DYNAMIC OF THRESHOLD SOLUTIONS FOR ENERGY-CRITICAL NLS

THOMAS DUYCKAERTS AND FRANK MERLE

ABSTRACT. We consider the energy-critical non-linear focusing Schrédinger equation in dimen-
sion N = 3,4,5. An explicit stationnary solution, W, of this equation is known. In [KMO6],
the energy E(W) has been shown to be a threshold for the dynamical behavior of solutions of
the equation. In the present article, we study the dynamics at the critical level E(u) = E(W)
and classify the corresponding solutions. This gives in particular a dynamical characterization

of W.
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1. INTRODUCTION

We consider the focusing energy-critical Schrodinger equation on an interval I (0 € I)
{ i+ Au+ |[ufPelu =0, (t,z) e I xRY

71
Urtz():UOEHa

(1.1)

where
N +2

N e {3,4,5 =
6{77}7 Pe N _9

W

22
25
34
40
46

and H' := H'(RY) is the homogeneous Sobolev space on RY with the norm HfH?{l = [|Vf]%
The Cauchy problem for (1.1) was studied in [CW90]. Namely, if ug is in H', there exists an

unique solution defined on a maximal interval I = (—T_,T), such that
J €I = |ullgsy <oo, S(J):=L%(JxRY),
and the energy
B(u(0) = ;5 [ Vut.0)Pde - o fult. ) da
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is constant (here 2* := % = p. + 1 is the critical exponent for the H'-Sobolev embedding in

RM). In addition, u satisfies the following global existence criterium:
T} < oo = |ullso1y) = oo

Moreover, solutions of equation (1.1) are invariant by the following transformations: if u(t, z) is
such a solution so is

etfo to+t x4+ x9

U )
NOEE ( 2 X

), (90,)\0,750,.%0) € R x (0,00) x R x RV,

Note that these transformations preserve the S(R)-norm, as well the H'-norm, the L?"-norm
and thus the energy. '
An explicit solution of (1.1) is the stationnary solution in H! (but in L? only if N > 5)

1

(1.2) W =

(1+ w3 )N;Q
N(N=2)

The works of Aubin and Talenti [Aub76, Tal76], give the following elliptic characterization of
W

(1.3) Vue HY,  |lul|per < Cnllull g

T+
(L4) lulzze = Cnllulln = 3 Mo,z0.20 u(x) = 20W (5=2),

Ao

where C is the best Sobolev constant in dimension N.
In [KMO6], Kenig and Merle has shown that W plays an important role in the dynamical
behavior of solutions of Equation (1.1). Indeed, E(W) = W is an energy threshold for the
N

dynamics in the following sense. Let u be a radial solution of (1.1) such that
(1.5) E(up) < E(W).

Then if [Juo|| ;1 < ||W]| 1, we have

(1.6) Ty =T- = oo and [lullgmw) < oo.

On the other hand if |Jug|| g1 > [|[W|| g1, and ugp € L? then

(1.7) T, <ooand T_ < oo.

Our goal is to give a classification of solutions of (1.1) with critical energy, that is with initial
condition such that

ug EHl, E(’u,()) :E(W)
A new example of such a solution (not satisfying (1.6) nor (1.7)) is given by W. We start with

the following theorem, which shows that the dynamic at this critical level is richer, in the sense
that there exists orbit connecting different types of behavior for ¢ > 0 and ¢ < 0.



DYNAMIC FOR ENERGY CRITICAL NLS 3

Theorem 1. Let N € {3,4,5}. There exist radial solutions W~ and W7 of (1.1) such that

(1.8) E(W)=EW")=EW"),

(1.9) T (W) =Ty (W) = 400 and lim WE(t) =W in H,
(1.10) W0 < W lgn, T-(W7) =00, [[W|ls((—s00) < 0
(1.11) HW+HH1 > |Wl| g, and, if N =5, T_(WT) < +oo.

Remark 1.1. As for W, W (t) and W~ (¢) belongs to L? if and only if N = 5. We still expect
T_(W*) < 400 for N = 3,4.

Our classification result is as follows.

Theorem 2. Let N € {3,4,5}. Let ug € H' radial, such that

1

(1.12) E(ug) = E(W) = NoT

Let u be the solution of (1.1) with initial condition uy and I its maximal interval of definition.
Then the following holds:
1
(a) ]f/]Vu0|2 < /\VW|2 =N then I = R. Furthermore, either w = W~ up to the
N
symmetry of the equation, or ||ul|gm) < oo.

(b) If/ |Vug|? = / VW |? then uw =W up to the symmetry of the equation.

(c) If / |Vuo|? > /\VW\Q, and ug € L? then either u = W up to the symmetry of the
equation, or I is finite.

The constant Cly is defined in (1.3). In the theorem, by u equals v up to the (H'=)symmetry
of the equation, we mean that there exists tg € R, g € R, A\g > 0 such that

etfo to+t =« etfo to—t «x
u(t,x) = v ,— | orwu(t,xz) = v ,— .
(t,z) )\(()N—2)/2 ( )\g )\0> (t,2) )\éN—Q)/Q ( )\% )\0)

Remark 1.2. Case (b) is a direct consequence of the variational characterization of W given
by Aubin and Talenti [Aub76], [Tal76]. Furthermore, using assumption (1.12), it shows (by

continuity of u in H') that the assumptions /Vu(to)2 < /\VWF, /\Vu(to)\2 > /]VW]Q

do not depend on the choice of the initial time tg. Of course, this dichotomy does not persist
when E(ug) > E(W).

Remark 1.3. In the supercritical case (c), our theorem shows that in dimension N = 3 or
N = 4, an L%-solution blows up for negative and positive times. We conjecture that case (c)
holds without the assumption “ug € L?”, i.e. that the only solution with critical energy such
that [ |[Vuo|?> > [ |[VW|? and whose interval of definition is not finite is W up to the symmetry
of the equation.

Remark 1.4. We expect that the extension of the results of [KMO06] to the non-radial case,
together with the material, in this paper would generalize Theorem 2 to the non-radial case.
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From [Bou99a, Bou99b], we know that a solution such that ||u||gr) < co scatters in H' at
+oo. Cases (a) and (b) of Theorem 2 shows:

Corollary 1.5. Up to the symmetry of the equation, W is the only radial solution such that
E(ug) = E(W) and [|Vuo|?> < [|[VW|* which does not scatter in H' for neither positive nor
negative times.

The behavior exhibited here for H!-critical NLS is the analogue of the one of the L?-critical
NLS. For this equation, Merle has shown in [Mer93] that a H!-solution u(t) at the critical level
in L? and such that zu € L? is either a periodic solution of the form e**Q, an explicit blow-up
solution converging to () after rescaling or a solution scattering at +oo.

The outline of the paper is as follows. In Section 2, we use arguments of [KMO06] to show
the compactness, up to modulation, of a subcritical threshold solution of (1.1) such that
]l $(0,400) = 00 (case (a) of Theorem 2). Section 3 is devoted to the proof of the fact that
such a solution converges to W as t — 4o0o0. In Section 4, we show a similar result for L2
super-critical solutions of (1.1) (case (c)). The last ingredient of the proof, which is the object
of Section b5, is an analysis of the linearized equation associated to (1.1) near W. Both theorems
are proven in Section 6.

2. COMPACTNESS PROPERTIES FOR NONLINEAR SUBCRITICAL THRESHOLD SOLUTIONS

In this section we prove a preliminary result related to compactness properties of threshold
solutions of (1.1), and which is the starting point of the proofs of Theorems 1 and 2. It is
essentially proven in [KMO06], Proposition 4.2. We give the proof for the sake of completeness.

If v is a function defined on RY, we will write:

(2.1) Ure) () = WU <)\0> » Vlgo, o] = € OWU </\0> :

Proposition 2.1 (Global existence and compactness). Let u be a radial solution of (1.1) and
I = (T_,T,) its maximal interval of existence. Assume

(2:2) E(uo) = E(W),  luoll g <[[Wllg -
Then
I=R.
Furthermore, if [[ul|5(0,4+00) = 00, there exists a map A defined on [0,00) such that the set
(2.3) Ky = {U[A(t)} (t), te [0, +OO)}

is relatively compact in H*. An analogous assertion holds on (—0,0].

As a corollary we derive the existence of threshold mixed behavior solutions for (1.1) in the
subcritical case in H'-norm.

Corollary 2.2. There exists a solution w™ of (1.1) defined for t € R, and such that
E™) =EW), [lw”(0)lgz <[Wlm

W™ [5(0,400) = 005w |l 5(=00,0) < 0©-
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The crucial point of the proofs of Proposition 2.1 and Corollary 2.2 is a compactness lemma for
threshold solutions of (1.1) which is the object of Subsection 2.2. We give a sketch of the proof,
which is essentially contained in [KMO06], and refer to [KMO6] for the details. In Subsections 2.3
and 2.4, we prove respectively Proposition 2.1 and Corollary 2.2. We start with a quick review
of the Cauchy Problem for (1.1).

2.1. Preliminaries on the Cauchy Problem. In this subsection we quickly review existence,
uniqueness and related results for the Cauchy problem (1.1). See [KMO06, Section 2| for the
details. In the sequel, I > 0 is an interval. We first recall the two following relevant function
spaces for equation (1.1):

2N+2) N 2N+2) IN(N+2)
(2.4) S(I) = L 52 (I x R ) Z(I) = L N2 (I; L 7% )
Note that Z(I) is a Strichartz space for the Schrodinger equation, so that
(2.5) €2V uo| 2y < Clluoll g

and that by Sobolev inequality,

(2.6) 1fllsry < ClIV £l zr)-

Following [CW90], we say that v € CO(I, H'(RN)) is a solution of (1.1) if for any J € I,
u e S(J), |Vu| € Z(J) and

. t .
Viel, u(t)=e"ug+ z/ =98y (s) e u(s)ds.
0

The following holds for such solutions.

Lemma 2.3.

(a) Uniqueness. Let u and @ be two solutions of (1.1) on an interval I > 0 with the same
initial condition ug. Then u = .

(b) Existence. For ug € H*, there exists an unique solution u of (1.1) defined on a mazimal
interval of definition (—T—(up), T+ (up)).

(c) Finite blow-up criterion. Assume that Ty = T} (ug) < oo. Then |[ullgo.r,) = +o0. An
analogous result holds for T—(ug).

(d) Scattering. If T' (ug) = o0 and |[ul|g([0,+00)) < 00, there exists uy € H' such that

: itA
Jim_fu(®) = €y g1 =

(e) Continuity. Let @ be a solution of (1.1) on I 5 0. Assume that for some constant A > 0,
sup [|a(t)[| g2 + |alls(ry < A.
tel
Then there exist €9 = €9(A) > 0 and Cy = Cy(A) such that for any ug € HY with

|tig — uol|| ;1 = € < €0, the solution w of (1.1) with initial condition ug is defined on I
and satisfies ||ull gy < Co and supsey [|u(t) — a(t)|| ;1 < Coe.

