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1 Introduction

Let M be a complete non-compact Riemannian manifold, V its Riemannian
gradient, p the Riemannian volume, A the (non-negative) Laplace-Beltrami
operator. For p € (1,+00), one says that the Riesz transform VA2 is
bounded on LP(M, 11), or that (R,) holds on M, if

IVfllp < CIAY2 ||, ¥ f € C(M).

It is easy to see that (Rs2) always holds, but the study of (R,) for p # 2 has
given rise to many works in the last two decades. It has recently appeared
that:

-(R,) may or may not hold, depending on the geometry of M, but also
on p ; in particular, (R,) is more difficult to obtain for p > 2.

-one can give sufficient conditions for (R,) in terms of heat kernel esti-
mates, essentially in the class of manifolds satisfying the volume doubling
property.

For details, see [8, 3, 2], and for more results on (R,), see [6, 9, 10, 12, 16].

The sufficient conditions for (R,) when 1 < p < 2 which were given
in [8] are invariant under quasi-isometry, but it is unknown whether (R,)
is invariant under quasi-isometry in this range. For p > 2, it is unlikely
that (R,) may be invariant under quasi-isometry, but one feels that the
conditions given in [3] may be compatible with milder perturbations of the
metric.

Indeed, another sufficient condition, which was first given in the frame-
work of divergence form second order differential operators (see [17]), but
which may be extended to the Riemannian setting (see [2]) can be seen to
be stable under perturbation ([4]). However, this condition is only valid
inside the class of manifolds satisfying upper and lower Gaussian estimates
for the heat kernel, that is, in particular, the volume doubling property.

In the present work, we show that (R,) is stable under a bounded pertur-
bation of the metric with some L%integrability, under some local assumption

and a mild ultracontractivity of the heat semigroup. The latter conditions



hold on manifolds with bounded geometry. Note that we make no volume
growth assumption whatsoever.

Note also that we do not have to assume that some norm of the pertur-
bation is small; compare with [11, Theorem 3.1].

The plan of the paper is as follows. We start in Section 2 with the
framework of second-order elliptic differential operators in divergence form
in the Euclidean space. Here the main idea is introduced. In Section 3, a
modification is made in order to treat the case of weighted operators. This
opens the way to the treatment of the Riemannian case in Section 4. Our
methods also work in a discrete setting of Markov chains on graphs, but
we will not pursue this here. See however [15] for another result in this

direction.

2 The Euclidean case

Let
H = —div AV

be a divergence-form operator in R”.
Here A is a measurable function on R? with values in the real symmetric

D x D matrices, and is assumed to satisfy an ellipticity estimate
C <A@ <C

for some C' > 0 and all x € R”. The precise definition of H is via the usual
quadratic form method.

The Riesz transform associated with H is the operator VH /2. It was
proved in [5] that such an operator is bounded on L? for 1 < p < 2 + ¢,
where € = g(n, (), and that without any further assumption this range of
exponents is sharp. A necessary condition for the Riesz transform to be
bounded for some p > 2 was subsequently given in [17]. For more on this,
see also the survey [1].

Let now

H = —divAV s H():—diVon



be two divergence-form operators in R”, satisfying the same conditions. We

regard H as a perturbation of H : formally
H = Hy + divaV
where we have set
a(r) = Ag(z) — A(z), z€RP

Let us now assume that a € L? (thus a € L9 N L*>), for some ¢ €
[1,400). The point of this condition is that then the operator of pointwise
multiplication by a is bounded from L" to L° if 1 < s < r < 400 and
s™t —r~1 < ¢7; this follows from Hélder’s inequality ||aF||s < [|al|w||F]|-
for F:RP? — RP and s7! —r ' = w1

Here is our main result in this setting, which we shall use later as a basis

for further extensions.

Theorem 2.1 Let pg > 2. Assume that the global Riesz transform VHO_I/2

of the reference operator and the local Riesz transform V(I + H)™'/2 of the
perturbed operator are bounded on LP for all p € (2,py). Then the global

Riesz transform VH =2 of the perturbed operator is bounded in L? for all

P € (2,p0).

