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Abstract

We study the validity of the LP inequality for the Riesz transform when p > 2 and
of its reverse inequality when 1 < p < 2 on complete Riemannian manifolds under the
doubling property and some Poincaré inequalities.
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Introduction

Let M be a non-compact complete Riemannian manifold. Denote by p the Riemannian
measure, and by V the Riemannian gradient. Denote by |.| the length in the tangent
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space, and by ||.||, the norm in LP(M, 1), 1 < p < co. One defines A, the Laplace-Beltrami
operator, as a self-adjoint positive operator on L?(M, p1) by the formal integration by parts

(AF, 1) =11V 11113
for all f € C§°(M), and its positive self-adjoint square root A2 by

(AL, 1) = A2 73.
As a consequence,

1A = 1AY2 115 (E2)
To identify the spaces defined by (completion with respect to) the seminorms || [V f|],

and H AV2f Hp on C°(M) for some p € (1,00), it is enough to prove that there exist
0 < ¢p < C)p < 00 such that for all f € C°(M)

of|a2r| <11V, < Gl a2 | (Ep)

This equivalence splits into two inequalities of different nature. The right-hand inequality
may be reformulated by saying that the Riesz transform VA~1/2 is bounded from L? (M, )
to the space of LP vector fields', in other words

| Ivame | <l (R,)
The left hand inequality is what we call the reverse inequality
|a2s|| < cpliiwsl,. (RRy)

It is well-known (see [5], Section 4, or [10], Section 2.1) that (R,) implies (RR,)
where p’ is the conjugate exponent of p but the converse is not clear (in fact, it is false,
see below). We mention a partial converse which we shall use and prove in the sequel.

Lemma 0.1 The conjunction of (RR,) and (II,) implies (R,).

Here, (II,) is the inequality describing the boundedness on LPT*M of the orthogonal
projector dA™L§ of 1-forms onto exact forms. Namely, for all w € C§°(T*M),

1A=l ]|, < Cy llwll, (11,)
where d is the exterior derivative and ¢ its formal adjoint.

The question is to find which geometrical properties on M insure each of these in-
equalities, and in the end (E,) for a range of p’s.

We first recall the result of [9] which deals with (R,) for 1 < p < 2. Denote by B(x,r)
the open ball of radius r > 0 and center z € M, and by V(x,r) its measure u(B(x,r)).
One says that M satisfies the doubling property if there exists C' > 0 such that, for all
x € M and r > 0,

V(z,2r) < CV(x,r). (D)

By an observation in [23], the non-compactness of M together with (D) implies that
w(M) = co. We were not aware of this remark in [2]. Let py(z,y), t > 0, z,y € M be the
heat kernel of M, that is the kernel of the heat semigroup e 2.

Tn the case where M has finite measure, one should replace LP(M) by the subspace Lf(M) of functions
with mean zero. However, we shall work in a situation where M has infinite measure. See below.



Theorem 0.2 ([9]) Let M be a complete non-compact Riemannian manifold satisfying
(D). Assume that for all x € M, t > 0 and some constant C > 0,

(DUE)

Then (Ry) holds for 1 < p < 2, hence (RR,) for 2 < p < oc.

It is also shown in [9] that the Riesz transform is unbounded on LP for every p > 2 on
the manifold consisting of two copies of the Euclidean plane glued smoothly along their
unit circles, although it satisfies (D) and (DUE).

A stronger assumption is therefore required to obtain (R,) when p > 2.

It is natural to assume in addition the Poincaré inequalities, although it is known that
they are not sufficient for (R,) to hold for all p > 2 ([22], [11]), nor necessary for (R))
to hold for some p > 2 ([7]). One says that M satisfies the (scaled) Poincaré inequalities
(Py) if there exists C' > 0 such that, for every ball B = B(x,r), z € M, r > 0, and every
f with f, Vf locally in L2,

/ i~ fpPdu < Cr? / VP du, (Py)
B B

where fr denotes the mean of f on the set F.

Even under (D) and (P;) alone, it is not clear that (R,) holds for some p > 2 because
of the following result proved in [2] which tells us that the gradient of thesemigroup
should have some boundedness properties (it is also shown there that these properties are
equivalent to some LP estimates of the gradient of the heat kernel).

Theorem 0.3 Let M be a complete non-compact Riemannian manifold satisfying (D)
and (P3). Let py € (2,00]. The following assertions are equivalent:

1. For all p € (2,po), there exists Cp such that for allt >0

C
—tA
Ve llp—p < =5

Vit
2. (Rp) holds for p € (2,po).

Our main result states that, in the situation of Theorem 0.3, there always exists a
po = 2+ € > 2 such that condition 2 is satisfied.

Theorem 0.4 Let M be a complete non-compact Riemannian manifold satisfying (D)
and (P2). Then there exists € > 0 such that (R),) holds for 2 <p <2+e¢.

Our proof does not rely on Theorem 0.3, and in fact we shall add a list of assertions
equivalent to condition 2, one of them being easier to check. But in view of Theorem
0.3, this also says that there is an automatic improvement of LP estimates for the gra-
dient of the semigroup, which is reminiscent (and, as we shall see, equivalent) to the
self-improvement “& la Meyers” of Sobolev WP estimates for weak solutions of elliptic
equations (see [24]).



