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Problem Set: General Equilibrium

I - Edgeworth Boxes
Define your own economy with 2 agents ¢ = A, B and 2 goods | = 1,2.
Choose 2 utility functions among the following ones:

e Cobb-Douglas u; (z;) = (z:1)* (zi2) " with a; = 1/4, 1/3, 1/2, 2/3 or
3/4,

e Leontief u; (z;) = min (z;1, a;x:2) with a; = 1/10, 1/2, 1, 2 or 10,

e linear u; (x;) = ®;1 + o,z with o, = 1/10, 1/2, 1, 2 or 10,
e CES (Constant Elasticity of Substitution) u; (x;) = ((z;1)"" + A; (xig)ai)l/m’
with a; = 1/2 or 2 and A; =1 or 2.

Choose 2 individual endowments among the following ones:
w; =(0,1),(1,0),(1,1),(2,1) or (1,2).

a) Compute the equilibrium (prices and allocation).

b) Compute the PO allocations (denote w = w4 + wp).

c) Compute the price equilibrium with transfers decentralizing every PO
allocation (prices and individual wealths w;).

IT - Exchange economies
a) Counsider an economy with I consumers. Every consumer has utility:

we) = (@) + (@2)2)

The endowment of consumer ¢ is w;. Global endowment is w = ZL w;. Compute
the equilibrium and the interior PO allocations. Does the equilibrium price
depend on w only (or on the whole vector (w;);;<;)?
b) Consider an economy with I consumers. Every consumer i = 1,...,1 — 1
has utility:
u (@) = ()" (@)

The utility of consumer I is:
ur (z1) = 1 + 2z 2.

The endowment of consumer i is w;. Global endowment is @ = ) |, ; w;.
Denote w_; = Y, ;<7 wi Answer to the questions a) and b) of Exercise I.
Does the equilibrium price depend on @ only (or on (w_j,w;y) or on the whole

vector (wi)lgigl)?



IIT - Representative agent

a) Consider I agents ¢ = 1, ..., I trading 2 goods [ = 1,2 with prices p; = 1
(numéraire) and po. The utility of i is u; () = (2:1)* (z:2)" ™, the endowment
of 7 is w; and global endowment is w. Compute the excess demand z; and the
aggregate excess demand Z. Determine the equilibrium price p*.

b) Consider an economy with one consumer with utility u(z) = (z1)%(x2)
and endowment w. Determine the equilibrium price p**. Determine a so that
p* — p**.

c¢) Is the excess demand function in the economy b) equal to Z? Compute

l—a

dp;
dwil

and %. What is the variation of a needed to have p* = p** for every w;1?

(that is: compute dz”_’l where a is implicitly defined by p* (w;1) = p™* (w41, a))

IV - Existence of equilibrium / strict monotonicity of preferences
Consider an economy with two agents ¢ = A, B and two goods [ = 1,2 such
that:

ua(ra) = xa1 and up (vp) = B2,
wa = (1,1) and wp =(0,1).

Answer to the questions b) and a) of Exercise I.

V - Production economy

Consider an economy with two consumers ¢ = A, B, one firm and two goods
I = 1,2. The individual endowments of A and B are w? = w? = (1/2,1/2).
The utility functions are:

uA(z‘f,z‘Qq) = Inz{ +Inzd,
u (@f.af) = @) @)

The firm produces good 2 using good 1 as input, the production function is
y2 = y/y1- The consumer B owns the firm (denote 7 the firm’s profit). Good 2
is the numeéraire good (i.e. py = 1).

a) Determine the demand for good 1 of the consumers and the firm.

b) Show that there is a unique equilibrium price p;.

¢) The production function is now y2 = y;. Determine the equilibrium (price
and allocation).

d) Consider the exchange economy consisting in the two consumers A and
B (in other words, eliminate the firm). Determine the equilibrium (price and
allocation).

e) Consider again the production economy (A, B and the firm). The pro-
duction function is now yo = y;/¢ (where ¢ > 0). Determine the values of ¢
such that the the firm is active at equilibrium (i.e. y; > 0) and the values of ¢
such that the firm is not active (hint: show that, for some values of ¢, there is
an excess demand of good 1 when the firm is active). Compare the equilibrium
of question d) with the equilibrium with the non active firm.