Theorem 2.1 will be a consequence of the following Berry-Esseen type
estimate for the difference of resolvents. Let e*#0 and e™*# be the heat

semigroups associated with Hy and H.
Proposition 2.2 Let 2 < p < p;. Assume that
Ve o), ., < Ct7Y2 Vi >0, (1)

and that the local Riesz transform V(I + H)~Y2 is bounded in LP. Then

there exists € > 0 such that

IV (I +tH)™ = V(I + tHo) ™| < Ct=71/2), (2)



fort > 1. In addition,
IVU +tH) My < CEV2 - and [V |, < CEVE(3)
fort > 0.

Theorem 2.1 follows from Proposition 2.2 directly by using the formula
1 [t
H™Y? = —/ (I +tH) 12 qt. (4)
T Jo

Indeed, let 2 < p < p; < po. Assumption (1) follows from the assumed

boundedness of VH,, /2 on L' and the universal estimate
| Ho ey < CEY2, V> 0,

a consequence of the analyticity of e7*0 on LP'. Then using formula (4)

one may write

1 [t
—/ (VI +tH)™ = V(I +tHy) ")t/ at.
0

™

VH? - VH, % =
Now the operator
+oo
/ (VI +tH)™ = V(I +tHy) )t at
1

is clearly bounded on L? thanks to the estimate (2), and the two operators
fo V(I + tH)""t~"2dt and fo V(I + tHy)~'t~Y/2dt differ from the local
Riesz transforms V(I + H)™Y2 and V(I + Hy)~*/2? by an operator which
is obviously bounded on LP. Note that since Hé/ (I + Hy) "% is bounded
on LP because of the analyticity of e~ on LP (a kind of argument we
will use very often in the sequel without extra fanfare), the boundedness of
V(I + Hy)~Y/2 follows from that of VH, /*.

More precisely, applying (4) to I+ H instead of H and changing variables,

one finds
/ V(I +tH) V2 at —av(I + H)"'/?
/ VI +tH) (V2= 21— 1)) at,

bt



which one sees to be bounded on LP given the first estimate in (3).

A less direct route to deduce Theorem 2.1 from Proposition 2.2 consists
in using the second estimate in (3) together with the main result in [3].
Note that this second route uses some features of the Euclidean setting,
such as the volume doubling property and Poincaré inequalities, whereas
the first one does not; the latter can therefore be applied in a more general

Riemannian setting without any further assumption, see Section 4 below.
We shall prove Proposition 2.2 by iterating the following.

Lemma 2.3 Let 2 < p < py, and assume (1). Then there exists € > 0 such
that

IV +tH)™ = V(I +tHo) " |lpp < CE2 V(I + tH) 2|y
for allt > 0.
Proof. Set, for t > 0,

Zy = VI +tH) ™' =V +tH)™!
- tV(I + tH)il(Ho - H)(I + tHo)il,
that is
Zy = —tV(I +tH)  divaV (I + tH) ™" (5)
Choose ps € (p,p1) close enough to p so that

D

ei= S —p) < 1/2

From the ultracontractivity estimate

e 0 ||y oo < Ct P2 Wit >0, (6)

we deduce by interpolation with the uniform boundedness of e=** on all L"

spaces, 1 < r < +o00, that

||6_tHO ||p—>p2 <Ct™. (7)



Then observe that (1), interpolated with the similar L? estimate, which
always holds, yields
[ Vet lpa—pe < ct72,

Combining this with (7), we obtain
_+H, _ _
Vet ||y, < CE0/27,

Now recall that the multiplication by a is bounded from LP? to L” as soon
as p ' —py! < ¢!, We choose henceforth p, close enough to p so that this

is the case. It follows that
|aVe o ||,_, < Ct= (/2= vt > 0. (8)

Now, since

+oo
(I +tHy) ™' = / e fe st s,
0

one also has
|aV (I +tHo) ™" ||pmp < Ct~ D72 W > 0. (9)
Using formula (5), we obtain the bound
1Zelp—p < IV +tH) 2 ||| (1 4 EH) 72 div [|pmpl|aV (2 + £Ho) ™ lp—p
hence, using (9),
1Zulyp < CLD=2 L 4+ LH) 2|1+ tH) 2 i [y . (10)

Let p’ be the dual exponent to p, and recall that since 1 < p’ < 2 the Riesz
transform VH /2 is bounded in L* (see [5, chap.4]). Thus by duality we
find that
|0+ tH) 2 div ]y = V(4 tH) 2]y
< VT + H) Yy, < O
for all ¢ > 0; here we use the uniform boundedness of H/2(t~' + H)~'/2 on
LP, which follows from the analyticity of e *7. Substituting this estimate
in (10) yields
| Zillyp < CE= 9T+ tH) 2],
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for t > 0, as desired. U
Remark : Note that, because of (1) and the fact that a € L, one

always has

laVe e |, < Ct= /2.