It is well-known (see [25], [26]) that the conjunction of (D) and (P») is equivalent to
the full Li-Yau type estimate

c d*(z,y) C d?(z,y)
mexp <—C’ ; ) < pe(z,y) < W exp <_C 7 ) ) (LY)

for all z,y € M, ¢t > 0 and some constants C,c > 0. Hence, (D) and (P) imply (D) and
(DUE). Therefore combining Theorems 0.2 and 0.4, we obtain

Corollary 0.5 Let M be a complete non-compact Riemannian manifold satisfying (D)
and (P3). Then there exists py € (2,00) such that (E,) holds when p{, < p < po.

A crucial step towards Theorem 0.4 consists in giving a sufficient condition for the
reverse inequality (RR),) for 1 < p < 2 in terms of the L version of (P). Let 1 < p < 0.
One says that M satisfies (P,) if there exists C' > 0 such that, for every ball B = B(z, )
and every f with f,Vf locally p-integrable,

/ f — falPdp < CrP / VPP du. ()
B B

It is known that (P,) implies (P;) when p < ¢ (see for instance [18]). Thus the set of p’s
such that (P,) holds is, if it is not empty, an interval unbounded on the right. A recent
deep result asserts in a general context of metric measured spaces that this interval is
open in [1,4+oo[. In our case, it states as follows.

Lemma 0.6 ([21]) Let M be a complete non-compact Riemannian manifold satisfying
(D). Assume p > 1. Then (P,) self-improves to (P,—c) for some e > 0.

We shall prove

Theorem 0.7 Let M be a complete non-compact Riemannian manifold satisfying (D)
and (Py) for some q € [1,2]. Then (RR,) holds for ¢ < p < 2. If ¢ =1, there is a weak
type (1,1) estimate.

Define gy = inf{p € [1,2]; (P,) holds}. Note that if (P,) holds for some p € (1, 2], then
qo < p according to Lemma 0.6. As a consequence of Theorem 0.7 and Lemma 0.6, if
¢o < 2, that is to say if (P2) holds, (RR,) holds for p € (qo,2].

As a corollary of Theorems 0.2, 0.4 and 0.7 we obtain for instance

Corollary 0.8 Let M be a complete non-compact Riemannian manifold satisfying (D)
and (P1). Then (E,) holds when 1 < p < 2+ ¢ for some e > 0.

One may observe that our proofs do not use completeness in itself, but rather stochastic
completeness, that is the property

/ P y) duly) = 1, (0.1)
M

for all x € M and t > 0, which does hold for complete manifolds satisfying (D) (see [15]),
but also for instance for conical manifolds with closed basis (see [22]).
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Note that the class of manifolds satisfying (D) and (P;) (therefore also (P)) contains
all complete manifolds that are quasi-isometric to a manifold with non-negative Ricci
curvature (see [26]).

It is proved in [10] that for any ¢ € (1,2), there exists a complete Riemannian manifold
with (D) such that (RR)) fails for all 1 < p < ¢ 2. The point is that there are manifolds
satisfying a L? Sobolev inequality at infinity associated with a certain dimension, but,
for p close to 1, only a LP Sobolev inequality associated with a much lower dimension,
and, for p = 1, a trivial isoperimetric inequality, whereas (RR,) would impose a tighter
connection between L? and LP Sobolev inequalities. In other words, (RR,) imposes that
the heat kernel dimension and the isoperimetric dimension cannot differ too much.

It has been proved by Li Hong-Quan in [22] that, on conical manifolds with closed
basis, (Rp) holds if and only if 1 < p < pg, where the threshold py > 2 depends on the
A1 of the basis. Now, all these manifolds satisfy (P») (see [11]) and one can see that they
even satisfy (P1) by using the methods in [17]. In particular, there is no hope that the
assumptions of Corollary 0.8 suffice for (R,,) to hold for all p > 2.

In view of Corollary 0.8, this also shows that, as we mentioned above, (RR,) does not
imply (R,), even in the class of manifolds with doubling, in the range 1 < p < 2.

Let us summarize the situation for (stochastically) complete Riemannian manifolds,
satisfying (D), going from weakest to strongest hypotheses.

1. It is known that (R,) may be false for 2 < p and that (RR,) may be false for
1 < p < 2. What can be said about the other cases, that is (R,) for 1 < p < 2 and
(RRy) for p > 27

2. Assume (DUE). Then (R)) holds for 1 < p <2, (RR,) for p > 2 and (R,) may be
false for all p > 2. What can be said about (RR,) for 1 < p < 27

3. Assume (P,). Then (R,) holds for 1 < p < po with some py > 2, (RR,) for
go < p < oo with some 1 < gy < 2. Can one give estimates on pg and ¢gg?

4. Assume (Py). Then (R,) holds for 1 < p < pg with some py > 2, (RR,) for
1 < p < co. Can one give estimates on py?

The proof of Theorem 0.7 in Section 1 uses methods of the first author in [1] adapted to
the present situation and in particular a Calderén-Zygmund lemma for Sobolev functions,
which allows us to do a Marcinkiewicz type interpolation.

As said before, we do not rely on Theorem 0.3 to prove Theorem 0.4. Instead, we
use ideas of Shen in [27] developed for elliptic operators on Euclidean space and extend
them to the class of manifolds we consider. This yields a new characterization of the LP
boundedness of Riesz transforms for p > 2 (with a restriction that p should be close to
2) in terms of local, scale invariant estimates on harmonic functions (Theorem 2.1) which
are more tractable in practice. In passing, we show that this is also equivalent to the L?
boundedness of dA~15. Actually the main tool in [27] is a theorem (Theorem 3.1) for

2 We remark that the positive result in [10] concerning (RR,), namely Theorem 6.1, has a gap, since it
depends on another result in the same paper, Proposition 5.4, which has a mistake in the argument. The
mistake is located in the last line of p. 1744 where it is said that the (usual) Calderén-Zygmund decomposition
preserves exact forms. This is exactly the obstacle that we get around in Section 1 with a modified Calderén-
Zygmund decomposition and it is not clear that the same ideas can be employed under the assumption taken
in [10].



boundedness of operators with no kernels which is essentially similar to Theorem 2.1 in
[2].
1 Reverse inequalities (RR,) for 1 < p <2

In this section, we prove Theorem 0.7. We assume that (D) and (F,) hold for 1 < ¢ < 2
and prove (RR)) for ¢ < p < 2.