VI - Production economy with CRTS

Consider an economy with two consumers i = A, B, one firm (that produces
good 2 using good 1 as input) and two goods [ = 1,2. The consumer B owns the
firm (denote 7 the firm’s profit). Good 2 is the numéraire good (i.e. ps = 1).



a) Consider:

ua(xa) = xa1+Inzas and up (xp) = min(xp1,TpE2),
wa = (3,0) and wp =(0,3).

The production function is yo = ay; (with a > 0). Compute the equilibrium.
Does the consumption sector play a role in the determination of equilibrium
prices and allocation?

b) Consider:

ua(za) = xa1+4y/xa2 and up (zp) = xp1 + 2\/TB2,
wa = (4,12) and wp = (8,8).

The production function is yo = 3y;. Compute the equilibrium.

VII - Labor supply

Consider an economy with one consumer, one firm and two commodities:
a consumption good (its quantities denoted by z, its price by p) and labour
(its quantities denoted by [, its price by p). The endowment of the consumer
consists of one unit of labour. The utility function is:

u(z,1) = 2% + a(1 — 1)*/? with a > 0.

The technology of the firm is described by the production function: zy = \/E
The consumer owns the firm.

a) Determine the demand for good and the labor supply of the consumer
(denote 7 the firm’s profit); determine the labor demand and the supply of the
firm. Determine the equilibrium.

b) Assume that the labor supply can take two values only, namely [ = 0
or | =1 (the consumer decides either to work or not to work). Determine the
demand for good and the labor supply of the consumer (hint: compare the two
possible decisions of the consumer). Compare the MRS of the two points. Is
demand a continuous function of the price? Compute the equilibrium.

VIII - Labor supply 2

Consider an economy with 2 consumers ¢ = A, B, one firm and 2 commodi-
ties: a consumption good (its quantities denoted by z, its price by p) and labour
(its quantities denoted by [, its price by w). The endowment of each consumer
consists of one unit of labour. The utility functions are:

ua(ra,la) = za(l—14) wherexy >0and 0 <y <1,

ug(zp,lp) = xp wherezp > 0.

The technology of the firm is described by the production function: z; = \/ﬁ
Consumer B owns the firm.

a) Compute the supply and demand functions of the consumers and the
firm.

b) Prove that there exists a unique equilibrium price.



Solutions

I - Edgeworth Boxes
I give here elements that should allow you to solve Problem I. T don’t give
the exact solutions of all the examples suggested in Problem I.

a) My previous file "Edgeworth Boxes: Examples" partly provides the so-
lution of this question. In particular, it provides individual demands and equi-
librium in some examples where different cases needs to be distinguished (like
Z—; > a; or p1p2 # 0). Notice that the demand of a consumer with a CES utility

function u; (z;) = ((z1)™ + A; (xig)ai)l/ai and a wealth w; = p.w; is:
w;
Ti1 = 1o
) T—a;
p1+ D2 (L;fl)
w;
Ti2 = T .
) a;—1
p(52)"

b) I give you 3 ways of computing the PO allocations (they all require that
you can apply the Kuhn Tucker Theorem to a maximization problem).

The first way is the more general one. You choose one consumer ig, (I — 1)
parameters «; (for every i # ig) and you solve:

max u;, (i, ),
such that:

Vi # ig,u; (x;) > @; (utility constraints),

Vl,qu = 1 (resource constraints),
Vi,Vl,zy; > 0 (positivity constraints).

As usual, you can omit the positivity constraints (if you end up with a non
positive allocation, then you add the positivity constraints and you solve the
maximization problem again). The Lagrange multipliers associated with the
resource constraints are the shadow prices (see question ¢ below).

The solution of this problem is a PO allocation depending on the (I — 1)
parameters 4;. The set of PO allocations is the set of solutions of the problem
when (@), € R"™".

The second way is almost as general as the first one. You choose I non
negative parameters \; such that ) . \; = 1 and you solve:

max Z A (z4)



such that:

Vl,g x; = w (resource constraints),
i

Vi, Vl,z; > 0 (positivity constraints).