For 0 < ¢ < 1, this is a better estimate than (8). Thus, the ultracontractivity
estimate (6) is not used for small time. This remark will be useful in Section

4 below.

Proof of Proposition 2.2 : Let us start with proving the first estimate
in (3) for 0 < t < 1 ; it follows from the analyticity of e ! on LP that
(t +tH)Y?(I +tH)! is uniformly bounded on L? for 0 < ¢ < 1. Thus one

may write, for 0 <t <1,
IVIHH) ey < IVIHH) 2y |[(THH) (I HH) 7 | < OFY2,

as desired.
The proof of estimate (2) is based on the following claim: suppose that
there is v € [0,1/2) such that

IV +tH)  lp—p = O(t™)
for ¢ > 1; then (with notation as in the proof of Lemma 2.3)
1Zillp—p = O=") IV +tH) oy = O™)

for t > 1, where ¢ is as in Lemma 2.3 and v/ := min{v + ¢,1/2}.

To prove the claim, we first show that
IV A+ H) 2 = V(I + H) 2|, < ON 02 (11)

for all A € (0,1]. Write

1 [t
VIAN+H) V2 -vI+H)V? = —/ sV (e — e7*) Vet ds
™ Jo



Using the hypothesis of the claim, we have
IVe™ M lpmp < IV + sH) lp—pll (1 + sH)e [y < Cs™

for all s > 1, the uniform boundedness of (I +sH )e*# following again from

the analyticity of e=* on LP. Then

+oo
Ll,—, < C sV 2757V s
[ L2lp—p

1

+oo

S C/ S—(1/2)—V€—>\s ds
0

— O/)\V_(l/2)

for all A € (0,1]; note that the last integral converges because v < 1/2.
For s < 1, the boundedness of V(I + H)~%2 in L? implies the estimate
Ve sH]|,_, < Cs™Y2, by analyticity of e=*# on LP. Therefore, for all
A€ (0,1],
iy € [ 7 (e as <
0

using 0 < e — e7* < Cs for all A\, s € (0, 1]. This proves (11).
From the assumed boundedness of V(I + H)~'/2 and the fact that
v < 1/2, it follows that

IV A+ H) 2y < OX02,
for all A € (0,1], hence, setting A = ¢,
IV + tH) 2,y < Ot
for all t > 1. Lemma 2.3 then yields
V(I +tH)™ = V(I +tH) " pop < Ct=77 (12)
for t > 1, that is, the first part of the claim. Notice that
IV (I +tHo)  lpp < CE/2,

which follows from || Ve *#°||,_, < Ct+~%/2 as in the proof of (9). Together
with (12), this yields ||V(I +tH)™||,—, < Ct™ for t > 1, which completes
the proof of the claim.



Now observe that the hypothesis of the claim is satisfied with v = 0, as a
consequence of the boundedness of V(I 4+ H)~'/2. Thus we may repeatedly
apply the claim, increasing the value of v with each iteration. The exponent
V' will eventually equal 1/2, which proves the first assertion in (3) for the
remaining case t > 1; then taking v arbitrarily close to 1/2 in the next step
yields

1 Zul—p = O(=0=072)

for any ¢ € (0,¢), which proves estimate (2).

The second assertion in (3) follows from the first one by using the uni-
form boundedness of (I + tH)e * on LP. Proposition 2.2 is proved. O

Remark : The Berry-Esseen estimate (2), for gradients of the resol-
vents, is one of our central results. It is interesting to observe that Berry-
Esseen estimates without gradients also hold in our situation, and are easier
to obtain.