We first establish a Calderén-Zygmund lemma for Sobolev functions. Next, we apply
this lemma to establish the preliminary weak type estimate

|a2r|| <cllvill,. v1 e, (1:2)

Finally, we proceed via an interpolation argument.

1.1 A Calderén-Zygmund lemma for Sobolev functions

We present here in the Riemannian context a result first proved by one of us [1] in the
Euclidean setting with Lebesgue measure (see also the extension to weighted Lebesgue
measure in [3]).

Proposition 1.1 Let M be a complete mon-compact Riemannian manifold satisfying
(D)3. Let 1 < q < oo and assume that (P,) holds. Let f € C§°(M)* be such that

[IVflll, < oo. Let a > 0. Then, one can find a collection of balls B;, C! functions b;
and a (almost everywhere) Lipschitz function g such that the following properties hold:

f:g+zbi; (1.3)

IVg(x)| < Ca, for u— a.e. z € M, (1.4)

suppb; C B; and / |Vbi|?dp < Calu(B;), (1.5)
B;
S u(i) < cat [ |vfird (16)

Y 1p <N, (1.7)

where C' and N only depend on q and on the constant in (D).

3Recall that this implies (M) = oo.
40f course, f can be taken more general than this.



Proof: Let f € C°(M) and o > 0. Consider Q = {z € M; M(|Vf|9)(x) > ai},
where M is the uncentered maximal operator over balls of M. If € is empty, then set
g = f, b =0; (1.4) is satisfied thanks to Lebesgue differentiation theorem. Otherwise,
the maximal theorem gives us

W) < Ca / IV F1 d. (1.8)

Let F' be the complement of 2. Again by the Lebesgue differentiation theorem, |V f| < «
p-almost everywhere on F. Since 2 is open, let (B;) be a Whitney decomposition of €.
That is, €2 is the union of the B,’s, and there are constants Cy > C; > 1 depending only
on the metric such that the balls B; = C;B, are contained in {2 and have the bounded
overlap property, but each ball B; = CyB; intersects F (see [8]). As usual, CB is the
ball co-centered with B with radius Cr(B). Condition (1.7) is nothing but the bounded
overlap property and (1.6) follows from (1.7) and (1.8). Furthermore, B; N F # () and the
doubling property imply

/ V1 dpu < /!Vflqdu < a®u(By) < Ca'u(By).

Let us now define the functions b;. Let (AX;) be a partition of unity of Q subordinated to
the covering (B;) so that for each i, X; is a C! function supported in B; with ||V} ||s < %,
r; = r(B;). Set

bi = (f — fB,) X

It is clear that b; is supported in B;. Let us estimate fBi |Vb;|?dp. Since

we have by the L? Poincaré inequality and the above estimate on V f that
/ IV ((f = fB,)X) |7dp < Calu(B;).
B;

Thus (1.5) is proved.

Set g = f —>_,b;. Then g is defined p-almost everywhere since the sum is locally
finite on €2 and vanishes on F', and g is also defined in the sense of distributions on M
(not just on Q which is trivial: in fact the argument shows that g is a locally integrable
function on M). For the latter claim, if ¢ € C§°(M), we observe that for = in the support
of b;, we have d(x, F') > r;, so that

/Z“HH‘P‘ dp < (/Z’i’du) sup (d(z, F)|o(z)]).

xeM

By Holder inequality and the Poincaré L4 inequality,

i : e
JBa < s ([ wavan) < cons.

Hence

[ S lleldn < Ca () sup(dta, Flp(a)).
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which proves the claim.
It remains to prove (1.4). Note that ), Xj(x) =1 and ), V&(x) =0 for z € Q. It
follows that

Vg = Vf=> Vb
= V= Q_X)Vf=) (f = f5)V
= (VHlr+ > fs V.

2

Note that by the definition of F', [(V f)1p| < . We claim that a similar estimate holds
for h =73, fp, VA;, that is |h(x)| < Ca for all z € M for some constant C' independent
of z. Note that this sum vanishes on F' and is locally finite on . Fix now x € (). Let B;
be some Whitney ball containing x and let I, be the set of indices 7 such that x € B;. We
know that §I, < N. Also for ¢ € I, we have that Clr; < r; < Cr; where the constant
C' depends only on doubling (see [28, Chapter I, 3] for the Euclidean case). We also have
|fB; — fB;| < Crja. Indeed, one has B; C AB; with A = 2C +1, so that by the Poincaré
L1 inequality one obtains

1
|fB; — faB,;| < (B /Bi |f — faB,|
C

,U/(B]) /ABJ- |f_fABj|

< CArj((IVf]%)aB,) "
< CArja

<

and similarly for |fap, — fp,|. Hence,

h(2)| = > (f5, — f5,)VXi(x)

1€l

<CY |fs — I,lr;' < CNa.

i€l

This proves (1.4), and finishes the proof of Proposition 1.1.