Again, you can omit the positive constraints (at least in a first round), and the
Lagrange multipliers associated with the resources constraints are the shadow
prices (see question c below).

e The reason why this second way is not as general as the first one is that the
objective Y. A;u; of the maximization problem needs to be quasi-concave
(in order for the Kuhn Tucker conditions to characterize the solutions of
the maximization problem). One always assumes that every wu; is quasi-
concave, but this does not imply that ) . \ju; is quasi-concave. Still,
when u; is concave (this is true for every usual utility function), >, Aju;
is quasi-concave (it is even concave). Hence, this restriction is a very small
one.

e The reason why you could prefer the second way to the first one is that
the parameters (A1, ..., Ar) make more sense than the parameters (u;),;
(1/); is the marginal utility of income, see Mas-Colell et alii, p 566)

The solution of this problem is a PO allocation depending on the I parame-
ters A;. The set of PO allocations is the set of solutions of the problem when
(A1, .-, A7) is in the simplex.

The third way is the simplest one. Still, this way concerns interior PO
allocations only (that is: x;; > 0 for every i and every [). I advise you to use
this way when you are not interested in corner PO solutions (notice that, in
many cases, you obtain corner PO allocations when you consider the closure
of the set of interior PO allocations, that is: corner PO allocations are on the
frontier of the set of PO allocations). If you need to carefully look at corner PO
allocations, use the second way above.

Interior PO solutions are the solution of the system of equations:

Vi,Vi',\VI,VI', MRS}, = MRS?}M

LYz = wi,

where M RSZ it is consumer 4’s marginal rate of substitution between goods [
and I’

c) Restrict attention to the case of an interior PO allocation z and C? utility
functions. The solution is then very simple: PO implies that the M RS; (z;) does
not depend on ¢. Define the relative price by Z—; = MRS; (z;). Furthermore, for
every i, w; = p.x; (give to ¢ what 7 needs to buy z;).

It is not necessary that you spend time to solve a more general case. You
may want to know that the solution in the general case is to write the FOC
of the maximization problem characterizing the PO allocations and to compute
the shadow prices (see the "first way" or the "second way" in question b above).



Lastly, I give you some useful insights on some other cases (it may be more
useful to understand these insights than to do the big computations in the
general case).

e In the case of a corner PO solution and C? utility functions, it is possible
that % # MRS, (x;) for a consumer ¢ with 2; = 0. For example, when
zi1 =0, B2 > MRS, (z;) is possible (but L < MRS; (z;) is not): ¢ finds
good 1 so expensive that he wants no good 1 (he would even take a "short
position" on good 1, z;; < 0, if he had the right to). Still, for ¢ such that
x; > 0 (that is: x; > 0 for every 1), Z—; = MRS; (z;).

e In the case of utility functions that are not C? (example: Leontief prefer-
ences), M RS; (x;) can be not uniquely defined (the tangent to the indiffer-
ence curve is not well defined). For example, for u; (z;) = min (z;1, @;z2),
a bundle z; such that x;; = a;x;2 can be optimal whatever the prices are
(for every price, define w; = p.x;). This is obvious on a figure: any buget
line through x; makes z; optimal.

IT - Exchange economies

a) Demand is z; = i e where individual wealth is
) ! PH—(%)QPQ7 (2?)2P1+P2>
w; = p.w;. Market clearing for good 1 writes ), x1; = wi. Hence, there is a

unique equilibrium price: g—; = Z’—f

An (interior) PO allocation is a solution of the system:

Vi,i'’, MRS; = MRSy,

ECL'Z':ZU.
i

Given that MRS; = ,/ ;’;‘1, we have that, at a given PO allocation x, the ratio

ff does not depend on ¢. Denote r this ratio (ze; = r21;). w2 = Y, To
implies then that wy = ZZ rry; = rwp and r = Z—f Hence, a PO allocation is
a feasible allocation such that Vi, xo; = rxy;. Recall that a feasible allocation
is an allocation satisfying the resource constraint ), z; = w. An interior PO
allocation is then any allocation such that ), ;1 = wy, and, for every i, xo; =

TX14.

b) Demand of : < T —11is z; = (2“’?, 27‘;2) with w; = p.w;. Furthermore,

xy = (O7 %) if £2 < 2, 2y is any bundle satisfying p.x; = wy if I2 =2, and
v = (2,0) if 2 > 2.

