYR3)NHL(R3) for anyk, o — Oogin L2 anddx — ¢ in LS(R?)
ask — oo;
(2) Rc € &1(H) for anyk andR — Ry in S2($Hn) ask — co.

We defineR, := X(_w0) (2°+ 0k — R¢) andQ} := B, — 2?°. For the sake of sim-
plicity, we assume thad is not in the spectrum 0@°+¢5— Rg, the following
arguments being easily adapted to the other case. Tkem(2° + ¢y — Ry) for k
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large enough and we can use Cauchy’s formula like in [29, 25] to obtain

, _1/°° 1 _ 1
Q= 21 J o (.@0+¢k—Rk+in 29+in > dn
1 s 1 1

(3.34) = o | oo R RO oy 0
which impliesQ, € G1($a) for

1 1

H@O_‘_q)k_Rk‘F”] (q)k*Rk)@O_F”] S1(5m)
1
< [dk — Rulle, (590)

VT, fg 2

since| 2° 4 ¢k — R¢| > € > 0 and thanks to (2.27). Notice thi € G1(H) since,
denoting byl A the characteristic function of the b&(0,A\),

9650 = ILACTDIEAD) 5y 5,
2
< |[uacioed?|

< C|[1alZ2 Ikl
by the Kato-Seiler-Simon inequality, see [52] and [54, Theorem 4.1], or the appen-
dix of [24].
We now show thalimy .. &35-(Q)) = &25(Q). Due to the results of Klaus-
Scharf [36] or the estimates of [25], we already know t@at— Qin S2(Hn)-
Slnceé”‘BDF is strongly continuous [25] for the norm

1/2
(3.35) Q1= (1QUZ, 5,y + IPal?) "

it therefore remains to prove th%;< — pgin . Notice that due to the ultraviolet
cut-off, pg — pg strongly inL? (see, e.g., [25, Formuk®)]). Expanding (3.34),
we obtain

1

(3.36) Q.= —o JZ/ (I_II@O_HH(Rk ¢k)> 79+in

1 /= 1 1
_ET/,wd” (ﬂ@%in (Rk_q’k)) 7°+ ¢k —Re+in

As proved in [25, Section 4.3.3], the first sum of the r.h.s. of (3.36) is continuous
for the norm (3.35) whefilpx — 0o in LA(R3), ¢k — ¢ in LO(R3) andR — Ry

in G2(H) (notice that the proof of [25] has to be adapted to the case wbre

is replaced byZ°, which is an easy task). It therefore remains to show that the
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density associated with the last term of (3.36) is also continuous f&f therm as
k — c. The only non trivial term is

) 6 1 1
L»dn (ﬂ.@0+in ¢"> 2%+ ¢k —Re+in

which indeed is continuous for th@1 () topology by estimates of the type

e 1 o 1
]Dl@OJrin “) 29+ k—Rec+in

&1(Hn)
1 6 1
<Cll——x =
< Gorzim | Jowlt e
1 6 1
<Cllee— =
- H 0o(p) +1n o I ez

6
— C(m+n2) ¥2(e24+n2) 12 H (1+p?) Y2 - 10xll% -
This means that the associated dengiky) converges iil. Therefore the Fourier
transform(pg) converges in® and has a compact support by assumption. Hence
(pk) converges ire.

As a conclusiong, — Qask — ooforthe norm|Q||:= (| QI3 (s, + IPallZ) /2.

It is proved in [26, Sectlon 5.1] thaf; DF is strongly continuous for this norm,
which implies nowlimy_. BDF(Q’) B¢DF(Q) Hence, we have constructed a
minimizing sequence of trace-class operator&Zin As a last step, we now ap-
proximate eacl; by a sequence of finite rank operators (sikégfixed, we shall
denote for simplicityQ = P' — 29 instead ofQj).

This will be done by using the following decompositfoproved in [27]

N
Ui + Aivi) (Ui + A i |
3.37 £ (f ,
(3.37) n;\ n)(fnl + ; 1+ 22
IVi — Aili) (Vi — Ajui]
(3.38) 1-P |9m) (Om| + .
rer s Zl 1+M?

where ()N, U ()i>1 is an orthonormal basis a#%§,, (g)M; U (u)i>1 is an
orthonormal basis 0£2° §,, andy ;-1 A? < . Usmg (3.37) and (3.38), one sees

2The reader should compare this decomposition with the classical formula which gives the BDF
state associated with the projectey in the Fock space built with??, see, e.g., [55, Formula
(10.96)] whereA = 31 Aj|ui) (vi].
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that

M 2

N :
(3.39) Q = Zlyfn><fn|f zllgm><gm\+_;li')\_2(|w><w||ui><ui!)