Remarks 1) It follows from the construction that Y Vb; € L? with norm bounded by
CIIIVf11l,. hence |[ [Vl ||, < (€ +1)[[ V1],

2) g is equal almost everywhere to a Lipschitz function on M and |g(z) — g(y)| <
Cad(zx,y) almost everywhere. The point is that the Lipschitz constant is controlled by a.
This can be shown by similar arguments as for obtaining (1.3). Alternatively, once (1.3)
is proved, one can show that g, Vg satisfy the g-Poincaré inequality on arbitrary balls by
using the definition of g as f — > b; since f and each b; do. At this point, we invoke
Theorem 3.2 in [18] and the L* bound on |Vg| to conclude.

3) Observe that g = f1p + ) fp,A; so that is contains in particular the fact that f is
equal almost everywhere to a Lipschitz function on F'. Hence, g is some sort of Whitney
extension of the restriction of f to F' where averages of f on B; (since f was already
defined on the complement of F') replace evaluation at some point inside F' at distance
Cr; to B;.



1.2 A weak type estimate
Assume (F;) for some ¢ € [1,2). Let f € C5°(M). We wish to establish the estimate

n({renr a2 >a)) < & / S (1.9)

for all o > 0. We use the following resolution of Al/2:

AV2f = c/oer—tAfdt
0 Vi
where ¢ = 771/2 is forgotten from now on. It suffices to obtain the result for the truncated
integrals feR ... with bounds independent of ¢, R, and then to let ¢ | 0 and R T oo. For
the truncated integrals, all the calculations are justified. We henceforth assume that Al/2
is replaced by one of the truncations above but we keep writing AY2 and the limits of
the integral as 0, 00 to keep the notation simple.

Apply the Calderén-Zygmund decomposition of Proposition 1.1 to f at height « with
exponant ¢ and write f =g+ >, b;.

Since g and b; are no longer C§°(M ), we have to give a meaning to AY2g and AY2p;.
As AY2 is replaced by approximations, it suffices to define Ae *2¢ and Ae~'2b; for
t > 0. Since (D) and (P,) imply (D) and (FP»), we have the Gaussian upper bounds
for the kernel of e~* and by analyticity for the kernel of tAe**. As b; has support in
a ball and is integrable (see the proof of Proposition 1.1) Ae™*2b;(x) is defined by the
convergent integral [, Opi(,y)bi(y) du(y).

As for g, we know it equals almost everywhere a Lipschitz function with Lipschitz
constant bounded by Ca (see Remarks 1 and 2 at the end of Section 1.1). We fix any
point z where g(z) exists and we have that [, 9yp;(x,y)g(y) du(y) is a smooth function
bounded by Cat~!(d(z, z) + t'/?) (we use the fact that Jas Oepe(, y) du(y) = 0). We take
this as our definition of Ae™**g(x).

Next, we prove

IAL/2 o <£ q
M{xeM,IA g(x)| > 3}_aq/M!Vf| dp.

Since 0
o'
p{z € M; | A 2g(a)] > g} < 2/ |AY2g|% dp,
a” JM
it remains to justify

ISERIEY MR (1.10)

Indeed, once this is done, we conclude by using [;, |Vg|?dp < Ca®~1 Jas IV |2 dp which
follows from || [Vgl ||, < C[[[Vf]||, and (1.4) since ¢ < 2.

Note that (1.10) (since we have replaced A/? by truncations) would be valid if g were
in C§°(M). For ¢ € C§°(M), we have by Fubini’s theorem

/ Ae™g(x)p () d(z) / o)A B o(y) du(y)
M M

— lim Mm(y)g(y)Ae_tAsD(y)du(y)-

r—-+00



Here 7, is a smooth function which is bounded by 1 on M, equal to 1 on a ball B, of
radius r, 0 outside the ball 2B,., and with || |V#,|||,, < C/r. By Stokes theorem, the last
integral is equal to

/ Vg - Ve Podu+ / gV, - Ve "Bodu.
M M

Under our assumptions, we have the weighted L? estimate from [16] (see also [9]): for
some v > 0 and all y € M,t > 0,
d2(rc

\Y) C
v dp(z) < m

where V, means that the gradient is taken with respect to the x variable. Given the fact
that Vg is square integrable and ¢ is Lipschitz, it is not difficult to pass to the limit as
r — oo and to conclude that

/M Ve pe(, )| e (1.11)

/ Ae Bgodu :/ Vg - Ve B pdpu.
M M

Thus, we obtain (again, A'/2 is replaced by truncated integrals)
(A2g,0) = (Vg, VAT ),

so that a duality argument from the equality (E2) (or rather its approximation) yields
(1.10).
2
To compute A'/2b;, let r; = 2¥ if 28 < r(B;) < 251 and set T; = Iy Ae A % and
Ui = [ Ae™tA %. It is enough to estimate A = p{xz € M;|>, Tibi(z)| > «/3} and

B = p{z € M;| Y, Uibi(x)| > o/3}.
-5)

First
A < uw(UidB;) + i ({x € M\ UAB;;

mem

and by (1.6) and (D), u(UidB;) < & Jar IV |2 dp.