In fact, if p; € (2, +o0] is such that (1) holds, then choosing s € (2, p;)

close to p1, an argument similar to that of Lemma 2.3 yields

I(7 +tH) ™ = (I +tHo) " p—p,
< (I +tH) ™ i [|sopy allpy—s [V (T + tHo) ™ lpy—p,

< COt°

for some 6 > 0 and all £ > 1. One can interpolate this with the obvious
estimate ||(I +tH) ' — (I +tHy)™Y|,—, < 2, for r € [1,+00], to see that for
each p € (1, +00) there exists ¢, > 0 such that the Berry-Esseen estimate

(L +tH) ™" = (I + tHy) ™ lp—p < Ot

holds for all ¢ > 1. In the case where (1) holds with p; = 400, the last
estimate holds for p = +o00 and also, by duality, for p = 1.

One can easily vary these ideas to obtain Berry-Esseen estimates from
L? to L™ for suitable p, r, or Berry-Esseen estimates for the semigroup differ-

tH

ence et — e~tHo_ Moreover, analogous estimates hold in the more general

settings of Sections 3 and 4 below. We shall leave the details to the reader.

10



3 Weighted divergence form operators

In this section we show how to extend the results of the preceding section

to weighted operators in R” of the form
H=—0"1divoAV, Hy= —0,"divogAzV.

Here A, Ay are as before, and o, 0g: RP — (0, +00) are positive, measurable

weight functions satisfying uniform upper and lower bounds
C <o(x),00(x) < C (13)

for all x € RP. The operators H, Hy, again defined through their quadratic

forms, for instance

(Hf, )r2(0da) = /RD A@)Vf(z) - Vf(x)o(z)de,

are self-adjoint respectively in the weighted spaces L*(odx) and L?(oodz)

where dx denotes Lebesgue measure. We could also express
H = —div, AV, Hy= —div,, AV

where the operator div, := ¢! o divoo is formally adjoint to —V with
respect to the measure odz (and with div,, defined similarly).
It is important for us to observe that, because of (13), one has for all p

the equality of vector spaces
LP(odx) = LP(0pdx) = LP(dx)

with the different norms being equivalent. Thus in this section, there will
be no harm in writing simply L? for any of these spaces, with similar sim-

plifications for operator norms.

Theorem 3.1 Let H, Hy be as above and assume that A — Ay € LY and
o —og € L for some q € [1,+00). Then the statements of Theorems 2.1

and Proposition 2.2 remain valid.

11



In the proof of this result, the only substantial difference from the un-
weighted case occurs in the proof of Lemma 2.3, which we generalize as

follows.

Lemma 3.2 Let 2 < p < p; and assume (1). Then for some € > 0 and all
t > 1, the estimate of Lemma 2.3 holds for the weighted operators H and
Hy.

Proof. We can express

H—Hy = o 'div(ogAy — 0 A)V + (0,1 — o) divegAeV
= div,(coo Ay — AV — (1 — opo ) H,.

Hence we may write

Zy = V(I +tH)' = V(I +tHy) ™"
= tV( +tH) Y (Hy— H)(I +tHy)™*
= V([ +tH)  divy(ogo Ay — A)YV(I + tHy) ™
+tV (I +tH) (1 — ogo ) Ho(I +tHy) ™!
= Ji+Jo

Just as in the proof of Lemma 2.3, we can estimate .J; by
[ llp—p < CEIVT A+ EH) 2

for some £; > 0 and all ¢ > 0, by using an estimate of type (9), the fact
that
000 tAg— A= (09 —0)o T Ay + (Ag — A) € LIN L™,

and by noting that ||(I +tH)~Y2div, ||,—, < Ct~'/? (which is, as before, a
consequence of duality and the fact that VH /2 is bounded in L*).

The term J, is of a new type, and can be estimated as follows. Choose
p3 € (2,p) close enough to p so that multiplication by 1 —ogo™! € LIN L™
maps LP into LP3, and so that &5 := (D/2)(p;' —p~!) < 1/2. We have

||€_tH<1 - 000_1)||P—>P < C”e_tHHps—m < 't

12



and the formula

1 [*°
(I + sz')’l/2 = —/ sT12emsemstH (g
T Jo

then shows that
(I +tH) 21 — 090" ||pp < C't752, Vit > 0. (14)
Therefore

H‘]2||P—>P < tHv(I"'tH)_1/2||p—>p||(I+tH>_1/2(1 - UOU_l)HpHpHHO(]+tH0)_1||p—>p

< CH|V(I +tH) V2|, t =2t

for t > 0, where we used the elementary bound ||Ho(I +tHo) *||,—, < Ct ™1

Thus Lemma 3.2 follows for ¢ > 1 with € := min{ey, e2}. O

4 Riemannian manifolds

Let M be a non-compact, connected smooth manifold, and let Gy = (, )¢
and G = (,) be two complete Riemannian metrics on M. The respective
Riemannian gradients, divergences and measures on M for Gy and G will
be denoted by Vg, V, divy, div, dug, du, and the corresponding (positive)

Laplace operators are
HO = —dng Vo, H=—divV.