(See [CW90], [Bou99b], [TV05], [KMOG].)
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Remark 2.4. Precisely, the existence result states that there is an €9 > 0 such that if
it A
(2.7) Hel UOHS(I) =€ < €p,

then (1.1) has a solution u on I such that [|ul|g) < 2e. In particular, by (2.5) and (2.6), for
small initial condition in H*, u is globally defined and scatters.

2.2. Compactness or scattering for sequences of threshold H'-subcritical solutions.
The following lemma (closely related to Lemma 4.9 of [KMO06]) is a consequence, through the pro-
file decomposition of Keraani [Ker01] (which characterizes the defect of compactness of Strichartz
estimates for solutions of linear Schrédinger equation), of the scaterring of radial subcritical so-
lutions of (1.1) shown in [KMO6].

Lemma 2.5. Let (u),en be a sequence of radial functions in H*' such that
(2.8) Vi, B(u) < EW), [lul]l e < IWllg -
0

Let u,, be the solution of (1.1) with initial condition u, . Then, up to the extraction of a subse-

quence of (un)n, one at least of the following holds:
(a) Compactness. There exists a sequence (M) such that the sequence ((ug)[,\n])n con-
verges in Hl;
(b) Vanishing fort > 0. For everyn, u, is defined on [0,400) and nEIJIrlOO [unlls(0,400) = 05

(¢) Vanishing fort < 0. For everyn, uy, is defined on (—oo,0] and lirf [tnlls(—o0,0) = 0
n—-roo

(d) Uniform scattering. For every m, uy is defined on R. Furthermore, there exists a
constant C independent of n such that

|unllsw) < C-

Sketch of the proof of Lemma 2.5. We will need the following elementary claim (see [KMO06,
Lemma 3.4]).

Claim 2.6. Let f € H' such that ||f|| 1 < ||[W| 1. Then

171, _ B
Wi, = EW)’

In particular, E(f) is positive.

Remark 2.7. Clearly, ||u(t)
satisfying (2.2),

||12LI1 > 2F(u(t)), so that Claim 2.6 implies that for solutions of (1.1)

3C >0, V¢, C7Hu®)lF < E(u(t) < Cllul)|F-

Proof. Let ®(y) = %y — g—ivyT/Q. Then by Sobolev embedding

*

1 1
@(I11) < 5 1 — 52 1712 = ECP)
Note that ® is concave on Ry, ®(0) = 0 and @ ||W||12LI1 ) = E(W). Thus
Vs € (0,1), ®(s|W3H) > s@([W|3) = sE(W).

2
/1%

2
W1l

Taking s = yields the lemma. g
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By the lemma of concentration compactness of Keraani (see [Ker01]), there exists a sequence
(Vj)jen of solutions of Schrédinger linear equation with initial condition in H 1 and sequences
(Ajnstin)nens, Ajn > 0, tjn, € R, which are pairwise orthogonal in the sense that

. )\kzn >\ ’tjn - tk;n|
k= lim kg 2n oy Ve = el
JFk = e e T e T 2 oo
such that for all J
J .y
(2.9) ZV] Sin) Al +w!, with Sjn = )\Tjn,
j=1 n
it A J
(2.10) JETOO lﬁiup e 2wy sy =0,
2 2
(2.11) |ud || = Z V1% + |wil|| 1 + o(1) as n — +oo,
j=1
J
(2.12) ZE (8jn)) + E(w;)) + o(1) as n — +oo.

=1

<.

If all the V;’s are identically 0, then by (2.10), ||e®*Au2 nlls(r) tends to 0 as n tends to infinity, and
the sequence (uy, ), satisfies simultaneously (b), (c¢) and (d). Thus we may assume without loss
of generality that 1} # 0. Furthermore, by assumption (2.8) and by (2.11), [|[V;|l 41 < [[W]|
and for large n, ||[wy|| ;1 < |[|[W|| g1, which implies by Claim 2.6 that the energies E(V;(s;»)) and
E(w]) are nonnegative, and thus that E(V;(s;,)) < E(W). Extracting once again a subsequence
if necessary, we distinguish two cases.

First case:

n—-+00
By assumption (2.8) and by (2.12) (all the energies being nonnegative for large n), E(V;(sjn))
(j > 2), and E(w;) tend to 0 as n tends to infinity. Thus by Claim 2.6 , for j > 2, V; = 0, and

w;) = w} tends to 0 in H'. As a consequence

ug = V1(81n)[/\1n} +0(1) in H' n— +oo.

Up to the extraction of a subsequence, sy, converges to some s € [—o0o, +o0]. If s € R, It is easy
to see that we are in case (a) (compactness up to modulation) of Lemma 2.5. If s = 400, then
limy, 4 o0 ||eitAu2H5(07+oo) = 0, so that by existence theory for (1.1) (see Remark 2.4) case (b)
holds. Similarly, if s = —oo case (c¢) holds.

Second case:
(2.13) Jeq, 0 < e1 < E(W) and Vn, E (Vi(s1n)) < E(W) — ;.

Here we are exactly in the situation of the first case of [KM06, Lemma 4.9]. We refer to the
proof of this lemma for the details. Recall that for large n, all the energies are nonnegative in
(2.12). Thus, in view of (2.12) (and of Claim 2.6 for the second inequality)
(2.14) limsup E(Vj(sjn)) < e1 < EW), Vi)l < [Wllg -

n—-+4oo
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Furthermore by assumption (2.8) and by (2.11)

(2.15) o Vilsin) Il < W3-
Jj>1
Thus, according to the results of [KMO06] and the Cauchy problem theory for (1.1), u is, up

n
to the small term w;], a sum (2.9) of terms U]Qn = Vj(sjn)p;,) that are all initial conditions
of a solution Uj, of (1.1) satisfying an uniform bound |Ujn|s®) < ¢; (with Zc? finite by
(2.15)). Using the pairwise orthogonality of the sequences (\jn,tjn)nen=, together with a long-
time perturbation result for (1.1), it is possible to show that for some constant C' independant

of n,

unlls®) < C,
that is that case (d) of the Lemma holds. Up to the technical proof of this fact, which we omit,
the proof of Lemma 2.5 is complete. U

2.3. Compactness up to modulation and global existence of threshold solutions. We
now prove Proposition 2.1.

Step 1: compactness. We start by showing the compactness up to modulation of the threshold
solution u. In Step 2 we will show that u is defined on R.

Lemma 2.8. Let u be a solution of (1.1) of mazimal interval of definition [0,T}) such that
E(ug) = E(W), |luoll g < Wz and

lulls(0,1y) = +00.

Then there exists a function X on [0,Ty) such that the set
(2.16) Ky = {upp(t), t €[0,T4)}
is relatively compact in H*.

Proof. The proof is similar to the one in [KMO06]. The main point of the proof is to show that for
every sequence (t,)n, tn € [0,7), there exists, up to the extraction of a subsequence, a sequence
(An)n such that (upy,)(t,)) converges in H'. By continuity of u, we just have to consider the
case limy, ¢, = T%.

Let us use Lemma 2.5 for the sequence u) = u(t,). We must show that we are in case
(a). Clearly, cases (b) (vanishing for ¢ > 0) and (d) (uniform scattering) are excluded by the
assumption that [ul|g(r,) is infinite. Furthermore, |lulls(o,) = l|unlls(=t.,0) (Where uy is the
solution of (1.1) with initial condition uJ) so that case (c) would imply that ||us(,,) tends
to 0, i.e that w is identically 0 which contradicts our assumptions. Thus case (a) holds: there
exists, up to the extraction of a subsequence, a sequence (Ay), such that (u[)\n} (tn))n converges.

The existence of A(t) such that the set K, defined by (2.16) is relatively compact is now
classical. Indeed

(2.17) vt e [0,T4), 2B(W)=2E(u(t)) < [lu(®)lF: < IIWIG: -
Fixing ¢ € [0,T%), define

(2.18) A(t) := sup {)\ >0, s.t. /| s \Vul?(t, z)dx = E(W)} .
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By (2.17), 0 < A(t) < oo. Let (tn)n be a sequence in [0,7%). As proven before, up to the
extraction of a subsequence, there exists a sequence (A, ), such that (up, (tn))n converges in

H' to a function vy of H'. One may check directly, using (2.17), that for a constant C' > 0,
C I \(t) < A < CA(tn),

which shows (extracting again subsequences if necessary) the convergence of (upy(,)(tn)), in
H'. The compactness of K is proven, which concludes the proof of Lemma 2.8. O

Step 2: global existence. To complete the proof of Proposition 2.1, it remains to show that the
maximal time of existence T = T (up) is infinite. Here we use an argument in [KMO06]. Assume

(2.19) T, < oo,
and consider a sequence t, that converges to T';. By the finite blow-up criterion of Lemma 2.3,

lulls(0,r,) = +oo. By Lemma 2.8, there exists A(t) such that the set K defined by (2.16) is

relatively compact in H'.

If there exists a sequence (t,), converging to T’ such that A(¢,) has a finite limit Ay > 0, then
it is easy to show, using the compactness of (U[A(tn)} (t"))n and the scaling invariance of (1.1)
that w is defined in the neighborhood of T, which contradicts the fact that T is the maximal
positive time of definition of w. Thus we may assume

2.2 lim A(t) = +oo.
(2.20) Jm A(t) = +oo

Consider a positive radial function 1 on R¥, such that ¢ = 1 if |#| < 1 and ¥ = 0 if |z| > 2.
Define, for R > 0 and ¢ € [0,T),

Fr(t) := /RN \u(x)\%z)(%)dx.

By (2.20), the relative compactness of K, in H' and Sobolev inequality, for all 7y > 0,
f‘$|>r0 lu(z,t)|?" dr tends to 0 as t tends to T'.. Thus, by Holder and Hardy inequalities

(2.21) lim Fr(t) = 0.

t—T

Using equation (1.1), Fj(t) = 2 Im [ u(z)Vu(z)(Ve) (%) dz, which shows (using Cauchy-Schwarz
and Hardy inequalities) that |Fp(t)] < C Hu(t)||1271 < Cy, where Cjy is a constant which is inde-
pendent of R. Fixing ¢ € [0,7}), we see that

(2.22) YT € [0,Ty), |Falt) — Fa(T)| < Colt - T).