« C
zi:Tibi(x) > 3}> Soﬁ/M Zh

For the other term, we have
with h; = 1(4p,)c|Tibi|. To estimate the L? norm, we follow ideas in [6, 19] and dualize
against u € L2(M, u) with ||u2 = 1 and write

/M|u]zi:hidu22§:flij

i j=2

2
1 ({x € M\ UidB;; du

where

Ay= [Tl du

C;(B;

10



with C}(B;) = 271 B, \ 27 B;. By Minkowski integral inequality

2
" dt
—tA
Ty < [ 186 blogc, )

and by the Gaussian upper bounds for the kernel of Ae™*2 (see above),

_ C _cd? ()
]Ae tAbz‘(x)‘ < /M me ¢ \bi(y)]d,u(y).

Now, y is in the support of b;, that is B;, and « € C;(B;), hence one may replace d(x,y)
by 27r; in the Gaussian term since r; ~ r(B;). Also, if y; denotes the center of B;, write

Vi, Vt) Vi, V) Vi, i) V(y,1i)

Vg vty Vi) V() Vg, Vt)

By (D) and % < c(L)P for r > s, as t < r?, we have

v =<e(7)

Using this estimate, fBz‘ |bi| dp < Cp(By)rioc and p(B;) ~ V(yi,7;), we obtain

C ri \P _ewe?
Ae B (x <<> e 1 / b;| d
| ( )’_tV(yi,ﬁ) Vit Bi| |y

<cn<m>maﬁ
— (& Q.

_ Cri (1 \?° _evs? ,
|Ae tAbiHL?(cj(Bi))ét(ﬁ) e T (u(2 T By)) a.

Plugging this estimate inside the integral, we obtain

Thus,

ITibill L2(c; (B,)) < Ce™ (u(2+ B;)

for some C, ¢ > 0.
Now remark that for any y € B; and any j > 2,

1/2 1/2 .
( / Ju)? du) < ( / IUI2du) < (@ B2 (M) () 7.
C;(B;) 2i+1B;

Applying Hélder inequality and doubling, one obtains
Ay < Ca2iPe P u(By) (M(Juf) ().

Averaging over y € B; yields

Ay < Ca2j56_64j/ (./\/l(|u]2))1/2 dp.

7
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Summing over j > 2 and 4, we have

/M]u]ZhidugCa/ ZlB (Jul?)) 1/2dﬂ-
Using finite overlap (1.7) of the balls B; and Kolmogorov’s inequality, one obtains
/M [ul D hidyp < C'Noya( Ui B)) " lul [
Hence, by (1.7) and (1.6),

M{.%' eM \ U;4B;;

ZTz‘bi(l“)

It remains to handle the term B. Define

o C
— 3 < B < — 9 dys.
>3}_C’,u(uZ Z)_oﬂ/M‘vf’ du

b;
B= > -
i,r; =2k t

for k € Z. With this definition, it is easy to see that
N T A —tA e dt
Z Uibi = Z tAe 5k7 tAe™" fi—
ez /4 0 t

where

-3 (B

ki4k<t

By using duality from the well-known Littlewood-Paley estimate

> A —tA 2@ Y2 <C
Tl ) T <y
q/

(see [29]), we find that

<C

2dt>1/2
( /O 5

q

Now, by Cauchy-Schwarz inequality,

<2 Y (% )w

K4k <t

and it is easy to obtain

H </OOO Ift|26it> 1/2

(Z |ﬁk|2>1/2

kEZ

g q
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Using the bounded overlap property (1.7), one has that

2114
Siae) <o Y hra
k >~ " i 7“;1
q

keZ

and by a similar argument to the one in the proof of Proposition 1.1,

/M Z |l:q|q dp < Caf Zu(Bi)-

Hence, by (1.6)

u{ﬂ:GM;

Z Uib(x)

This concludes the proof of (1.9).

« C
_ < ) < \v& a4 .
>3}_C’% M(Bl)—aq/| fltdu

1.3 An interpolation argument

It is not known whether the spaces defined by the seminorms || [V f[[|, interpolate by the
real method. So it is not immediate to obtain (RR),) for ¢ < p < 2 directly from (E») and
(1.2). We next prove this fact by adapting the Marcinkiewicz theorem argument which
bears again on our Calderén-Zygmund decomposition.

Fix ¢ <p <2and f € C5®(M). We want to show that

|ar2s| < culivs,.

Choose 0 < 0 < 1 so that ¢ < pd. For a > 0, we can apply the Calderén-Zygmund
decomposition of Proposition 1.1 with exponent pd and threshold . We may do this
since || [Vf|||,; < oo and (F,s) holds. Of course we do not want to use |||V f]][,; in a
quantitative way. We obtain that f = go + by with by = ), b;.

Write
H AY2f Hp = p2p/ otz € M;|AV2f(z)] > 2a} do
p
OOO
<p2 [ (o € M5|A2go(a)] > a}da
0
+p2p/ o Yfz € M; |AY?by(2)] > a} da
0
<I+11
with )
1 [Tl g,
0 a?
and

© Vol
H=cp2r | ot ey
0 ad

13



where we used (E2) and assumption (1.2). To estimate these integrals, we need to
come back to the construction of Vg, and Vb,. Write F, as the complement of €2, =
{M(|VfP?) > aP}. Then recall that Vg, = (Vf)1g, + hlg, where |h| < Ca and
|IVf| < aon F,. Thus I splits into I; + I» according to this decomposition. The treat-
ment of 1 is done using the definition of F,, Fubini’s theorem and p < 2 as follows:

Cp2p ez
=g [ R (m09s) 7

Cp2p
<5 | vivan

where we used |V f|2 = |[VfP [Vf>7? < |Vf]P (M (|Vf|p6))75p almost everywhere. For
15, we only use the bound of h to obtain

12§0p2p/ P (94 da
0
1
—c2 [ (Mvsr)’ du
M
<c [ vrpa
M

using the strong type (% 5 5) of the maximal operator.