To solve for the equilibrium, distinguish between 3 cases: ;;—f < 2, g—f =2,
and g—f > 2.

P1w_r1+p2w_i2
2p1

2w —w_ . e .
PLW_nL — @idw@n 5 (), There is an equilibrium in this case
w12 W2 —Wi2

e In the case i—’:‘ < 2, market clearing for good 1 writes = w1,

and 22 =
p1

iff % < 2. This condition rewrites: wy; 4+ 2wy < 2wy — wj.



P2 D2

e In the case > 2, market clearing for good 2 writes = Z1—wn

watwr2
0. There is an equilibrium in this case iff ZL=<IL > 2  This condition

) wa2twr2
rewrites: wry + 2wy > wy — 2wo.

P1w_11+p2@w_12 _
Ty tITn =

+ w_jg), market clearing for good 2

e In the case Z—f = 2, market clearing for good 1 (

w11

wi) implies that z;; = wy — ( 5
(—plw”gf?w’” + 212 = w2) implies that 275 = s — (552 + 752) (zn
and xyo satisfy the budget constraint of I). There is an equilibrium in
this case iff 17 > 0 and zo; > 0. These 2 conditions rewrites:

wn +2wpp > 2wy —wr,

wr1 +2wry < wyp — 2wa.

Combining the 3 cases lead to the following conclusion: there is one equilib-
rium.

e If 209 > w1y, then this is either Z—? = % < 2 (when wyy + 2wy <
2t09 — wy) or % =2 (when wyy + 2wy > 2ws — wy).

e If 2005 < wq, then this is either % = % > 2 (when wyy + 2wy >
w1 — 2ws) or 1% =2 (when w4 2wre < wy — 2w3).

I first compute the interior PO allocations (this is not the answer to the
question). The interior PO allocations are the solutions of the system:

Vi,i', MRS; = MRSy,

Emi:w.
i

Given that MRSy = 1/2, these are the feasible allocations such that Vi <
I — 1,$2i = xli/2 (SO that Ty — W1 — Zi<171xi1 Z 0 and Toy — W2 —
%ZK[& x;1 > 0). The set of interior PO allocations is thus parametrized by
I — 1 parameters (z;1);,.;_;-

But, in the present case, it makes sense to ask whether there are PO solutions
with 17 = 0 or oy = 0 (you can guess it by looking at I’s demand). This is
why you are asked to compute all the PO allocations (including the corner
ones). To answer the question, you should apply the "second way" defined in
Problem I, question b). This is quite tedious but straightforward. I don’t do
these computations here, I only describe the solution in a (hopefully) intuitive
way:

e We already know the interior PO allocations. We now examine every
corner allocation to check which ones are PO.

e Consider an allocation with z;1 = 0 for some i < I — 1. PO of this
allocation requires ;2 = 0 (because u; (0,2;2) = 0, it is more useful to
give good 1 to someone else).

e Consider an allocation with x;,0 = 0 for some ¢ < I — 1. PO of this
allocation requires x;5 = 0 for the same reason as above.



e Consider an allocation with x;; = 0. PO of this allocation requires
MRS; = MRS, for every ¢,/ < I — 1. Denote r the common value

of these M RS. We have:
Vi < I- 1,$2i =Trxy;.

Given that ), , ; x;1 = @, we have:

Xoy = W — E Tijo = W — TIwy.
i<I—-1

Optimality requires M RS < r (interpret r as a relative price, the intu-
ition is similar to the one at the end of Problem I. z;; = 0 requires that
good 1 is less valuable for agent I than for agents ¢« < I — 1). Recall that

MRS = 1/2. Hence, the following allocations are PO:

Vi < I —1,39 =rxy,
11 = 0,

Tor = wg—rwp >0,

where 1/2 < r < wy/w; and (x;1);.,_, satisfies Y., ;zi = wi.

allocation of this kind exists if 1/2 > wq/w;.

e Analogously, the following allocations are PO:

. T2;
Vi < IT—1,21=—,
r
w2
1y = wi—— >0,
r
T2y = 07

where wsy/wy < r < 1/2 and (xﬂ)iglq satisfies Zigqui? = ws.

allocation of this kind exists if 1/2 < ws/w;.

e There is no other PO allocations.