We shall assume that the metrics G and Gy are quasi-isometric in the sense

that the associated lengths |- |, | - |o on tangent vectors satisfy
C ol < [vlo < Clo| (15)

for all z € M and v € T, M. This implies (see Proposition 4.3 below) that
for each p one has

L7(dpio) = L7(dp)

as vector spaces, with equivalent norms; in this section we will sometimes

simply write L for these spaces. Moreover (see again Proposition 4.3) the

13



lengths |V f| and |Vf|o are equivalent pointwise, so that, for example,
boundedness of VH /2 in L? is equivalent to boundedness of VoH /2 in
L?. Remarks such as these will be used freely.

Our second main assumption is that G is an L9 perturbation of Gy in
the following sense. Define an automorphism A = (A(x)),car of the tangent

bundle T'M by requiring that
<A<£L‘)U, w> = <U7 w>0 (16)

for all z € M and v,w € T, M. We assume that

1/q
1A = Il ey = ( / |A(1’)—f|gduo(ﬂﬁ)) <o (17)

for some ¢ € [1,400), where | - |o denotes, say, the Hilbert-Schmidt norm
on L(T,M) induced by Gy (of course, one could equivalently replace the G
objects by G objects in assumption (17)).

We shall also suppose that for some constant D > 0 one has
e ||, < CtP2 ¢t > 1. (18)

It is then a consequence of standard results that thanks to (15), the semi-
group e *# also satisfies (18).

Conditions under which assumption (18) is satisfied can be found in
[13, Theorem 1.1]. For example, if one has the volume doubling property
together with scaled Poincaré inequalities, both for small geodesic balls, as

well as non-collapsing of the volume of balls of radius one, namely

inf V(z,1) >0,

zeM

then one has (18) with D = 1. Ricci curvature bounded from below by a
negative constant together with positive injectivity radius of course ensures
this. A slow decay of the volume of balls of radius 1 as x goes to infinity in

M may even be allowed, at the expense of a smaller exponent D > 0.

Theorem 4.1 Let py > 2 and p;, the conjugate exponent. Adopt assump-
tions (15), (17) and (18). Assume that the global Riesz transform VOHO_I/Q

14



and the local Riesz transform V(I + H)™Y2 are bounded on LP for all
p € (2,p0), and that the global Riesz transform VH~'/? is bounded in LV
for allp’ € (p),2). Then VH~Y2 is bounded in LP for all p € (2,py).

Sufficient conditions for the local Riesz transform to be bounded on L?
for p > 2 can be found in [3, Theorem 1.7] ; Ricci curvature bounded from
below by a negative constant is enough, as was shown earlier in [6].

Sufficient conditions for the global Riesz transform to be bounded on L?
for 1 < p < 2 can be found in [8, Theorem 1.1]. They involve the volume
doubling property and a natural upper bound for the heat kernel.

Example : Let M be an n-dimensional complete Riemannian manifold,
with n > 2, endowed with two metrics G and G satisfying assumptions (15)
and (17). Assume that the Ricci curvature for G is bounded from below by

a negative constant, and that M satisfies
V(z,r) <Cr*, Yz e M, r >0,

and

1fllzs < CIV Sl ¥ € CE(M).
With the notation above, if for some pg > 2 the global Riesz transform
VOHO_U2 is bounded on L? for all p € (2,p,), then VH /2 is bounded in
LP for all p € (2,py).