Next, we turn to the term I1. We have Vb, = (Vf)lq, — hlq,, so that II <
29(11, + 115). For 11, we have by using Holder’s inequality and the strong type (5, 6) of
the maximal operator

Cp2P e
1= P2 [ 9 (m09r) e
L O a/p ey MG
(] i) ([, (o) )
M
<c / am
M

The treatment of the term I is similar to the one Is.

2 (Ry) for p>2
In this section, we prove Theorem 0.4 as a consequence of the next two results.

Theorem 2.1 Let M be a complete non-compact Riemannian manifold satisfying (D)
and (Py). Then there exists pg € (2,00] such that for any q € (2,po) the following
assertions are equivalent.

1. (Rp) holds for 2 < p < g,
2. (I,) holds for 2 < p < g,

14



3. For any p € (2,q), there exists a constant C' > 0 such that for any ball B and any
harmonic function u in 3B, one has the reverse Hélder inequality

(o /. !Vu\pdu); <0 (g | B!VU\Qdu)é~ (RH,)

Proposition 2.2 Let M be a complete non-compact Riemannian manifold satisfying (D)
and (P). Then there is p1 € (2,00] such that (RH)) holds for 2 < p < py.

The value of p; in Proposition 2.2 is not known. The same is true for pg in Theorem
2.1. However, if we assume (P,) for ¢ € (1,2) then the argument shows that py > ¢’ and
for g =1, pg = cc.

We shall first prove Proposition 2.2. Of course, harmonic functions are smooth, but
the point of (RH)) is that the estimate is scale invariant. Then we shall prove Theorem
2.1, in establishing successively that 3. = 2. = 1. = 3. This will prove (R,) for
2<p< inf(po,pl).

2.1 Reverse Holder inequality for the gradient of harmonic
functions

Assume (D) and (P;). First we have a Caccioppoli inequality: Let u be a harmonic
function on 3B where B is some fixed ball. Let B’ be a ball such that 3B’ C 3B. Then,
we have

(u(llB’) /B IVu(:c)l{"du>é < T(g,) (u(21B’) /231 |u(x) —u23/|2d,u>;. (2.12)

The proof of this fact is entirely similar to the one in the Euclidean setting under (D)
and (P2). We skip details and refer, e.g., to Giaquinta’s book [14].

Next, we use Lemma 0.6 which tells us that (P,_.) holds for some ¢ > 0. According
to [12], Corollary 3.2, we have the L?~¢ — L? Poincaré inequality

1 1
1 9 2 1 3 =
—ugp/|*dpu) < Cr(B 2e 2.13
(25 L o —amt ) < 0r) (G [, wuto=an) ™ 2
provided for any ball B and subball B’

r(B) _ (u(B)\7F
r<B>5<u<B>> | (2.14)

Admit (2.14) and combine (2.13) with (2.12) to obtain a reverse Holder inequality,

) Jy T <o o [ Vue) P dn =
w(B') Jp EE .

Applying Gehring’s self-improvement of reverse Holder inequality [13] (see also [20], [14]),
which holds since we work in a doubling space, we conclude that there is § > 0 and a
constant C' such that

(i [ Ivute du>2¢5 <(om | IVU(:U)I2du);
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It remains to verify (2.14). Write B = B(z,r) and B’ = B(y, s) with s < r. Then observe
that (D) and d(z,y) < r imply that V(x,r) ~ V(y,r). Hence, we may assume that z =y

and (2.14) becomes
5 o (Vi)
r YA\ V(x,r)
with a = %—5 — % > 0. The doubling property (D) implies that for some 5 > 0,

v = ()

hence it suffices to have fa < 1. Choosing € smaller if necessary, we obtain (2.14). Finally,
(RH,) holds for 2 < p < 2+ 94.

2.2 From reverse Holder to Hodge projection

The main tool is the adaptation to spaces of homogeneous type of a result by Shen in
[27] essentially similar to Theorem 2.1 in [2]. For the sake of completeness we include its
proof in Section 3. Let M denote the Hardy-Littlewood maximal function.

Theorem 2.3 Let (E,d, ) be a measured metric space satisfying the doubling property
(D). Let T be a bounded sublinear operator from L*(E,u) to L*(E, ). Assume that for
g€ (2,0], 1 <a<f and C >0, we have

(o [ irsman) e (g [ o an) " (215)

for all balls B in E and f € L?>(E,pn) supported on E\ BB. Then, T is bounded from
LP(E,u) to LP(E, u) for 2 < p < q. More precisely, there exists a constant C' such that
for any f € LP N L%*(E, i), we have Tf € LP(E, i) and

ITfllp < ClI£ -

In this statement, the functions f can be vector-bundle-valued and |f| is then the
norm of f while T'f is real valued.