Ai
+ 2 Ty (Wl )

which easily implies that (Q') N (0;1) = U,>1{ \/ﬁ} Recall thatQ €

S1(H) which implies()\-)- € IY(R). Let us now define

Ui + AiVi) (Ui + Ai i &
A= 3 i+ 3 L S

+1

The operator

(3.40)
2

k=P = Z”n fn‘_Z‘gm gm|+zll )\2 |V|><V|] |ul><ul|)

+_;ﬁ(yui><vi\+!w><wl)

is a finite rank operator ii2x such thatQx — Q' for the &1($H) topology as
K — oo. Therefordimg_.. £B¢DF(QK) = é”é"DF(Q’). This ends the proof of Lemma
3.4. O

e Step 2: Upper bound on the energy differengg(¢ ) — E, (0). Let bee > 0 and
Q=P — 29 ¢ 9, afinite rank operator of the form (3.40) for soidesuch that

E3or(Q) < minédhe+e.
2n
We now define, for=1,...,K,
2me?
i = P05 e

kel

and (fH)N_,, (g5)M_,, (VH)K | by similar formulas. We have, using the projector
2P defined in Theorem 2.7,

3
Pk AL, = (T) 3 AAK80.60)cs

and so

@a1) fim (PR ) i = [ (P0G, G () cutk= By,
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On the other hand, we also have

. 2
(3.42) lim |u-— ‘@BUH‘LZ(TL) = (Z2u,u), =0.

Using the same type of behavior fof;)N_, (g5)M_; and(v-)K , and the Gram-
Schmidt orthonormalization procedure, we may therefore find an orthonormal sys-
tem (fH)N_, U (WK ; of 229k and an orthonormal syste(dh,)M_; U (dH)K ; of

(1— 22)9k such that

(3.43) Llinoo HﬂlL - UiLHLZ(TL) =0 leo H\?'L _ViLHLZ(TL) =0
foralli=1,...,K, and
344)  fim |[f5— ol o, =0 Jim |65~ 2, =0

foralln=1,...,.Nandm=1,....M.
We now define our trial state by
A2
1+A?

N " )
(3.45) Qu= 3 IT)TF1= 5 18R)@hI+ 3 -5 ()~ (et
K .

andyi := y?+ QL, where we recall that® = 20 — 1 /2 is the unique translation-
invariant minimizer ofé"lf’ defined in Theorem 2.7. Notice that by constructiQp,
satisfies

~ A <Q<1-A
and thereforgj_ € ¥x. Let us now compute
& (1)~ EL(0) = &8 (1)~ &0(0)
=&+ - )
~ a
= w(70Qu) - [ 0.09pg (9dx+5DL(Pg P
L

(3.46) 5 [ Qe x—y)axay

where we have used thﬁ{,g = 0. Passing to the limit in (3.46) and using (3.43)
and (3.44), one easily obtains

fim (6 () ~ EL(0)) = 6o (Q) < minégo+-e

and therefore
limsup(EL(¢) — EL(0)) < min&d ..
L—o0 3/\
e Step 3: Lower bound on the energy differeriég(¢ ) — E, (0). Sincef is finite-
dimensional, there exists for ahya minimizery, of é"f’ on %k Using classical
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arguments already used in the Hartree-Fock theory [39, 4, 6] (see also [26, Lemma
2]) and the positivity ofM_ (except on a set of measure zero), one easily shows that

L HIR/2= 2L+ N9) (9]
whereZ7_ is an orthogonal projectoh, € [0;1] and¢ € ker(Z,, ) with

Dy =D+ a(py —nL) «WL —ay] (X, y)WL(X—Y)
Slnce thens? (2. —15) = &P (y), y ;== 2. — 1% /2 s also a global minimizer of
& ongt.
Let us now defin® =y, — Y = 2 — 0. Like in (3.46), we have
EL(®)~EL(0) = & (v) - &' ()
a
= w(70Qu) ~ [ 0(9po (9dx+ 5D (Pa..Po)
L
a
(3.47) _E// |QL(X,Y) WL (x— y)dxdy
(Tv)?
Therefore, arguing like in [5, 25, 26] and using (3.28) and (3.2), we infer
EL(d)—-EL(0) > (1- aC,L\(mO/Z)/Z) tr (|20 -Q))
a
+5 DL(pQL —NL,Ppg —NL) — EDL(nLa n.)
> (1~ a0k<mo/2>/2>tr(|98|QE)
a
(3.48) += DL(pQL —NL,Pg —NL) — §DL(nL, n)

whereQ/ " == (1- 2D)QL(1— #0) > 0 and Q, ~ := 22QL.#P < 0. Since
lim_Ck(mo/2) = Ca(mp/2) < /2 and0 < a < 4/1t by assumption, theh —
aCk(mo/2)/2 > 0 for L sufficiently large. Usingr (|20|Q?) > mo/2tr(Q?) due
to (3.28), we therefore deduce from (3.48) that
(1) QL(X,Y) 14 (X)L (y) is bounded in2((R*)?) and therefor@qg, (X)L« (X)
is bounded irL?(R3) ;
(2) P 01/2Q + |70 (X)L (X) andp7| FO2Qr | F0/2 (X)L (x) are non-negative
functions, uniformly bounded ib(R3).