Thus, letting 7" tends to T, and using (2.21), |Fr(t)| < Co|t — T |. Letting R tends to infinity,
one gets that u(t) is in L?(R"Y) and satisfies

/ lu(z, )2z < Clt — T4 .
RN
By conservation of the L? norm, we get that ug = 0 which contradicts the fact that E(ug) =

E(W). This completes the proof that Ty = +oo. By a similar argument, 7 = —oo. The proof
of Proposition 2.1 is complete. O
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2.4. Existence of mixed behavior solutions. We now prove Corollary 2.2.
Let 00 = (1 - %)W and v, the solution of (1.1) with initial condition v2. One may check
that |03 ;1 < |[W/|; and E(vd) < E(W). By the results in [KMOG]
Ty (vy) =T-(v) =00, [[vnllsm) < 0.
Since |[|[W{|g@®) = 00, [|[vn]ls(r) tends to +oo by Lemma 2.3 (e). Chose t, such that the solution
Un(-) = vp(- +t,) of (1.1) satisfies

(2.23) el 5(-o00,0) = 1.
Therefore
(2.24) lunlls,+00) | =7 00

Let us use Lemma 2.5. By (2.23) and (2.24), cases (b), (c) and (d) are excluded. Extracting
a subsequence from (up)n, there exists a sequence (M), such that (u,)p,) converges in H'.
Rescaling each u,, if necessary (which preserves properties (2.23) and (2.24)), we may assume
that the sequence (u%)n converges in H' to some wy . Let w™ be the solution of (1.1) such that
w™(0) = wy . Clearly
E(wy) = EW), wg || < Wiz
Thus by Proposition 2.1, w™~ is defined on R.
Fix a large integer n. By (2.23) and Lemma 2.3 (e) with I = (—00,0], @ = uy, and ug = wy

implies

[w7 [ 5(=00,0) < 00-
Assume that [|w™ || g(0,400) is finite. Using again Lemma 2.3 (e) with I = [0, +00), & = w™, and,
ug = un(0), we would get that [|un | s(0,400) is bounded independently of n, contradicting (2.24).
Thus

W™ || 5(0,4-00) = 00
The proof is complete. O

Remark 2.9. The above proof gives a general proof of existence of a mixed-behavior solution
at the threshold. In Section 6, we will give another proof by a fixed point argument, which
although works in the supercritical case ||uol| ;1 > ||W /|1

3. CONVERGENCE TO W IN THE SUBCRITICAL CASE

In this section, we consider a threshold subcritical radial solution u of (1.1), satisfying
2 2
(3.1) E(uo) = EW),  [luollzn < [IW i3
(3.2) [l 5(0,4+00) = +00.
We will show:

Proposition 3.1. Let u be a radial solution of (1.1) satisfying (3.1) and (3.2). Then there
exist Og € R, po > 0 and ¢,C > 0 such that

vt >0, Hu(t) - W[@o,/lo}HHl < Ce .
(See (2.1) for the definition of Wig, ,.1). As a corollary of the preceding proposition and a

step of its proof we get the following result, which completes the proof of the third assertion in
(1.10) of Theorem 2.
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Corollary 3.2. There is no solution u of (1.1) satisfying (3.1) and

(3.3) [ull 5(=00,0) = llull 5(0,400) = F00.
Let

(3.4) d(f) = [1£1% = W]

The key to proving Proposition 3.1 is to show

(3.5) tl}inood(u(t)) = 0.

Our starting point of the proof of (3.5) is to prove the existence of a sequence t,, going to infinity
such that d(u(t,)) goes to 0 (Subsection 3.1). After giving, in Subsection 3.2, some useful results
on the modulation of threshold solutions with respect to the manifold {Wy ), p > 0, 6 € R},
we will show the full convergence (3.5) and finish the proof of Proposition 3.1 and Corollary 3.2.

3.1. Convergence to W for a sequence.

Lemma 3.3. Let u be a radial solution of (1.1) satisfying (3.1), (3.2), and thus defined on R
by Proposition 2.1. Then

T
(3.6) lim / d(u(t))dt = 0.
0
Corollary 3.4. Under the assumptions of Lemma 3.3, there exists a sequence t, — 400 such

that d(u(ty)) tends to 0.

Proof of Lemma 3.3. Let u be a solution of (1.1) satisfying (3.1) and (3.2). According to Propo-
sition 2.1, there exists a function A(¢) such that K, := {u[A(t)] (t), t > 0} is relatively compact

in H'.
The proof take three steps.
Step 1: wirial argument. Let ¢ be a radial, smooth, cut-off function on R" such that
pla)=laf*, 0< |2 <1, p(a) =0, |2| > 2.
Let R > 0 and ¢r(z) = R*p(%), so that ¢r(z) = |z|* for |z] < R. Consider the quantity
(which is the time-derivative of the localized virial)

Ggr(t) == QIm/u(t)Vu(t) -Vor, teR

Let us show

(3.7) 30, >0, Vt € R, |GR(t)] < C.R?,

(3.8) Ve >0, 3p- >0, VR >0, Vt >0, RA(t) > p. = Gr(t) > N
Using that || < 2R on the support of ¢r and that |Vegr| < CR, we get

vVt eR, |Gr(t)| < CR? /RN ‘:1U||u(t)||Vu(t)| < CR? (/RN |Vu(t)]2) " </RN |xl|2|u(t)2> "
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which yields (3.7), as a consequence Hardy’s inequality and |[u(t)|| ;1 < [[W]|z:. To show (3.8),
we will use the compactness of K . By direct computation
16

(39) Calt) = ssdu(t) + An(u(t),
where

o d*or _
(3.10) Ag(u) = /x|2R|8ru|2<4 02 —8)7“N Lar

. 4
+/ |u]2 (—A(pR—l—8> rN_ldr—/|u!2(A2¢R)rN_1dr.
|z|>R N

Indeed, an explicit calculation yields, together with equation (1.1)

1
2d *
/’au d902R rNldr — /|u|2 (ApRr)r N=lgp — /u| Nﬁldr
r

—8 (/N [Vu(t))? — /RN \u(t)!2*> + Ar(u(?)),

and as a consequence of assumption (3.1), [[Vu(t)|* — [ |u(t)[* = 525d(u(t)) which yields
(3.9). According to (3.9), we must show
(3.11) Ve >0, 3p. >0, VR >0, Vt >0, RA(t) > p. = |[Ar(u(t))| <e.

We have |02pr| + |Apg| < C and |A2%pg| < C/R?%. Thus by (3.10),

[Ar(u(t))] < / Vu(t, 2)]* + fu(2)* + |561|QIU(t, z)[*dz

|z|>

2 2%
(312)  |Ag(u(®)] < / V(692 + uae )
ly|>RA(t)

+|7‘U[)\ t,y)’2d$,

The set K, being compact in H', we get (3.11) in view of Hardy and Sobolev inequalities. The
proof of (3.8) is complete

Step 2: a bound from below for \(t). The next step is to show

(3.13) lim V() =
t—+o0
We argue by contradiction. If (3.13) does not hold, there exists t,, — +oo such that
(3.14) hm VinA(tn) = 10 < 0.
n—-4oo

Consider the sequence (vy,),, of solutions of (1.1) defined by

1 T Y >

3.15 on(1y) = ———u(ty + )

(3.15) n(ny) =S e < " ) M)

By the compactness of K ;, one may assume that (vn (0))n converges in H' to some function vg.
Let v(7) be the solution of (1.1) with initial condition vy at time 7 = 0. Clearly E(vg) = E(W)
and |lvol| g1 < [|[W|| 1. From Proposition 2.1, v is defined on R. Furthermore, by (3.14) and the
uniform continuity of the flow of equation (1.1) (Lemma 2.3 (e))

(3.16) hrf} On (=N (tn)tn) = v(—70), in H'.

n—
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By (3.15),

1

Assumption (3.14) implies that A(t,) tends to 0, which shows that v, (—A2(t,)t,) — 0 weakly
in H', contradicting (3.16) unless v(—7p) = 0. This is excluded by the fact that E(v(—79)) =
E(W), which concludes the proof of (3.13).

Step 3: conclusion of the proof. Fix ¢ > 0. We will use the estimates (3.7) and (3.8) of Step 1
with an appropriate choice of R. Consider the positive number p. given by (3.8). Take ¢y and
My such that

20*53 =g, M0€0 = Pe;
where C is the constant of inequality (3.7). By Step 2 there exists ¢y such that

Vt>to, At) >

SIE

Consider, for T' > tg
R = 60\/?.
If t € [to, T], then the definitions of R, My and to imply RA(t) > eoﬁ% > pe. Integrating
(3.8) between ty and 7" and using estimate (3.7) on Gg, we get, by the choice of 9 and R
16 g 2 2 € 2
s /to ()t < 202 + €T —to) < 20K 4 T < SeAT 4T < 2T,

Letting T' tends to +oo,
N -2

1 [T
limsup/ |d(u(t))|dt < g,
0

T—~+o00 T
which concludes the proof of Lemma 3.3. O

3.2. Modulation of threshold solutions. Let f be in H' such that E(f) = E(W). The
variational characterization of W [Aub76, Tal76, Lio85] shows

i [fipyg = Wl < 2(@(7), Jim 2(5) =0,

>0
where d(f) is defined in (3.4). We introduce here a choice of the modulation parameters 6 and
p for which the quantity d(f) controls linearly || fis,,) — W ||z and other relevant parameters of
the problem. This choice is made through two orthogonality conditions given by the two groups
of transformations f — e f, # € R and f — J{u)» # > 0. This decomposition is then applied to
solutions of (1.1). Let us start with a few notations.

Since W is a critical point of F, we have the following development of the energy near W':

(3.17) E(W +g) = EW)+Q(g) +O(lgl%,), ge€H",

where Q is the quadratic form on H' defined by

Q9 =5 [ 1ol =5 [ WP (peReg)? + (tmg)?).
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Let us specify an important coercivity property of (). Consider the three orthogonal directions
W, iW and W7 := %W + - VW in the real Hilbert space H' = H'(R",C). Note that

. d
(3.18) W = 70 (6 9W> =0’ Wi = —— (W) IA=1"

Let H := span{W,iW, W, } and H= its orthogonal subspace in H' for the usual scalar product.
Then

(3.19) Q) = ————

TN NN Qfspan{iW,Wﬂ =0,
(N—2)C%

where Cy is the best Sobolev constant in dimension N. The first assertion follows from direct

computation and the fact that HWH%Z* = HWHEI = CLN The second assertion is an immediate
N

consequence of (3.17), (3.18), and the invariance of £ by the transformations f +— fig 5. The
quadratic form @ is nonpositive on H. By the following claim, Q is positive definite on H=.