We now prove 3. = 2. in Theorem 2.1. We assume the reverse Holder condition. Let
T be the sublinear bounded operator from L2T*M into L?(M, i) such that Tw = |[dA~ 1w
when w € L2T*M. Let 2 < p < p < q where ¢ is the exponent in condition 3. Let B be
a ball in M and w € L2T*M N LPT*M be supported on M \ 4B. Let u be a distribution
defined by || |dul| ||, < 400 and Au = dw, so that |du| = Tw. Given the support of w,
it follows that w is harmonic in 3B. The reverse Holder condition yields (2.15) with ¢
replaced by p, hence, according to Theorem 2.3,

[Twllp, < Cllwllp-

A density argument concludes the proof.
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2.3 From Hodge projection to Riesz transform

We begin with the proof of Lemma 0.1. To do this, we look at the form version of the Riesz
transform, dA~1/2, where d is the exterior derivative. We assume that, for f € Ceo (M),

IAY2 £y < Coyr [l 1df]

and, for w € C§°(T* M),
[1dA™ 8w ||, < Cpllw], - (1Lp)

Since dA™16 is self-adjoint, the last inequality holds with p replaced by p'.
Let w € Cg°(T*M). Then using successively (IL,) et (RR,),

| a2

‘Al/ZA—law H < C|ldaTtewl |, < Cllwl, -
P

P’ B ‘
Hence, by duality, dA~/2 is bounded on LP.

The proof that 2. = 1. in Theorem 2.1 is now easy. By combining Theorem 0.7 with
Lemma 0.6, we have (RR,) for 2 —¢ <p < 2. Let pg = (2 —¢)" and 2 < ¢ < pg. If we
assume (II,) for 2 < p < ¢, then Lemma 0.1 gives us (R),) for 2 < p < q.

2.4 From Riesz transform to reverse Holder inequalities

We show here the necessity of the reverse Holder inequalities (RH,). We assume that the
Riesz transform is bounded on L? for 2 < p < ¢. Fix such a p.

Let B be a ball, r its radius and let u be harmonic function in 3B. Let ¢ a C!
function, supported in 2B with ¢ =1 on 3B, [¢|e < 1 and ||Vl < C/r. We assume
that [,5u =0, so that it follows from (P;) that

[ Pk [ VP du<c [ 0P
2B 2B 2B

To estimate [ |VulPdy, it suffices to estimate [ |V (ug)|? du. Using an idea in [4], p. 35,
we can write

r2

up = e A (up) +up — e A (up) = e A (ugp) — /0 e "2 A(ugp) ds,

hence

T‘2
V(up) = Ve*TQA(ucp) - / Ve *AA(ugp) ds.
0

Let p < p < g. Since the Riesz transform is bounded on L”, by the easy part of the
necessary and sufficient condition in Theorem 0.3, we have that v/tVe ' is bounded on
L? uniformly with respect to ¢. It essentially follows from Lemma 3.2 in [2] that

_ a4l r?

1/2
1 —sA p Ce s 1 )
Gy [ ve s an) ~ <= (MCQQJ-B) /C U du) (2.16)

for some constants C' and « depending only on (D), (P2), p and p whenever f is supported
in Cj(B) and s < r?(B). Here C1(B) is a fixed multiple of B, and for j > 2, Cj(B) is

17



a ring based on B: there are constants ¢y, co such that for all j > 1, if x € C’j(B) then
c12/r < d(z, B) < o207

It suffices to apply this inequality to f = ue which is supported in 2B to treat the LP
average of Ve "2 (up) on B.

In the other term, a computation yields

A(up) = —du - dp — 6(udyp).

We replace A(uy) by its expression and observe that the support condition of dy allows us
to use the previous estimates (2.16) for Ve *2(du - dp) when j > 2. Then, by Minkowski

inequality,
pd <c<1 / |Vul|*d >é
< U .
: w(2B) Jop :

(i),

For the remaining term, it suffices to prove

L Ve A\
— [ |Ve*25fPd ) < / f12d 2.17
(mB)/B' Fau s \u@B) bpsp T @17)

whenever f is supported in 2B\ %B and s < r? since this yields

(). ) < (g [ )

which concludes the proof of (RH,).
To see (2.17), the strategy is as follows. We use that Ve 2§ = (Ve /28)(e~1/244).
For the second operator we have the Gaffney type estimate

B =

7"2
/ Ve *2(du - dy) ds
0

,,,2
/ Ve 526 (udy) ds
0

ad(EB,F)2
t

Ve 26wl 12y < Ce™ [wllz2(m)-

whenever f is a 1-form supported on FE and F, F' are closed subsets of M and ¢t > 0. This
estimate is for example proved in [2] for the dual operator de™**. Make use of it with
E =2B)\ 3B and successively F' = 2B, 4B\ 2B, and 2/71B\ 2/B for j > 2 and combine
them with (2.16) to conclude. Similar calculations are shown in [2] and we skip further
details.

3 Proof of Theorem 2.3

We split the argument in several steps. The following lemma is a localisation result and is
applied in the proof of a good lambda inequality which is the key step. The latter yields
LP? inequalities, which applied to our particular hypotheses concludes the proof.

Lemma 3.1 There is Ky depending only on the doubling constant of E such that the
following holds. Given f € L} (E,u), a ball B and X\ > 0 such that there exists T € B

loc

for which Mf(z) < A, then for any K > K,

(M > KX} C {IM(fxas) > ffox}.
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Proof: Recall that M is comparable to the centered maximal function M,: there is
K depending only on the doubling constant such that M < KqgM..

Let x € B with M f(z) > KX. Then M.f(x) > %/\. Hence, there is a ball B(x,r)
centered at x with radius r such that

1 / K
S Fdu> 2
/L(B({L’, T)) B(z,r) Ko

If [% > 1,z ¢ B(x,r) since Mf(z) < A. The conditions z € B, z € B and & ¢ B(x,r)
imply B(z,r) C 3B. Hence,
K 1

fo/\ < B /BW)(sz,B) dp < M(fxss)(x).

This proves the lemma.

We continue with a two parameters family of good lambda inequalities.