IIT - Representative agent
a) We have:

p.w; p.W;
2 (Oéi —wit, (1 — ;) —wi2) )
P1 P2

7 (p' (2o viwi) o P 2 1 —ai)wi) w2> ’

P1 P2
p = W= D Wil
o= Lo cw Wil
> Qiwin

b) Excess demand is (ap'—w —wy, (1 —a) 2= — wQ), and we have:
P1 p2
1—a)w;
by = ¥7
atoo
w1

waps + w1



c) The two excess demand function are different. For example, equality
between the excess demand for good 1 requires:

. - QW5 .
wp Do) o pm
D1 P1

that is:
Vp, p. (Z aiwi> = p.aw.
i

This in turn implies that the two vectors (>, ajw;) and aw are equal, which is

not the case (except in some specific cases where Zl%:w” does not depend on
good 1).
We have (write @y =), wi1):

dp; 1—q;

dwii > diwiz

dy _ (1-a)

dwﬂ at9

* dp;
da (w2ps + @1) — @1 (wz df,)fl + 1)
dwpn (waps + w1)2 7

w2 (p* — dp; )
(wwaph + w1)2 2 dwi1

IV - Existence of equilibrium / strict monotonicity of preferences

A cares about good 1 only and B cares about good 2 only. Straightforwardly,
the unique PO allocation is 4 = (1,0) and 25 = (0, 2).

To show that there is no equilibrium, distinguish between 3 cases:

1

o If p1ps #0, then x4 = (plpﬂ,()>7 xp = (0,1) and the market for good 2

cannot clear.
e If py =0, then x 41 = +00 and the market for good 1 cannot clear.

o If po =0, then xp2 = +00 and the market for good 2 cannot clear.

V - Production economy

a) x4 solves maxy z,—w, A (Ta) With wa = pwa. Hence, x4 solves
1 _ [wa wa — (ws 3wp ;
MaXp. g 4 =w4 EXP (§u,4 (:16,4))7 and 14 = (2717%) rp = (E’W) with

wp = pwp + 7 (7 is the firm’s profit - that is not known yet). y = (y1,y2)
solves max,,— 7 P2y2 —p1y1. Equivalently, y; solves max pay/y1 —p1y1. Hence,

~ (=) and yo = (£2 ), and 7 = @
C 2p1 ) Y2 2p1 )7’ dp1 °

b) Market clearing for good 1 writes 214 + 215 +y1 = 1. This is an equation
with unknown g—f. This equation rewrites:

2
5(1”2) +622 _10=0.
D1 D1



The unique positive solution is % = @ (notice that market clearing for
good 2 writes x24 + xap = 1 + ya, but this is useless here).

¢) The important point in this question is that the firm can be inactive. We
proceed as usual: compute first agents’ behavior, write then a market clearing
equation and solve for the (relative) equilibrium price.

The firm’s profit is linear in y; (it is (p2 — p1) y1) so that the solution of profit
maximization is not the solution of the "simple" FOC ﬁ ((p2 —p1)y1) = 0.
The reason for this is that the positivity constraint y; > 0 cannot be omitted
in the present case (because this constraint can be binding at the solution:
y1 = 0 can be the solution of the maximization problem). To solve the profit
maximization, we can either write the Lagrangian ((p2 — p1) y1 + Ay1) and the
associated Kuhn and Tucker FOCs ((p2 — p1)+A =0,y >0, and Ay; =0) , or
we can draw the graph of the profit (p2 — p1) y1 (as a function of y;) and see the
solution on the figure (it is obvious). Firm’s behavior is described as follows:

e In the case py > p1, y1 = y2 = +o0o (and 7™ = +00),
e In the case ps < p1, y1 =y2 =0 (and 7 = 0),

e In the case po = p1, every y; > 0 is a solution: we always have yo = 11
and 7 = 0.