As in Section 2, Theorem 4.1 follows from a Berry-Esseen type estimate.
Proposition 4.2 Let 2 < p < p; and suppose that
”VOe_tHO”m—m <ct '

for allt > 0. Assume that V(I + H)~'/? is bounded in LP, and that VH~'/2

is bounded in L where p' is dual to p. Then there exists an ¢ > 0 such that
IVo(I +tH) ™ = Vo(I 4 tHy) |, < Ct71/2
for allt > 1. In addition,
IV 4+ tH) Hlpep < CEY2 and |[Ve |, < C17Y2

for all t > 0.

15



The proofs of Theorem 4.1 and Proposition 4.2 follow closely the ar-
guments of previous sections. We need the following technical proposition
expressing various relations between the Gy and G objects on M; note that
similar formulae relating two Riemannian metrics were given by Barbatis

in [7]. We give a proof of the proposition at the end of the section.

Proposition 4.3 Assume (15) and (17). With A defined by (16) and with
o = (det A)~/2: M — (0, +00), one has the following identities:

Vf = AV,f (19)
dp = odug (20)
divX = o 'divy(cX) (21)
Hf = —o tdivo(cAVyf) (22)

for all f € C>®°(M) and smooth vector fields X on M.
Moreover, A(x) is a positive self-adjoint operator in T, M with respect

to either G or Gg, and for some C > 1,
Cl'<A@@) <C

for all x € M, in the sense of either G or Gy. Then for some C > 1 one
has
C'<olx)<C
CHVH@)] < (Vof)(@)lo < CIVS)(2)|
for allz € M and f € C®°(M). One also has LP(du) = LP(duo) as vector

spaces, with equivalent norms.

Finally, 1 — o® € L9, for all 6 € R.

The following result is the analogue, for the Riemannian setting, of Lem-

mas 2.3 and 3.2.

Lemma 4.4 Let 2 < p < p; and assume that ||Voe ||, ., < Ct=1/2 for
all t > 0. Suppose that VH~Y? is bounded in L”". Then there exists ¢ > 0
such that

||VO(I + tH)_l - VO(I + tH0>_1||p—>p < Ot_EHVO(I + tH)_1/2||p—>p

16



forallt > 1.

Let us sketch the proof of Lemma 4.4. From the expressions of Proposi-

tion 4.3 one computes, similarly to the proof of Lemma 3.2,

H—Hy = o 'divg(l —0A)Vo+ (1 -0 1 dive Vy
= diV(O'ilj — A)VO — (1 — O'il)Ho.

We can then write

Zy = Vo(l+tH)™ = Vo(I+tHy)™
= —tVo(I +tH) ' div(e T — A)Vo(I + tHy) ™
+tVo(I +tH) (1 — o Y Ho(I +tHy)™*
= L+ o

The terms J; and J; can be estimated by the same techniques as in the

proof of Lemma 3.2. For this, one uses that
o' l—A=0t1-0)[+(I—-A)e€L'NL>
and 07! — 1 € L1N L™, as well as the analogues of (9) and (14)
(o1 = A)To(I + tHy) Y,y < CH- 022 23)
and
(7 +tH) " 2(1 = 07|y < Ot (24)

for ¢t > 0 and some £, 5 > 0. Note that in the proofs of (23) and (24), no ul-
tracontractivity estimate is needed for small ¢ ; the uniform L” boundedness
on the semigroup under consideration or the assumption on its gradient are
sufficient. See the remark at the end of the proof of Lemma 2.3. Therefore
(18) and the analogue of (18) for e~ suffice to derive estimates (23) and
(24). We omit further details. O

Given Lemma 4.4, the proofs of Theorem 4.1 and Proposition 4.2 follow
closely the arguments of Section 2, and so we leave further details to the

reader.

17



The potential applications of our perturbation result are more obvious
in the range py > 2 ; we can however record that a statement similar to
that of Theorem 4.1 also holds for py € (1,2). The proofs are the same, up

to obvious modifications in the choice of exponents.

Proof of Proposition 4.3. While some results of this Proposition could
be extracted from [7], we give direct proofs for the reader’s convenience.
The metrics G, G respectively determine bundle isomorphisms a: T'M —

T*M, ao:TM — T*M, by setting

(a(z)v)(w) = {v,w), (ao(x)v)(w) = (v, w)o

for all z € M, v,w € T, M. Equation (16) rewrites as (a(z)A(z)v)(w) =
(ao(z)v)(w), which shows that

1
A=a .

Since the gradients are given by Vf = a~!(df) and Vof = a;'(df), then
(19) follows.
Next, in local coordinates G and Gy are represented by matrices g, go

respectively, and it is well known that
dp = (det g)Y2dx,  dug = (det go)*/2dx

where dx denotes Lebesgue measure in the local coordinates. But one
easily checks that A has matrix g~'gy in local coordinates, so that dy =
(det A)~'2dpo and (20) is proved.