Claim 3.5. There is a constant ¢ > 0 such that for all radial function f in H+
Q(f) = élfl1%,-
Proof. Let f :==Re f, f := Im f. We have

~ 1 ~ Pe 1. s 1 ~ 1 1. s
<mﬁ=/ Wﬁﬁ—/'W%lmF+/ Wﬁﬁ—/ WL fyl2.
2 RN 2 RN 2 RN 2 RN
The inequality

. 1 . . o .
B >0, Ve (Wwi, 3 [ VAP-B [ weipze [ VAP
R R R

is known. We refer to [Rey90, Appendix D] for a proof in a slightly different context, but which
readily extends to our case. It remains to show

_ . - 1 _ 1 L N
(3.20) deg > 0, Vfg € Hl, fzJ_W — 2/ ’VfQ‘Q — / WPe 1‘f2|2 > C2/ IVfQP
RN 2 ]RN ]RN

Indeed by Hélder and Sobolev inequality we have, for any real-valued v € H*

pc—1 _2
/ |Vv|? —/ WPe—1y2 > / IVo|? — </ Wpc+1) pett (/ vpc+1> Pt
RN RN RN RN

pc—1

1 \ petl
> — (=« 3 Vo2 >0
_{ <C]]\\;> N}/RN|U|—7

with equality if and only if v € span(W). This shows that [py |V fo)? — Jan Wre=l fo2 > 0
for fo # 0, foLW. Noting that the quadratic form Jan IV - |2 = [on WPt - 2 is a compact
perturbation of [pn [V - |?, it is easy to derive (3.20), using a straightforward compactness
argument that we omit here. O

The following lemma, proven in Appendix 7.1, is a consequence of the Implicit Function
Theorem.
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Lemma 3.6. There exists g > 0 such that for all f in H' with E(f) = E(W), d(f) < &, there
exists a couple (0, p) in R x (0,+00) with

fo LW, flo,u LW
The parameters § and p are unique in R/9_ 7 x R, and the mapping f — (0, ) is Ccl.

Let u be a solution of (1.1) on an interval I such that E(ug) = E(W), and, on I, d(u(t)) < do.
According to Lemma 3.6, there exist real parameters 6(t), u(t) > 0 such that

(3.21) U[G(t),u(t)] (t) = (1 + Oé(t))W + ’l](t),
where 1+ a(t) = !

Wz, (W u(eys W) g and alt) € H*.

We define v(t) by

v(t) = a(t)W + a(t) = wpg) uwy (t) — W.
Recall that i,  and a are C'. If a and b are two positive quantities, we write a ~ b when
C~'a < b < Ca with a positive constant C' independent of all parameters of the problem. We

will prove the following lemma, which is a consequence of Claim 3.5 and of the equation satisfied
by v, in Appendix 7.1.

Lemma 3.7 (Modulation for threshold solutions of (1.1)). Taking a smaller &y if necessary, we
have the following estimates on 1.

(3.22) la@®)] = [[o(@)l[ g1 = [a®)]l g2~ d(u(?))
/ / w(t)

(3.23) /()] +16°()] + ol Cu(t)d(u(t)).

Furthermore, a(t) and ||u(t )H HT/VHE1 have the same sign.

3.3. Non-oscillatory behaviour near Wiy, .-

Lemma 3.8. Let (ton)n and (tin)n, ton < tin, be 2 real sequences, (up)n a sequence of radial
solutions of (1.1) on [ton, tin] such that u, (t1,) fullfills assumptions (3.1) and (3.2), and (An)nen
a sequence of positive functions such that the set:

K = {(un())ppe), n €N, t € (tin, ton) }

1s relatively compact in H'. Assume

(3.24) liI_’I_l d(un(ton)) + d(uy(tin)) = 0.

Then

(3.25) lim sup  d(un(t)) p =0.
n—=+00 | te(ton,tin)

Remark 3.9. Let u be a solution of (1.1) satisfying the assumptions of Proposition 3.1, and A(t)
the parameter given by Proposition 2.1. Let (¢,) be a sequence, given by Corollary 3.4, such
that d(u(t,)) tends to 0. Then the assumptions of the preceding proposition are fullfilled with
Up = U, )\n = )\, ton = tn, tln = tn+1.
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Under the assumptions of Lemma 3.8, if n is large enough so that d(u,(t)) < do on the interval
(ton, tin), we will denote by 6,,(t), pn(t) and «a,(t) the parameters of decomposition (3.21)

(3.26) (un(t)) o D.0m ()] = (1+ an(t))W + Gy ().
Then we can complete Lemma 3.8 by the following
Lemma 3.10. Under the assumptions of Lemma 3.8,

1 Supte(tOn,tln) Mn(t)
n—+o0 infie sy, 1,) Hn(t)

(3.27) =1.

Using the scaling invariance, it is sufficient to prove the preceding Lemmas assuming

(3.28) Vn, inf A\, (¢) =1.

te[tOnytln}

Indeed, let £, := inf A, (¢), and

te(t()n 7t1n)

1 t xr )\n(t) t()n tln
*(t = —Up|=,— ], A(t)= , oty = —, 1], =—
un( ) l’) 652—2 U (eg €n> n( ) en on g% 1n 02

n n

K* = {(u;()pz)y n €N, t € (5,810} -

Then uy,, t5,,, t1,, Ay, and K* fullfill the assumptions of Lemmas 3.8 and 3.10. Furthermore, the

1Ino
conclusions (3.25) and (3.27) of the Lemmas are not changed by the preceding transformations.

We will thus assume (3.28) throughout the proofs.
The key point of the proofs is the following claim, which is a consequence of a localized virial
argument.

Claim 3.11. Let (uy)n be a sequence fullfilling the assumptions of Lemma 3.8 and (3.28). Then

Vn € N, /tln d(un(t))dt < Cld(un(ton)) + d(un(tin))].

ton
Before proving Claim 3.11, we will show that it implies the above lemmas.
Proof of Lemma 3.8. Let (uy), be as in Lemma 3.8, and assume (3.28). We first prove:
Claim 3.12. If t, € (ton,t1n) and the sequence A\, (t,) is bounded, then
(3.29) nEIJPoo d(un(tn)) = 0.
Proof. By our assumptions, 1 < A, (t,) < C, for some C' > 1, so that the sequence wu,(ty) is
compact. Assume that (3.29) does not hold, so that, up to the extraction of a subsequence
(3.30) lirf Un(ty) = 0" in HYRY), d(w°) >0, E@°) = BE(W) and [[0°) ;0 < W] ;1.
n—-+0oo
Let v be the solution of (1.1) with initial condition v" at time ¢t = 0, which is defined for ¢ > 0.
Note that for large n, 1 +t,, < t1,,. If not, t1,, € (t,, 1+ t,,) for an infinite number of n, so that

extracting a subsequence, {1, — t, has a limit 7 € [0,1]. By the continuity of the flow of (1.1) in
H', u,(t1,) tends to v(7) with E(v(7)) = E(W) and, by (3.24), d(v(7)) = 0. This shows that
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v = Wig, ] for some 0, Ao, contradicting (3.30). Thus (t,, 1+ t,) C (ton,t1n). By (3.30) and
the continuity of the flow of (1.1),

1+, 1
(3.31) lim d (i (£))dt = / d(v(t))dt > 0.
0

n—-+400 t
n

Furthermore, according to Claim 3.11 lim,, f;l: d(un(t))dt = 0. which contradicts (3.31). The
proof is complete. 0

By assumption (3.28), one may chose, for every n, b, € (ton, t1,) such that
(3.32) lim A (D) = L.

n—-4oo

By Claim 3.12
(3.33) lim d(u,(b,)) =0.

n—-+4o0o

We will show (3.25) by contradiction. Let us assume (after extraction) that for some §; > 0,

vn, sup  d(un(t)) > 61 >0
tG(ton,bn)

(the proof is the same when (tg,,b,) is replaced by (bn,t1,) in the supremum). Fix 62 > 0
smaller than d; and the constant dy given by Lemma 3.6. The mapping t — d(un(t)) being
continuous, there exists a, € (ton, by) such that

(3.34) d(un(ay)) = d2, and Vt € (an,by), d(uy(t)) < 2.
On (ay,by), the modulation parameter u, is well defined. Furthermore, by the relative com-

pactness of K and decomposition (3.26), the set U., {W[)\ () ](t), t € [an, bn]} must be
") ()

relatively compact, which shows
(3.35) 3C >0, Vt € (an,by), CTIN(t) < pn(t) < CAL(2).
By (3.32), extracting a subsequence if necessary, we may assume
fin (bn) n:)oo foo € (0,00).
Let us show by contradiction

(3.36) sup  pn(t) < oo.
nvtE(anybn)

If not, in view of the continuity of yu,, there exists (for large n) ¢, € (an, by,) such that
(3'37) pn(Cn) = 2phoos  pin(t) < 2p0o, t € (Cmbn)-

By Claim 3.12, lim,, d(u(¢,)) = 0. Furthermore, by Lemma 3.7,
between ¢, and b,,, we get, by Claim 3.11,

1 1
i (cn) - p (bn)
which contradicts the fact that p,(c,) = 2u00 and i, (by) — oo, and thus concludes the proof
of (3.36).

By (3.36), un(an) is bounded. Claim 3.12 shows that d(u,(ay)) tends to 0, contradicting
(3.34). The proof of Lemma 3.8 is complete. O

zégg‘ < Cd(un(t)). Integrating

(3.38) SC/bnd(un(s))ds .0,

n—-+00
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Proof of Lemma 3.10. It follows from the argument before Claim 3.11 that we may assume
(3.28) in addition to the assumptions of the lemma, so that by (3.35)

3C >0,Vn, C'< inf p,(t)<C.

T te [tOrutln]

Furthermore, in view of the continuity of yu,, there exist a,, b, € [ton, t1n] such that

Mn(an) = inf  pp (t), Nn(bn) = sup Mn(t)'
t€lton,t1n] t€lton t1n]

By the bound

Zégg‘ < Cd(up(t)), Claim 3.11, and Lemma 3.8 | we get

=0.

lim
n—-+o0o

117 (an) N 11 (bn)
In particular, p,(b,) is bounded. Multiplying the preceding limit by u2(b,) yields (3.27). O

Proof of Claim 5.11. Let us consider, for R > 0, the function G, defined as in Subsection 3.1
by

GRrn(t) = QIm/un(t)Vun(t) -Vor
(@R is defined in Subsection 3.1).
Step 1: a bound for Gr,. In this step we show that there exists a constant C' > 0 such that
(3.39) VR >0, Vn, Vt € (ton, t1n), |Gra(t)] < CR*d(u,(t)).
We have

Grn(t) = QIm/un(t,x)Vun(t,a:) - RVp(z/R)dz.
By Cauchy-Schwarz and Hardy inequalities |G g, (t)| < R2Hun|]§.{1, so that it suffices to show
(3.39) when d(uy,(t)) < 01 for some small ;. In this case, one may decompose u, as in (3.21),
writing (un(8)) (g, (1) unw) = W + vn(t), with [lon()][gn < Cd(un(t)) by Lemma 3.8. By the

Y
pn(t)?