We now solve for the equilibrium. To this purpose, we consider the same 3
cases as above (the important case is the third case):

e In the case p2 > p1, y1 = +00 so that the market for good 1 cannot clear.
There is no equilibrium in this case.

e In the case pa < p1, y1 = 0 (and 7 = 0). Market clearing for good 1 writes
14 + z15 = 1. Solving this latter equation for g—j gives %’f = % > 1.
Hence, there is no equilibrium in this case.

e In the case py = p1, we compute £ 41 = %, rp1 = % (given that = = 0,
whatever y; is). Market clearing for good 1 writes x14 + z15 + y1 = 1.
This implies y; = i > 0. Hence, there is one equilibrium in this case (the
other components of the equilibrium allocation are o4 = %, Top = %,
Y2 = 7)-

Summing up, there is one equilibrium. At equilibrium, % =1 (the price is
determined by the constant marginal productivity of the firm - a standard result
in the case of linear technologies). Consumers’ demands are then determined
by the price. The firm’s behavior is chosen so that the markets clear (the firm
is indifferent between all the production levels).

d) Demands of A and B are already known (from question a). Market
clearing for good 1 writes 14 + 215 = 1. The equilibrium price is i—f = g The
equilibrium allocation is x4 = (%, %), rp = (%, %)

e) Reconsidering the above solution of question c¢) shows that £2 = ¢ at an

equilibrium with an active firm. At this price, z14 = % and 1 = %

that the market clearing for good 1 writes
5— 3¢

Y1 = s

SO

10



Given that % >0iff c < g, we have:

o If ¢ < %, then there is one equilibrium. At equilibrium, 22 = ¢ and

the equilibrium allocation is x4 = (11”, 12;“), rg = (1;'6,31 C), y =
(@ 5—36)
8 7 8 /°

o If c > g, then the above equation shows that the firm cannot be active
at equilibrium. Question d) shows that there is one equilibrium with an
inactive firm in this case.

To understand this result, recall that an active firm requires g—f = c¢. Hence,
at an equilibrium with an active firm, it must be the case that the marginal
productivity 1/c of the firm is so high that, when Z—f = ¢, consumers’ excess
demand for good 1 is negative (214 + 215 — 1 < 0) and consumers’ excess
demand for good 2 is positive (z24 + xop — 1 > 0), which implies that the
firm can use some units of good 1 to produce good 2. Question d) shows that
consumers’ excess demands are 0 when Z—f = % Hence ¢ < g is required for the
firm to be active.

VI - Production economy with CRTS
This problem is similar to Questions c, d, e in Problem V.

a) As a preliminary remark, notice that, because of the Leontief preferences
of B, it could make sense to consider the case p1ps = 0. But, as the preferences
of A are strictly monotonic, a zero price is not possible at equilibrium (a zero
price implies an infinite demand and the market cannot clear).

We have, with 7 = 0 (recall that 7 = 0 at equilibrium, whatever the firm’s

decision is):
raA = <27 pl) )
D2

< 3p2 3p2 )

rp = s .

P1+Dp2 P1+ P2

To solve for the equilibrium, we distinguish between 2 cases (active/inactive

firm).

In the case where the firm is active, we have f)—; = a at equilibrium. Hence,

TRl = 14%; and market clearing for good 1 requires

_a—2
T 144’

Y1

If a > 2, then there is one equilibrium in this case. If a < 2, then there is no
equilibrium in this case.
In the case where the firm is inactive, we have % > a at equilibrium. Market
clearing for good 1 requires Z—l = 2. There is an equilibrium in this case iff a < 2.
Summing up, there is one equilibrium. Equilibrium price is max (2, a) (equi-
librium allocation is straightforward).

11



b) We have, with 7 = 0 (recall that 7 = 0 at equilibrium, whatever the

firm’s decision is):
w 2 w
A—4pl,4<pl) if DA 4Pl >,
p1 b2 p2 b1 p2

rpa =
w
Ty = (O,A> otherwise,
P2
w 2 w
i B_pg(pl> g B P
p1 P2 \P2 p1 P2
w
rp = (0,B> otherwise,
b2

with w; = p.Wj.

To solve for the equilibrium, we distinguish between 2 cases (active/inactive
firm).