Proposition 3.2 Fir 1 < ¢ < oo and a > 1. Let F,G € L} (E,p), non-negative. We

loc
say that (F,G) € &, if one can find for every ball B non-negative measurable functions
Y ) q, ) g

Gp, Hp defined on B with
F<Ggp+Hp ae. onB

such that

1 1/q
N q < qi i
<M(B) /B(HB) du) < a;IelgMF(ﬂi) +;I€1£G(x),

1
J— < inf .
5 [, G < inf G

There exist C = C(q,(D),a) and K|, = Ky(a, (D)) such that for (F,G) € Eqq, for all
A>0, for all K > K{j and v <1,

1
JAMEF > KX\, G <A} < C (Kq + ;) P{MFE > \}

provided { MF > A} is a proper subset of E.
If ¢ = oo, we understand the average in L1 as an essential supremum. In this case,
we set % =0.

Proof: Let Ey, = {MF > A\}. This is an open proper subset of E. The Whitney
decomposition for E) yields a family of boundedly overlapping balls B; such that Ey =
U;B;. There exists ¢ > 1 such that, for all 7, ¢B; contains at least one point T; outside
E,, that is

MF(z;) <\

Let By = {MF > K\,G < ~\}. If K > 1 then B) C E), hence

nw(By) < Z pw(BxN B;) < Z p(Bx N eB;).
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Fix i. If By NeB; = 0, we have nothing to do. If not, there is a point 7; € ¢B; such that
G(7i) < A

By the localisation lemma applied to F' on ¢B;, if K > Ky, then
K
p(BxNeBy) < p({MF > KA} 0eBy) < p{M(Fxaep,) > 7= A}-
Now use F' < G + H; on 3¢B; with G; = G3.p; and H; = Hs.p, to deduce

pAM(Fx3eB;) > [[(i))\} < pu{M(Gixaen;) > )\} + p{M(H;x3cB;) > )\}

2K,

Now by using the weak type (1,1) and (gq,q) of the maximal operator with respective
constants ¢ and ¢, we have

- K A < 2Kocq 2Kpcq

} ( — o 2Kocy
2Ky = KA Jy, M= KN =

p{M(GixsB;) 1(3¢B;),

and, if ¢ < oo,

K 2K, q
M{M( iX3cB; ) > 7>\} < 0% HY du
2Ko 3¢B;

Hence, summing over ¢ yields

M(BA)SC<;(1 )ZuScB <C’< ! +;>H<EA>

by applying the doubling property together with the bounded overlap. If ¢ = oo, then

HM( iX3cB; )Hoo < HHin‘IcB Hoo < CLMF(J»'z) + G(

(a+1)A,

vi) <
so that, choosing K > 2Ky(a + 1) leads us to {M(H;xsp,;) > %)\} = (). The rest of the
proof is unchanged. This proves the proposition.

Corollary 3.3 Assume that (F,G) € E4. Let 1 < p < q and assume that |G|/, < oo
and || F||1 < co. Then, we have

1_
|MP, < € (IGl, + u(E)> P

where the constant C' depends on (D), p, q, a

°In the case u(E) = oo which is the situation of interest here, the last term vanishes but we still need some
a priori knowledge such as F' € L! to conclude.
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Proof: We begin with the case u(F) = oco. Define ®(t) = pf(f N MFE > M} d) for
t > 0. Since ||F||; < oo, the maximal theorem implies that A\u{MF > A} is bounded on
R*. As 1 < p, ® is a well-defined positive and non-decreasing function on R into R™T.

By the maximal theorem and ||F'|; < oo, {MF > A} is a proper subset in F, hence
the good lambda inequality is valid and integration leads us to

B(Kt) < CKP (;q + ;) B(t) + (f)p Gl

Since p < ¢, one can choose K large enough and v small enough so that

1 ol 1
K'f{—+—=| <=
o (7)<

hence, for this choice, for all ¢ > 0
1 K\’
P(Kt) < -d — e,
(x0) < o0+ (5 ) Iy

An easy iteration proves that ® is bounded and this proves the corollary in this case as
P(00) is || MF||5.

In the case where pu(E) < oo, we have Au{MF > A} < C||F||;, hence for A > a with
a= ﬁ | F'||1, the good lambda inequality applies. If we define ® as before, the previous
argument gives us a control of ®(0co0) — ®(a) by C||G||5 and it remains to controlling ®(a).
But ®(a) < a”u(FE) and the conclusion follows.

Now, we may prove Theorem 2.3. We let f € LP N L*(E, ) and F = |Tf|>. We let
Gp =2|T(xppf)> and Hg = 2|T((1 — xs5)f)|*>. On the one hand, for C depending only
on (D) and the norm ||T|| of T on L2,

e 2T [ o o ont MY
S G < Sy [ S € int MOSE@).

On the other hand, since (1 — xgp)f is supported away from (3B, the assumption (2.15)

yields
1 2/a C
| (Hz)9/? < / H
(M(B) /B( 5) d") = waB) Jop B

and we have

HBd,u,§4/ Fd,u+2/ Gpdu,
aB aB aB
hence for some a > 0,
1 /2 2/q 9
— a <ai i :
(s L2 an) < ainf MP@) +C inf MUTP)e)

Thus we conclude with G = CM(|f|?) that if 2 < p < ¢, since T'f € L? hence F € L,
then

2_
1F N2 < C (IG 2 + m(E)> IF]L)
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Observe then that ||G||,/2 ~ || fI|2 and by the L* boundedness of T' and Hélder inequality,

2_ 2_
w(E) M Fl < Cu(E) I fI5 < CIf Il
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