For (21), we compute for any f € C§°(M) that

—(dV X, )iy = /M (X, V f)dp
= /<0X,AVOf>d,u0
M

_ /M (0 X, Vo )odyio
= —(diVO(O'X),f)L2(duo)
= —(0_1 dive(c X)), f)L2(d,u)

18



which implies (21). From (19), (21) and the equation H = —divV we
obtain (22).
The remaining assertions for A(z), and the estimates on o(z) and the
gradients, can easily be obtained from the definitions and from (15).
Finally, one has det A — 1 € L? as a consequence of A — I € L? and the
general inequality

|det B—1| < C'|B - I

for linear operators B in an N-dimensional inner product space, where
C’ is a constant depending only on N and on the Hilbert-Schmidt norm
|B]|. Since C~' < det A < C for some C' > 1, it is then elementary that
(det A) — I € L9 for any § € R. O

Remark : As pointed out by the referee, if one follows the constants,
the proof of Theorem 4.1 yields an estimate of |[VH Y2 — VH, /?||,_, in
terms of ||A — I|[,.

References

[1] Auscher, P.,; On necessary and sufficient conditions for LP-estimates of
Riesz transforms associated to elliptic operators on IR™: a survey, to

appear in Mem. A.M.S., vol. 186, 871, 2007.

[2] Auscher P., Coulhon T., Riesz transform on manifolds and Poincaré

inequalities, Ann. Sc. Norm. Sup. Pisa, (5), IV, 3, 531-555, 2005.

[3] Auscher P., Coulhon T., Duong X.T., Hofmann S., Riesz transforms
on manifolds and heat kernel regularity, Ann. Scient. E.N.S. Paris 37
6, 911-95, 2004.

[4] Auscher P., Shen Z., private communication.

[5] Auscher P., Tchamitchian P., Square root problem for divergence oper-

ators and related topics, Astérisque, 249, 1998.

19



[6]

[11]

[12]

[13]

[14]

[15]

[16]

Bakry D., Etude des transformations de Riesz dans les variétés rieman-
niennes a courbure de Ricci minorée, in Séminaire de Probabilités XXI,

Springer L.N. n® 1247, 137-172, 1987.

Barbatis G., Stability of weighted Laplace-Beltrami operators under
LP-perturbation of the Riemannian metric, J. Anal. Math., 68, 253—
276, 1996.

Coulhon T.,; Duong X.T., Riesz transforms for 1 < p < 2, Trans.
A.M.S., 351, 1151-1169, 1999.

Coulhon T., Duong X.T., Riesz transforms for p > 2, C.R.A.S. Paris,
332, 11, série I, 975-980, 2001.

Coulhon T., Duong X.T., Riesz transform and related inequalities on
non-compact Riemannian manifolds, Comm. in Pure and Appl. Math.,

56, 12, 1728-1751, 2003.

Coulhon T., Zhang Q., Large time behavior of heat kernels on forms,

to appear in J. Diff. Geom..

Dungey N., Heat kernel estimates and Riesz transforms on some Rie-

mannian covering manifolds, Math. Z., 247, 4, 765-794, 2004.

Grigor’yan A., Heat kernel on a manifold with a local Harnack inequal-

ity, Comm. Anal. Geom., 2, 111-138, 1994.

Hofmann S.; Martell J.M., L” bounds for Riesz transforms and
square roots associated to second order elliptic operators, Publicacions

Matematiques, 47, 497-515, 2003.

Ishiwata S., Gradient estimate of the heat kernel on modified graphs,
preprint.

Li Xiang Dong, Riesz transforms and Schrédinger operators on com-
plete Riemannian manifolds with negative Ricci curvature, to appear

in Rev. Mat. Iberoamericana.

20



[17] Shen Z., Bounds of Riesz transforms on L” spaces for second order

elliptic operators, Ann. Inst. Fourier, 55, 173-197, 2005.

21