In the case where the firm is active, we have z—; = 3 at equilibrium. Hence,
za = (0,24), zp = (£,9), and market clearing implies (y1,72) = (%,13).
There is one equilibrium in this case.

In the case where the firm is inactive, we have % > 3 at equilibrium. I give
two solutions of this case. The first solution is the one that comes to mind first
in this kind of problems (at least, to my mind). It consists in 2 subcases:

e Check that there is no equilibrium with 41 > 0 and xp; > 0. To this

2
purpose, write the market clearing equation for good 2, that is 5 (%) =

20. This implies i—; = 2, which is a contradiction (we are in the case
BL>3).

e Check that there is no equilibrium in the 3 other cases (41 = 0, xg; = 0),
(:CAl >0,z = 0) and (.1:,41 =0,zp > 0)

The second solution is shorter (but it probably takes more time to think of

it). 2 > 3 implies:
w 2
wa _p_p2 <m+3_ (pl> )
b1 p2 b1 \ P2 P2

Consider the polynomial of degree 2 P [X] = —X? + X — 3. We have P[3] <0
and P’ [3] <0, so that P[X] < X for every X > 3. Hence,

2
BA 4P yP2 (7’1+3—<pl> ) <o.
D1 b2 P1 \ P2 D2

It follows that x 41 = 0. Market clearing for good 1 then requires Z—f — b =12,

P2

that is )

<pl> w4t g
D2 P2

The unique positive root of this polynomial is 2v/3 — 2 < 3. Hence, there is no
equilibrium in this case.

12



VII - Labor supply
a) Firm’s decision is:

oo (PN P P
P~ \aw = =

Consumer’s demand solves max,; 4 (1—1)—=w+r ¢ (2,1). Solution is

w4+ T
r = —,

p+w ()
| = 1_(@)2 wrr _1-(8)°(2)°
- w/ optw(e)? 1+a’l

2/3

when [ > 0 in the above expression (that is % > (%) ). Otherwise, solution

isz= - and [ =0.

We first chech that there is no equilibrium with % < (%)2/ St

then market clearing for the labor market writes [ = [, that is:
. . 2/3
which contradicts % < (%) .

In the case % > (%)2/ 3, market clearing for the labor market writes [ = Iy,

that is: s
4(“’) ~ Y 9g2 0.
P p

This polynomial P of degree 3 (with variable ) has a unique positive root
(there are many ways to show this property. For example, P’ (0) < 0 and
P (0) < 0). Hence, there is a unique equilibrium (the equilibrium price is the
positive root, equilibrium allocation is computed straightforwardly).

b) If I = 0, then the budget constraint implies z = % and u (z,0) = \/g—t—a.
If { = 1, then the budget constraint implies that x = “’TT” and u (x,1) = ,/%tT,

P
Hence, consumer’s behavior is

2
(z,1) = <7T,O> whenw<(1lﬂ+a) ,f’
p p p p

w+ T w ™ 2 ™

(x,l) = ,1] when — > —+a] ——.

p p p p

The demand z is not continous as a function of the real wage *.

To solve for the equilibrium, notice that [ = 0 is not compatible with equi-
librium (the labor market cannot clear, see question a) above). Furthermore,
an equilibrium with [ = 1 is such that Iy = 1, that is % = % This im-
plies that % = % Hence, there is an equilibrium as soon as the condition

P
a involved in the disutility of labor is small, so that the consumer accepts to
work).

2
> (\/% + a) — Z holds. This condition writes: a < 1 — \/g (the coefficient

VIII - Labor supply 2
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a) Firm’s decision has been computed in Problem VII. Consumers’ decisions
are:

w I 1
x = — = —.
A 2p7A 2
rgp = w+7T,lB:1.
p

To compute quickly (x4,l4), consider the budget constraint prs = wls and
write ua = 214 (1 —14). Maximizing l4 (1 —l4) shows I, = 1/2 (this is a
simple non constraint optimization problem with one variable only).

b) Market clearing for labor writes 4 + Ip = ly, that is Iy = % The
expression of [y implies ¥ = 6~1/2. There is a unique equilibrium, the allocation

is computed straightforwardly.
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