Thanks to the ultraviolet cut-off, we may therefore assume that

(1) QL% Y) 1y ()14 (Y) — Q(x,y) weakly in L?((R3)2) and uniformly on
compact subsets @& ;

(2) Po. (X)L (X) — pa(x) weakly inL2(R3) and uniformly on compact sub-
sets ofR3 ;

3) P02+ 20|12 X)Ly (X) = pH(x) € Ll(Rs) andpf‘@E‘l/erwE‘l/z (X) Lo (X) —
p~(x) € LY(R?) uniformly on compact subsets BF.
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Let us first show tha®Q € 2,. Due to (3.27), one easily obtains, passing to the
weak limit, B
~7°<Q< 2.
Notice also thatZz?|¥2Q ~| 20|V 2(x,y) = | 2°|Y2 22QL 20| 70| Y2 (x,y) converges
uniformly on compact subsets &® to |2°/Y/222°Q22°|2°%/2(x,y), by (3.25)
and (3.27). Therefore, one obtains

pt = Pigop/eGr+ g0z € Ll(RS), P =P_|gop2g-- |02 € Ll(R3)
where, this timeQ ~ = 2°Q#° andQ** = 29Q%9, which shows thaq is
_ 20
PO -trace classQ € G‘l}* ($a). Finally, (3.48) shows thdd, (pg, — N, Pg. —NL)

is bounded. Passing to the limit, we obtai—n € " which impliespg € 4" and
as a conclusio® € 2. Hence, it remains to show that

liminf (EL(9) —EL(0)) = &or(Q).
This will imply the desired bound
liminf (E_(¢) — EL(0)) > min&d
L—oo0 Q/\

sinceQ € 2,.
By Fatou’s lemma, we have

liminf D (pg — NP, —nL) = D(pg—n.pg—n)

and since obviouslyim| .. D (n.,n.) = D(n,n) due to the approximation of in-
tegrals by Riemann sums for the continuous funcfipit only remains to prove
that

(@49) timint (tr(1221QF* - Q) - 5 [ QL)AL (x-yycxey)

01/ ~++ ~N—— a ’Q(Xv y)‘Z
2w (|77Q =)~ 3 [, Xy
This is shown by following exactly the method the authors of [26] used for the
proof of their Theorem 1 (step 1), which we briefly outline now.

The idea of [26] is to use space cut-off functionisand&r defined byng(x) =
n(|X|/R) andr(x) = & (|x/R) wheren & € ™ ([0;%);[0;1]) are such than 2+
£€2=1,n(t)=1ift€[0;1 andn(t) =0if t > 2. Let us denote byk the
periodized cut-off function which is defined folarge enough by the same formula
asnron%i, and by&t = /1—(nk)2.

Then, in order to reproduce the first step of the proof of [26, Theorem 1], the
following analogue to [26, Lemma 1] is needed:

dxdy

Lemma 3.5. We have
im li 0] zL B
é[}nmllrpjgp“ H“@LLER] HGm(fJ}-\) =0.
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Proof. We have
(350)  [[[120]. 8] |l (st < 211201 = 12° | oy + 11 2°1 88 | st

The first term of the right hand side of (3.50) tends to @ as o, due to Lemma
3.2. By the regularity o2°(p) proved in Theorem 2.2, there exists a cons@nt
such that

12°(p)| —|2°(@)| | <Clp—d|
whenp,q e k. This enables us to argue similarly to the proof of [26, Lemma 1]
and obtain a bound of the form

C
0 ¢L
|12 I,ER]Hew(sﬁk) =3 oc (2,123 ‘pER ‘

and therefore
; 0] zL / c o
imsup| [12°.84] .oy, <C' [, I&(r) dr = OL/R).
which ends the proof of Lemma 3.5. O
One has
tr(| 20(QCT — Q) =tr(ngl 201 Q" — QU )nR)

(| 2QEL(Q] T — QU )ER) +tr([E. | Z0)(QF T — QL )ER),
On the other hand,

2 NAONZR(Y)|QL(XY)[2
// QX Y)[WL(X—y)dxdy= / X—y] dxdy

+ ] &R0 PWL(x - y)dxy+ O(1/L) + OL/R)

where we have used (3.1). Now, multiplyingZ?? < Q. < 1— 220 by &% on
both sides and using Kato’s inequality (3.2) fofarge enough, we easily obtain,
following [26], that

w(FPIER(QL " QU IER) — 5 ] (ER0IQL0xy) P (x- y)dxdy= 0

Hence,

@51) (7L Q) ~ 5 [[ 10y PWLx-y)axdy

NAXINZ&RW)IQL (XY
> tr(ngl ZC1(QC - QU INR) — 2/ Rl S?X y|L( r

+tr([Eg, |20 (Qf+ — Q7)) +0(1/L) +O(1/R).

The estimate (3.49) is then easily obtained by passing to the limit filstaso
and then aRk — o, and using Lemma 3.5.

dxdy
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As a conclusion, we have shown that
lim (E_(¢) —EL(0)) =min&d ..
L—oo Q/\

Due to our estimates, we also conclude that the weak I@n'ﬂf Q. satisfies
éﬁ’DF(Q) =ming, éﬁ’DF. ThereforeQ is a minimizer ofégpr. This ends the proof
of Theorem 2.9. O
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