Cralf) =2Im uﬁt)/ u;v;Q (t)un(t’ /j@)/%(Vun)(t, uny(t)> 'W<Rﬂi(f)>dy

—2R? Im/ R,ui(t)(W + En)v(VV + U"> (V) <R,li(t)>dy'

change of variable x =

Write
Im [(W + 0,) V(W +v,)| =Im (WVv, + 0, VW + 5, V),

and note that on the support of Vgp(ﬁ(t)» m is bounded by % As a consequence

of Cauchy-Schwarz and Hardy inequalities, we get the bound |Grn(t)| < CR*(|jvn(t)| 7 +
an(t)Hi-[l), which yields (3.39), for d(u,(t)) < 1, 01 small. The proof of (3.39) is complete.
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Step 2: a bound from below for G%’n. The next and last step of the proof of Claim 3.11 is to
show

8
N -2

(3.40) ARy, VR > Rg, Vn, Vt € (ton, tin), Ra(t) > d(un(t)).

It is clear that (3.39) and (3.40) imply the conclusion of Claim 3.11. Indeed, integrating (3.40)
between tg,, and t1,, we get

8 tin
m / d(un(t>)dt < GRo,n(tOn) + GRo,n(tln)7
- ton

which shows the Claim in view of (3.39).
Let us show (3.40). Recall that by direct calculation we have, as in (3.9),

16

(3.41) Cant) = 57— 54 (un(®)) + Ar(un (),

where Ap is defined by (3.10). We first claim the following bounds on Agr(u,(t)):

(3.42) Ve >0, 3p. > 0, ¥n, Yt € (ton, t1n), VR > A%)’ | Ap(un(t)| < e
(3.43) 3(52 > 0, Vn, YVt € (ton,tln), VR > ,unl(t)’
d(un(t)) < 02 = |Apn(un(t))| < C <1N_2d(un(t)) + d(un(t))2> .
(Run(t)) 2

The bound (3.42), follows directly from the compactness of K , assumption (3.28), and the
bound (3.12) of Ar shown in the preceding section.
Let us show (3.43). Write as before

(3.44) (Un ()6, () gin0) = W Hon(t), [oa(®]l g < Cd(un(t))-

In view of (3.44), estimate (3.43) is an immediate consequence of the existence of d2 > 0 such
that

: 1
(3.45) Vg€ H}, Yuo >0, VR > o
0

1
gl jn < 62 = ‘AR((W +g)[uol])) <C <N2||9||H1 + Hﬂlip) :
(Rpo) 2
Let us show (3.45). A change of variable in Ar gives AR<(W + g)[uo_l}) = ARuy(W + g). The

function W is a stationnary solution of (1.1), satisfying d(W) = 0 and Gr(W) = 0, so that
by (3.9), Ag(W) = 0 for any R > 0. Thus we must bound Ag,,(W + g) — Aru,(W). By the
explicit form of Ap,

An() = [1v1P(s

d*or o 4 N-1 2/ A2 N-1
- A - A
a2 8) + |/ N Aer+8 |t dr /If! (A%pp)r™dr,
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and noting that the integrand in the first integral is supported in {|z| > R} and in the second
integral in {R < |z| < 2R}, we get

Ao (W + g) = A (W)] < c{ /| o T [T Vol 4 W]+
T|Z o

+/ Wlg| + |g/? da:}
Ruo<|a|<2Ruo (F10)? ( )

By explicit calculation, [|[VW || r2(gz1>pp) = Wl 2* ({a]>p}) & ﬁ for large p. Hence, by Hardy,
p

Sobolev and Cauchy-Schwarz inequalities

. 1 1
| ARuo (W + 9) = Arue W) < C | llgllF + llallF + ((R =+ M) Hg\m] :

(Rpo) 2

which yields (3.45), and thus (3.43).
We are now ready to show (3.40). By assumption (3.28), A, () is bounded from below. By
(3.35), pn(t) > Cy > 0. Thus (3.43) implies for some d3 > 0, Ry > 0

d(un(t))-

Now, using (3.42) with ¢ = ]\8,5_32 and again (3.28), we get |Ag(un(t))] < 25d(un(t)) for
= max{Ri, Ra},
g

d(un(t)) < 83, R > Ry — |Ar(un(t))] <

N -2

d(un(t)) > 93, R > Ro. In view of (3.41), estimate (3.40) holds with Ry :
which concludes the proof of Claim 3.11.

3.4. Proof of the convergence as t goes to infinity. Let us show Proposition 3.1 and
Corollary 3.2. Let u be a radial solution of (1.1) satisfying (3.1) and (3.2)

Step 1: convergence of d(u(t)) to 0. We first prove (3.5). From Corollary 3.4, there exists a
strictly increasing sequence (t,)nen such that:

lim ¢, =400, lim d(u(t,)) =0.

n—-4oo n—-4oo

Let ton, = tn, tin = tnt+1, and A\, (t) = A(t), where A is given by Proposition 2.1. Then the
sequences (up)n, (ton)n, (tin)n and (A,), clearly satisfy the assumptions of Lemma 3.8. Hence

lim sup d(u(t)) | =0,
=00 \ b€t tnt1]

which clearly implies (3.5).
As a consequence of (3.5), we may decompose u for large ¢ as in (3.21):

o) u(ey) = (14 a(®)W +a(t), a(t) € H.

If 0, p and « are given by the preceding decomposition, the conclusion of Proposition 3.1 is
equivalent to the existence of oo > 0, 0 € R and ¢, C > 0 such that

(3.46) d(u(t)) + [a(®)] + [1Gt) ] g1 +10(8) — Ooo| + [16(t) — proo] < Ce™.
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Step 2: convergence of pu. We start to show by contradiction that p(t) has a limit pe € (0, 4+00)
as t — 4o0. If not, log(u(t)) does not satisfy the Cauchy criterion as t — 400, thus there exists
sequences Ty, T! — 400 such that

()|
(3.47) im T L#1.

Without loss of generality, we may assume T,, < T,. By the preceding step, d(u(T,)) and
d(u(T))) tends to 0. Let u, = u, to, = Ty, tin = 1), and A\, (t) = A(t), where X is again given
by Proposition 2.1. Then the assumptions of Lemma 3.10 are fullfilled, which shows

. infr, <;<7r pu(t)
lim u =1.

n—-+oo sUpy, <p<7y f1(t)

This contradicts (3.47). Hence
(3.48) lim p(t) = peo € (0, 00).

t—-4o00

Step 3: proof of Proposition 3.1. We are now ready to prove (3.46), which will complete the
proof of Proposition 3.1. Let us first show that d(u(¢)) tends exponentially to 0. We first claim
the following inequality

+o00
(3.49) 30 > 0, Vit > 0, /t d(u(r))dr < Cd(u(t).

Indeed if (3.49) does not hold, there exist a sequence T,, — +o0 such that

+oo
(3.50) / d(u(r))dr > nd(u(Ty)).

By (3.48), p(t) is bounded from below. As usual, this implies that the parameter A(¢) of
Proposition 2.1 is bounded from below. By Step 1 of the proof, the assumptions of Claim 3.11
are fullfilled for the sequence (ug)x, with k = (n,n'), n <n/, and u, = u, A\(t) = A(t), tor = Tn,
and t1;, = T,,. Hence

T,
Vn,n', n<n/, / d(u(t))dt < C[d(u(Ty)) + d(u(Tw))],

Thus, TJZOO d(u(t))dt < Cd(u(T,,)) which contradicts (3.50), showing (3.49).
Now by (3.49) we have, for some constants C,c > 0

+00
/ d(u(7))dr < Ce™“.
t
Together with the estimate |a/(t)| < Cd(u(t)) of Lemma 3.7, we get
+oo
= [ a(ryr
t

Recalling that by Lemma 3.7 |a(t)| ~ d(u(t)), we get the bound on d(u(t)) in (3.46).
Estimate (3.46) is then a straightforward consequence of the estimate ||a(t)|| g1 + [0'(t)| +

wi) ‘ < Cp?(t)d(u(t)) of Lemma 3.7 and the boundedness of . The proof of Proposition 3.1 is

< Ce 4,

ul(t)
complete.
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Proof of Corollary 3.2. We must show that there is no solution u of (1.1) satisfying (3.1) and
(3.3). Let u be such a solution. By Proposition 3.1 applied forward and backward, the set
{u(t), t € R}, is relatively compact in H'. Furthermore

lim d(u(t)) = Tim_d(u(t)) = 0.

t—+o00
By Claim 3.11 with u(t) = u,(t), ton, = —n, t1, = n and \,(t) = 1, we have fj;o d(u(t))dt =
limy, 4 00 fj: d(u(t))dt = 0. Thus d(ug) = 0 which contradicts (3.1). Corollary 3.2 is proven. [

4. CONVERGENCE TO W IN THE SUPERCRITICAL CASE
In this section we consider solutions of (1.1) with initial conditions wy—¢ = ug and such that
(4.1) E(ug) = EW), luollgn > [Wllg-

Proposition 4.1. Let u be a radial solution of (1.1) satisfying (4.1) and defined on [0,400).
Assume furthermore that ug € L?>(RN). Then there exist constants 0y € R, pg, ¢, C > 0 such
that

(4.2) VE>0, lu(t) = Wigy o)l i < Ce™
A similar result holds for negative times if u satisfies (4.1) and is defined on (—o0,0].

Corollary 4.2. Let u be a radial solution of (1.1) satisfying (4.1) and such that ug € L*(RY).
Then u is not defined on R.

The proof relies again on the localized virial argument. Consider a radial function ¢ in
C&°(RY) such that

Py

(4.3) p(r)=r* r <1, @(r)>0and —3

(r)y<2,r>0.

Consider the functions G of Subsection 3.1

Galt) =21 [ w(OVult) - Vo = M), Hnlt) = [ julo)len
RN RN

where pr(x) = R%p (%),
As usual, the key point of the proof is to bound G and G,

Claim 4.3. Under the assumptions of Proposition 4.1, there exists constants C, Ry > 0 (de-
pending only on [ |ug|?), such that for R > Ry, and allt >0

(4.4) Gr(t) < CR*d(u(t)),
8
4. ! < —— .
(15) Girlt) <~ —5d(u(t)
Let us show that Claim 4.3 implies Proposition 4.1.

Proof of Proposition 4.1. Step 1: exponential convergence of d(u(t)). Let us prove
(4.6) Je,C >0, Vt >0, d(u(t)) < Ce .

Fix R > Ry. We first remark

(4.7) Vt>0, Gg(t)>0.
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Indeed by (4.5), G is strictly decreasing with time, so that if Gr(ty) < 0 for some ¢y > 0, then
Vt>to+1, Hp(t)=Ggr(t) <Ggr(to+1) <O0.

This contradicts the fact that ¢g is positive and u defined on [0, +00), proving (4.7).
Consider two positive times ¢t < T'. Integrating (4.5) between ¢ and T', and using (4.4), we get

T
(4.8) % / d(u(s))ds < Ga(t) — Gr(T) < Gr(t) < CR2(u(t)).

—<Jt
Letting T' tends to infinity yields, t+ood(u(s))ds < Cd(u(t)), for some C > 0 and thus, by
Gronwall Lemma

“+o0o
(4.9) / d(u(s))ds < Ce .
t
Our next claim is that
(4.10) tl}inood(u(t)) =0.

Indeed, by (4.9), there exists t, — +oo such that d(u(t,)) — 0. Assume that (4.10) does not
hold. Then, extracting a subsequence from (¢,), there exists ¢/, > t,, such that

d(u(t))) = 6o, and Vt € (t,,t)), 0 < d(u(t)) < do,
where g is such that (3.21) and Lemma 3.7 hold. Consider the parameter a of decomposition
(3.21). By Lemma 3.7, |&/(t)| < Cd(u(t)), for t € [t,,t]] thus (4.9) implies that «(t,) — «(t),)
tends to 0. Furthermore, again by Lemma 3.7, |a(t)| = d(u(t)), which shows that d(u(¢),)) tends
to 0, contradicting the definition of ¢/,. Hence (4.10).

By (4.10), the parameter a(t) is well defined for large ¢. In view of the estimates |o/(t)| <
Cd(u(t)) and |a(t)| = d(u(t)), (4.9) yields (4.6).

Step 2: convergence of u(t) and end of the proof. Let us prove
(4.11) tliin p(t) = pioo € (0,00).

By (4.6) and the estimate 5;((?) ‘ < Cd(u(t)) of Proposition 3.7, we know that ﬁ satisfies the

Cauchy criterion of convergence. This shows that lim; 4o p(t) = pieo € (0, +00]. It remains to
show that p is finite.

Assume that pee = +00. As upgy) () tends to W in H', it implies that for any ¢ > 0,
f‘x|>5 [u*" tends to 0 as ¢ tends to co. By Holder inequality and the boundedness of [ |Vu(t)|?,
this shows that lim; . Hg(t) = 0. Since by (4.7) Hy(t) = Ggr(t) > 0, this implies that
Hpg(t) < 0 for t > 0 which contradicts the fact that ¢p is positive. Hence (4.11).

In particular, y is bounded. Thus by Lemma 3.7,

lu = Wiy oy ll g + |1/ ()] +16'(8)] < Cd(u(t)) < Ce™,
which shows the Proposition. O

Proof of Corollary 4.2. Let u be a solution of (1.1) satisfying the assumptions of the corollary
and defined on R. Then by Proposition 4.1

(4.12) lim d(u(t)) = 0.

t—+o0
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Defined Gg(t) as in the proof of Proposition 4.1. Applying Claim 4.3 to t — u(—t), we see that
it holds also for negative times. By (4.5), G’3(t) < 0 and by (4.4) and (4.12) Ggr(t) — 0 for
t — £o00. This is a contradiction, yielding the corollary. ([l

Proof of Claim 4.3. As in the proof of Lemma 3.3, since E(ug) = E(W) and |ugl| ;1 > [|W|| s

@19) Gl = ([ 1VuP = [P + Anfu) = > 5a(ut) + Anu(o),

where Ap is defined in (3.10).

Step 1: a general bound on Ag. We show that there exist C1, Ry > 0 (depending only on [ |ug|?)
such that

(4.14) VR > Ry, Vt >0, Apr(u(t)) < { + 2N 2 H (t )H }
Indeed, according to (3.10), the definition of pr and (4.3),

V()2 (‘i¢R 8)r¥ s

Anult) = [ i

jo|>R

b 0P (e ) ¥ [

. C
<C [u(t)*dz + o5 [|u(®) | 72

|z[>R
To bound the first term, we will use the radiality of u(¢) and Strauss Lemma [Str77a]:

Lemma 4.4. There is a constant C > 0 such that for any radial function f in H*(RV)

Ve, ol 21, 1£(@)] € oo LA

4
We have fIa:IZR lu(t)|?” < Hu(t)Hg’;?ﬂm'ZR})Hu(t)H%Q, and thus, by Lemma 4.4,

2N—-2

(4.15) /| o < szvi T @)

which concludes the proof of (4.14) by the conservation of the L?-norm.
Step 2: estimate on Ar when d(u(t)) is small. Let us show that there exists d2, Ro,Co > 0
(depending only on [ |ug|?,) such that
1
(4.16) Vit Z 0, VR Z RQ, d(u(t)) § (52 — \AR(u(t))| S CQ (Md(u(t)) + d(u(t))2> .
Rz

Taking a small d, we write by (3.21), ujg) ue) = W + v, with [v]| ;7 < Cd(u(t)). In view of
the bound (3.45) of Ar shown in the preceding section, it is sufficient to prove

(4.17) p— = inf{u(t), t >0, d(u(t)) < d} > 0.
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Inequality (4.17) follows again from the fact that ug is in L2. Indeed, if d(u(t)) < d2 we have,
from the conservation of the L? norm, the equality ulot),ur)] =W +V and Lemma 3.7

1 2 1
4.18 u 22/ ut2:/ up e ()] > / W?) —Cés3
@18) ol > | ®F = o | e OF 2 55 | () WE) -0

If 02 is small enough, this shows (4.17), and thus the announced inequality (4.16).

[\

Step 3: conclusion of the proof. In view of (4.13), it is sufficient to prove

8
5d((t))

(4.19) dRy > 0, VR > Ry, Vi >0, ]AR(u(t))\ <

From (4.16), there exists d3, R such that (4.19) holds if R > R3 and d(u(t)) < d3. Let Ry > 0
and

Ch Ch 3 8
Pp,(0) := R7421 2N-2 <5+ HW’ﬁp) R N_2 257
R,

where (' is given by step 1. Clearly, ®r, is concave. Chose R4 > Ry large enough so that
®p,(d3) < 0, ®% (03) < 0. Then ®g,(5) < 0 for all 6 > d3. Thus (4.14) implies (4.19) when
R > R4 and 0 > 63, which concludes the proof of (4.19) with Ry := max{Rs3, R4}. The proof of
Claim 4.3 is complete. O

5. PRELIMINARIES ON THE LINEARIZED EQUATION AROUND W

By Propositions 3.1 and 4.1, in order to conclude the proofs of Theorems 1 and 2, we need
to study solutions u of (1.1) on [tg, +0), (top > 0) such that

(5.1) lu() = Wl < Ce™, E(u) = E(W)

for some g > 0.

N1
f2

real part fi and imaginary part f. For a solution u of (1.1) satisfying (5.1), we will write

We will write indifferently f = f1 +ifs or f = for a complex valued function f with

v(t) == u(t) — W.

Equation (1.1) yields
0 A+ Wrel
(5.2) ow+ L(v)+R(v) =0, L:= (—A el 0 > ,

R(v) := —i |[W + 0P "L (W 4 0) 4 iWPe + ip WPy — WPeloy,

The proofs of our theorems in Section 6 rely on a careful analysis of solutions of the linearized
equation dih + Lh = &, with h and & exponentially small as ¢ — +oo. Before this analysis,
carried out in Subsection 5.3, we need to establish some spectral properties of £ and Strichartz
type estimates for the equation.
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5.1. Spectral theory for the linearized operator. We are interested here by real eigenvalues
and other spectral properties of £. Note that by direct calculation,

(5.3) L(iW) = L(W;) =0.
Lemma 5.1. The operator L admits two eigenfunctions Yy, Y_ € S with real eigenvalues
(54) Ey—}— = eoy-i-a Ey— = _eoy—a y+ :j—7 ey € (07+OO)

See Appendix 7.2 for the proof. .
Consider the symmetric bilinear form B on H' such that Q(f) = B(f, f), where Q is the
quadratic form of Subsection 3.2

B(fag):;/Vfl‘vm—p;/flglwpc1+;/Vf2'V92—;/f292Wp“1=;Im/(£f)9-

As a consequence of the definition of B we have,

(5.5) B(f,9) = Blg,f), BGW,f)=B(Wy,f)=0, VfgeH'
(5.6) B(Lf.g)=—B(f,Lg), VfgeH' LfLgeH'
(5.7) QV+) =Q(V-)=0, B(Y-,V4)#0.

Indeed, the only assertion which is not direct is the fact that B(Y_,Y;) # 0. To prove it,
one may argue by contradiction. If B(Y_,V;) was 0, W and @ would be identically 0 on
span{Wy,iW,Y_, Y, } which is of dimension 4. But @ is, by Claim 3.5, positive definite on H*,
which is of codimension 3, yielding a contradiction.

By (5.6), £ is antisymmetric for the bilinear form B. In the following lemma, we give a
subspace G| of H!, related to the eigenfunctions of £, in which Q is positive definite.

Lemma 5.2. Let G| be the subspace of H'

G = {v e B, (W, 0) = (W,0) = By, v) = BO-,v) =0}
Then there exists ¢ > 0 such that
(5:8) vfEGL QU = elfll

Note that G is not stable by £. Lemma 5.2 implies the following characterization of the real
spectrum of L.

Corollary 5.3. Let o(L) be the spectrum of the operator £ on L? of domain D(L) = H?. Then
o(L)NR = {—ep,0,¢ep}.

Proof of the corollary. By Lemma 5.1, {—ep,e0} C o(L). Furthermore, the operator L is a

compact perturbation of (_OA %), thus its essential spectrum is iR. Consequently, 0 € o(L),

and o(L£) N R* contains only eigenvalues. It remains to show that —eo and ey are the only
eigenvalues of £ in R*. Assume that for some f € H?

Lf=ef, e €R\{—eo,0,e0}.
We must show that f = 0. By (5.6), (e1 +eo)B(f,Y+) = (e1 — eo)B(f,Y-) = 0 and thus
B(f, Y1) = B(f,Y-) = 0.
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Write
JAW) W) g
[=BiW+ YW1 +g, geGy, = U Q)H17 v = i %Hl-
IWI%, W%,
Again by (5.6), B(f, f) = 0 and thus B(g,g) = 0. This implies by Lemma 5.2 that ¢ = 0 and
thus ey f = Lf = BLEW) + LW = 0. Recalling that e; # 0, we get as announced that f = 0,
which concludes the proof of Corollary 5.3 O

Proof of Lemma 5.2. Recall from Claim 3.5 that there exists a constant c¢; such that

(5.9) Vge H Y, Q(g) = cillgl?

Let f € G;. We will eventually deduce (5.8) from (5.9). Decompose f, V4 and Y_ in the
orthogonal sum H' = H @ H*:

(5.10) f=aW+h, Vy=niW+EW, +W +hy, Y. =—niW+EW+(W+h_,
where h,hy,h_ € H-, h_ = h..
Step 1. We first show

B(hy,h)B(h_,h -

VQ(hi)y/Q(h-)

Note that if b € H-, B(W,h) = 1 [ VW -Vhy — B [WPehy = 5P [ VW . Vhy = 0. By (5.5),
(5.7) and (5.10), we have

(5.12) 0=QV+)=QWV) +Q(hs),  0=0Q-)=¢QW)+Q(h-).
Furthermore, developping the equalities B(f, V1) = B(f,Y-) = 0 with (5.10) we get
(5.13) alQ(W) + B(h,hy) = aCQ(W) + B(h,h_) = 0.

By (5.10), Q(f) = &*Q(W) + Q(h), and (5.11) follows from (5.12) and (5.13).

(5.11) Q(f) =

Step 2. We next prove the following assertion:
The functions hy and h_ are independent in the real Hilbert space H!.
Note that hy = h_. Thus it is sufficient to show

(5.14) hi:=Reh # 0 and hg :=Imh # 0.
Write 1 = Re)y, Yo =Im )Y, . Then (5.4) writes down
(5.15) (A+ WPy =1,  (A+pWVP )1 = —epd.

We show (5.14) by contradiction. First assume that he = 0. Then by (5.10), )» is in span(W),
so that (A + WPe=1)), = 0. By (5.15), we get that Y1 = 0 and ), = 0, which contradicts the
definition of Y.

Similarly, assuming that h; = 0, and recalling that (A + p.WP<~1)W; = 0, we get by (5.10)
and (5.15) that )y = —MVV”C, and thus ), = —M(A + WPy WWPe. Now, ) =

€0 eg
W1 + ¢W. This implies that (A + WPe=1)WPe is in span{W, W}, which is not the case as a
direct computation shows. Hence (5.14) which concludes this step of the proof.
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Step 3: conclusion of the proof. Recall that @ is positive definite on H. We claim that there
is a constant b < 1, such that

B(hy, X)B(h_, X)
VQ(h)\/Q(h-)

Indeed it is equivalent to show, by orthogonal decomposition on H= related to B

B(hy, X) B(h—, X)
A7 b:= max .
(5.17) Xespan{h i) <\/Q(h+)Q(X)> <\/Q(h_)Q(X)) <1

(5.16) VX € Ht,

's bQ(X).

Applying twice Cauchy-Schwarz inequality with B, we get b < 1. Furthermore, if b = 1,
there exists X # 0 such that the two Cauchy-Schwarz inequalities are equalities and thus
X € span{hy} Nspan{h_} = {0}, which is a contradiction, showing (5.16).

By (5.9), (5.11) and (5.16)

(5.18) Q(f) = (1= b)Q(R) > c1(1 = b)||Al[%,

Noting that by (5.10), Q(f) = QQQ(W) + Q(h), and recalling that Q(W) < 0, we also get by
the first inequality in (5.18) that bQ(h) > o2|Q(W)|. Hence

CQf) = AW 5 + 1kl = 113
which concludes the proof of Lemma 5.2. O

5.2. Preliminary estimates. In this sections we gather some elementary estimates needed in
the sequel. We start with bounds on the potential and nonlinear terms of equation (5.2). Let

(5.19) V(v) := WP Rev 4+ pWPe ! Imow,
so that equation (5.2) writes as a Schrodinger equation
(5.20) i0v + Av + V(v) +iR(v) = 0.

We start to recall standard Strichartz estimates for the free Schrodinger equation (see [Str77b,
GV85, KT98]).

Lemma 5.4. Assume N > 3 and, for j = 1,2, (p;,q;) such that (% + % = %, pj > 2). Denote

by p;- and qé- the dual conjugate exponents of p; and q;. Then

(5.21) lle™Auo|l o1, pory < Clluol 2
+oo
5.22 e A f(5)ds <C L
(5.22) / Foyis| <O
+oo |
(5.23) H/ A f(s)ds|| < Cllfll g oty
—00 L )

If I is a time interval, we will be interested in the spaces S(I) and Z(I) defined in (2.4) as
2N *
well as N(I) := L? (I ;Lm>, which is the dual of the endpoint Strichartz space L2 (I L2 )
Holder and Sobolev inequalities yield immediately:
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Lemma 5.5 (Linear estimates). Let f € L? (RY). Then
(5.24) VNI 2 < Clfl2x-

I, 22,

Let I be a finite time interval of length |I| and f € S(I) such that Vf € Z(I). Then, there
exists C' independent of I, f and g such that

(5.25) 1 fllsy < CIV £z
N
(5.26) IVV(O)lIny < IRV fllzn-
The proof of following lemma, given in the appendix; is classical.

Lemma 5.6 (Non-linear estimates). Let f,g be functions in L*> (RY). Then

(627) IR - RO g, < CIF = gl (17 + Nllzee + 115"+ )

N+2

Let I be a finite time interval and f,g be functions in S(I), such that Vf and Vg are in Z(I).
Then

(5.28) IVR(f) = VR(g)lnq) <

6—N _ —
CIV1 = Vol ) [ (19l 200y + IV allzen) + 19155, + 196150

We finish this subsection by showing Strichartz estimates on exponentially small solutions v
of (5.2).

Lemma 5.7 (Strichartz estimates). Let v be a solution of (5.2). Assume for some cy > 0,
(5.29) 3C >0, |lo(t)||; < Ce

Then, for any Strichartz couple (p,q) (% + % = %, p>2)

(5.30) 3050, [[olls( o0y + V0l o(e soeszay < Ce

Proof. We will first estimate ||v||s(t400) + V¥ 2(,400). According to the following claim, we
juste need to estimate ||v[| g, ¢4r) and [|[Vol| (¢ 14r,) for some small 79 > 0.

Claim 5.8 (Sums of exponential). Let tg > 0, p € [1,+00[, ag # 0, E a normed vector space,
and f € LY (tg,+o0; E) such that

loc
(5.31) 319 >0, 3Co > 0, Vt > to, || fllLe(ttsn,m) < Coe®".
Then fort > ty,
aot aot

63) W ltsm < 7oy F00 <05 Wfllirn) S T f a0 > 0.
Proof. Assume ag < 0. Summing up (5.31) at time t = tg, t = to + 70, t = to + 279, ... and
using the triangle inequality, we get (5.32) in the case ag < 0. The other case is analogue. [

By (5.20),
(5.33) i, Vv + A(Vv) + V(V(v) +iR(v)) = 0.

Let t and 7 such that 0 < ¢, 0 < 7 < 1. By Strichartz inequalities (5.21) and (5.22), and
equation (5.33)

190l 2017 < € (I + I 0V0) + RO yin) ) -
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Thus by Lemmas 5.5 and 5.6
N _6-N_
IVl 2ty < C (01 + 752 [ Voll 20y + 7757 (V01 1y + V01 )
Using assumption (5.29), we get, for some constants K > 0 and ay > 0
(5:34) 1900l 0071 < K {0 + 72 V0l 5 0m) + 19000y}

We claim that it implies that for large ¢
1

(3K)/an"
Indeed, fix t > 0. Then (5.34) implies ||Vv|z(44r) < 2Ke™ " for small 7. If (5.35) does not
hold, then there exists 7 € (0, 70] such that [|[Vv|| 7447 = 2Ke™ %, contradicting (5.34) if ¢ is
large. Hence (5.35).

By Claim 5.8 and Sobolev inequality (5.25)
(5.36) V1l st,400) + IVVIl Z(t,400) < Ce ",
Now take any Strichartz couple (p,q). Then by (5.33), Strichartz estimates (5.21) and (5.22)
and Lemmas 5.5 and 5.6, || V0| 1o(is1.00) < C <||v(t)|| i+ V0l zesn) + ||Vv||§‘3(t7t+1)) . Thus

(5.36) implies the bound ||Vv|| et 441;09) < Ce~t which concludes, by Claim 5.8, the proof of
the lemma. g

(5.35) IVl z(tp4r) < 2Ke™ 0, 7=

5.3. Estimates on exponential solutions of the linearized equation. Let us consider the
linearized equation with right-member

(5.37) Oh+ Lh=¢

with A and € such that for £ > 0,

(5.38) IVellngroo) + @ g, < Ce™,
(5.39) [A(t)]| g1 < Ce™",

where 0 < ¢y < ¢;. The following proposition asserts that h must decay almost as fast as ¢,
except in the direction ), where the decay is of order e=¢t,
Proposition 5.9. Consider h and e satisfying (5.37), (5.38) and (5.39). Then, for any Strichartz
couple (p,q):

o ifcg <c1<eyorey<cy<cy,
(5.40) Vi >0, [1h(®)ll g1 + IVl Lo toosza) < Cre™ @775

e if cg < eg < c1, there exists Ay € R such that

(5.41) V>0, Hh(t) - A+e—eoty+HH1 + HV(h - A+e_60ty+)) < el

LP(t,4o00;L9)

Proof of Proposition 5.9. We will start b}{ proving (5.40). In view of the following claim it is
sufficient to prove only the bound of the H'-norm.

Claim 5.10. Consider h and ¢ fullfilling (5.37), (5.38) and (5.39) with 0 < ¢y < c¢1. Then for
any Strichartz couple (p, q)

(5.42) VA et 4o00;09) < Ce ",
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We will omit the proof, which is a simple consequence of Strichartz inequalities and of Lemma

5.5, and is similar to the proof Lemma 5.7.
Let us decompose h(t) as

(5.43) h(t) = (Vs + a(O)V- + BV + (W1 + (1), g(t) € G,
where (recall that by (5.5) and (5.7), B(iW,-) = B(Wi,-) =0and QY1) =Q(Y-) =0)
_ B(hYy) _ By )
(5.44) a_ = BV at = B )
) 1
(5.45) ﬁ = ||W||i]1 (h - Oé+y+ - oz,JL, ZW)Hl, Y= W (h - Oé+y+ - oz,JL, Wl)H1'

In the sequel, we will assume without loss of generality
(5.46) C1 ;é €Q.
We divide the proof into five steps.

Step 1: differential equations on the coefficients. We first claim

i eot _ _eot B(y—7€) i —eot __—ept B(y+7€)

(5.47) p (eay) =e BOLY) @ (e™®a_) =e B0,

dQ(h) _ B _(WDm  dy _ (W)
(548) e i T 1A
Where

~ B(Y-,¢) B(Vy,e€)

5.49 e ——=1" Y —Lg.
(5.49) T T BOLY)Y T BLY )Y Y

By equation (5.37),
B(Y_,0:h) + B(Y—,Lh) = B()—,¢).

Furthermore B(Y_,0:h) = £ B(Y_,h) and by (5.6), B(Y_,Lh) = —B(LY_,h) = egB(Y_, h).
In view of (5.44), we get the first equation in (5.47). A similar calculation yields the second
equation.

By equation (5.37), B(h,0.h)+B(h,Lh) = B(h,¢). Furthermore by (5.6), B(h, Lh) = 0 which
yields the equation on Q(h) in (5.48).

It remains to show the equations on 3 and . Differentiating (5.45), we get
1 1

Bt)=—5—CE W)y, Y{t)=—mEW)ip, Ei=c—Lh—a Yy —a Y_.
W%, i W%, i i
Now, noting that by (5.43), Lh = atrep)+ — a_egY— + L(g), and using (5.47), we obtain
~ B(y,,S) B(y+v6) ~
E=c— —=—i—Vi+— ———=YV_—L(g) =¢,
By By Y
which yields the desired result.
Step 2: bounds on a_ and ay. We now claim
(5.50) la_(t)] < Ce™ !
Cett if eg < ¢
. < ’
(5 51) |Oé+(t)| ~ { C (e—e()t + e—clt) lf o S €.
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Let us first show the following general bound on B.

Claim 5.11. For any finite time-interval I, of length |I|, and any functions f and g such that
N * *
fe L"O(I,Lﬁiﬁ), VfeN), ge L>*(I,L*) and Vg € L*(I,L*),

J B0 91dt < € [I9 P90l oey + 1A, () Bl ) |
Proof. We have
2B(7(1).9(t) = alt) + be). where at) = [ VAOTa(®) + [ V(0Vault)

b(t) = —pe /R W (g () - /R W 0)on(t).

By Holder inequality

/I a(®ldt < UVl 990y o) O] CUFOI gt Na@] . 977

LNF2 L2*
Integrating the estimate on b(t) over I and summing up, we get the conclusion of the claim. O

Assumption (5.38) on g, together with the preceding claim yields the inequality
t+1
/ le™ 0 B(YVy, e(s))|ds < Ce(coten)t,
t

By Claim 5.8, [ [e~®*B(Yy,e(s))|ds < Ce~(®0FeD)t, Integrating the equation on a_ in (5.47)
between ¢ and +oo, we get (5.50).

Let us show (5.51). First assume that ¢y > ep. Thus by assumption (5.39), e®’a (t) tends
to 0 when ¢ tends to infinity. Furthermore ¢; > ¢y > eg, and thus by assumption (5.38), Claims
5.11 and 5.8, [[7° e B(Y_,£(s))| ds < Cel®c)!, Integrating between ¢ and +oo the equation
on a4 in (5.47) we get (5.51) if cg > eo.

Now assume that ¢y < eg. By (5.47)

—eot

ai(t) = e 'a (0) +

B(er’y_)/() e B(Y_,e(s))ds.

(a)

If ¢y < eg < ¢1, assumption (5.38) and Claim 5.11 imply that the integral (a) is bounded, which
shows (5.51) in this case.

It remains to show (5.51) when ¢y < ¢; < ep. By (5.38), Claim 5.11 and Claim 5.8, |(a)| <
Celeo=e1)t which yields again (5.51). Step 2 is complete.

Step 3: bounds on ||g|| g1, B and v. We next prove

cotey )t

(5.52) 19(®) | + 1)) + (0)] < o (3

By Claims 5.10 and 5.11, assumptions (5.38) and (5.39) yield ftH (h(s),e(s))|ds < Ce~(coten)t,
Integrating the equation on @ in (5.48) between ¢t and +oo and using Claim 5.8, we get

(5.53) 1Q(h(t))| < Ce(coter)t,
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Thus
Qa1 Vs +a_Y_ + BiW + W1 +g)| < Ce—(coten)t
20 a- B, Vo) + Q(g)] < Cem(otet,
By (5.50) and (5.51)

C (e (coten)t | o—2ert < Qe (coter)t if ¢g > eg

C 6—(60+C1)t +€_(60+Cl)t +6—261t> S Ce—(CO+C1)t lf o S €.

Qg)] <

As a consequence of the coercivity of @ on G| (Lemma 5.2), we get the estimate on ||g|| 41 in
(5.52). It remains to show the bounds on 5 and 7.
Consider the function £ defined in (5.49). By assumption (5.38)

t+1 t+1
(5.54) /t |(iW,&(s)) g | ds < Ce—01t+/t (W, Lg(5)) 1| ds.

We have (W, Lg);1 = Re [ —A(W)Lg = —Re [ L*(AW)g, where £* is the L*-adjoint of L.
Note that £*(AW) = L*WPe is in LN (indeed by explicit computation, it is a C*° function
of order k= at infinity). Thus, by the estimate on gl g2 in (5.52),

|=[?

00+C1)t

(Lg(t), W) | < Cllg(®)] o < Ce (™2

In view of Claim 5.8 and (5.54), we get the bound on 3 in (5.52). An analoguous proof yields
the bound on ~.

Step 4: Conclusion. Summing up estimates (5.50), (5.51) and (5.52), we get, in view of decom-
position (5.43) of h.

,(60+C1 )t .
1) < Ce 2 if ¢g > eg
. ~ _(cotear
H C e_eot +e ( 2 ) if co < eg.

Proof of (5.40). Iterating the argument we obtain the bound ||A(t)|| ;1 < Cye (™M if ¢ <
c1 < ep or ey < ¢g < c1, which yields (together with Claim 5.10), the desired estimate (5.40)
Proof of (5.41). Let us assume ¢y < ep < c¢;. Then the equation on a4 in (5.47) shows that
e®la (t) has a limit A, when t — +o0. Integrating the equation between ¢ and +oo, we get
(in view of Claim 5.11)

A+ _ €eOtOZ+(t) — 680t /Jroo B(y+7€(5))d8 — O(€(eo_cl)t).

t B(y+7y—)
By decomposition (5.43) and estimates (5.50) and (5.52), we get [[h(t) — Aye 'Y | ; <

cotecy

Ce_( 2 )t. Furthermore, hi(t) := h(t) — Aye ), satisfies, as h, equation (5.37). Thus
the estimate (5.40) shown in the preceding step implies (5.41). The proof of Proposition 5.9 is
complete. O
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6. PROOF OF MAIN RESULTS

We now turn to the proof of Theorems 1 and 2. In Subsection 6.2, we show the existence of the
solutions W of Theorem 1 by a fixed point, approaching them by approximates solutions wy
of (1.1) constructed in Subsection 6.1 and converging exponentially to W for large ¢. Subsection
6.3 is devoted to the conclusion of the proofs of the theorems.

6.1. A family of approximate solutions converging to W.

Lemma 6.1. Let a € R. There exist functions (9);>1 in S(RYN), such that ®¢ = aY, and if
k .
(6.1) Wit z) = W(z)+ Y e /°M0%x),
j=1

then as t — 400,
(6.2) W+ AW + [WE P W = O(e=FHDeoty jn S(RY).

Remark 6.2. Let &9 := ig,W + AW2 + [W2Pe~1W2. By (6.2) we mean that for all .J, M, there
exists C;y s > 0 such that (14 |z])M]0)&4(t, )| < Oy pre~k+1eot,

Proof of the lemma. Let us fix a € R. To simplify notations, we will omit most of the super-
scripts a. We will construct the functions ®; = CI>‘} by induction on j. Assume that &1, ..., ®g

are known, and let v == Wy, — W = Z?:l e~Je0t®,(z). Assertion (6.2) writes
(6.2") ey, := Oy, + L(vg) + R(vg) = O (e~ FHDeot) in S(RY).
Step 1: k = 1. Let ®; := a));, which is in S (see Remark 7.2) and v;(t,z) := e~%'®;(x). We
have 0;v1 + Lv; = 0 and thus
01 + Lug + R(v1) = R(v1).

Note that R(vi) = WPeJ(Wtuvy), where J(2) := —i[[1 + 2P (1 +2) — 1 — %z - %Z} is
real-analytic for {|z| < 1} and satisfies J(0) = 0,J(0) = 9zJ(0) = 0. Write
(6.3) J(z) = Z aj,j, 2 72,

J1t+j222
with normal convergence of the series and all its derivatives, say for |z| < % Chose ty such that
Vt > to, |v1(t)] < 3W. Then
(6.4) V> to, Vo € RN, R(vi) = > aj WP (W) (W),

J1+j222

As a consequence, there exists a constant C' > 0 such that for large ¢, |[R(v1)| < C|W~toy |2
Using analoguous inequalities on the derivatives of R(v1), and the fact that vy = ae~®'®; with

®; € S(RY), we get R(v1) = O(e~20t) in S(RY), which gives (6.2’) for k = 1.

Step 2: induction. Let us assume that ®q, ..., @ are known and satisfy (6.2’) for some k > 1.
To construct @1, we will first show that there exists Uy, € S(RY) (depending only on &1, ...,
®}.) such that for large ¢

(6.5) ep(z,t) = e~ FHDeoty, () 4 O(e*(k”)eot) in S(RMY).
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Indeed by (6.2”)

k

(6.6) erp(t,z) = Z eI (—jeg®;(x) + LO;()) + R(vg(t, ).
j=1

All the functions ®; are in S(RY), so that for large ¢, and all z, |vg(t, z)| < W (). Furthermore
R(vg) = WPeJ(W~lo), and by the development (6.3) of J we get by (6.6) that there exist
functions F; € S(RY) such that for large ¢

k+1
ee(t,z) =Y e F;(z) + O(e" ") in S(RY).
j=1

By (6.2") at rank k, F; = 0 for j < k which shows (6.5) with ®, = Fj1.
By Corollary 5.3, (k + 1)ep is not in the spectrum of L. Let

bpyq = —([, - (k + 1)€0>_1\I/k

which belongs to S(RY) (see Remark 7.2) and is uniquely determined by ®1,...,®;. By defini-
tion, vg11 = vi + e_(k+1)60t®k+1. Furthermore,

Epa1 = Oppa1 + Logy1 + R(vgs1)
= dyvp + Lo + R(vg) — (k + 1)eg®ppqe”FHDeol 4 £, e~ BHDeot L Ry, 1) — R(uy)
=gy — e~ *FDl g 4 R(vpiq) — R(uy).
By (6.5), e — e~ kD)oot = O (e~ (k+2)eot) in S(RN). Writing as before R = WPeJ(W-), and

using the developpment (6.3) of J, we get that R(vgi1) — R(vg) = O(e*(k”)eot) in S(RY) which
yields (6.2") at rank k£ + 1. The proof is complete. O

6.2. Contraction argument near an approximate solution.

Proposition 6.3. Let a € R. There exists kg > 0 such that for any k > ko, there exists ti, > 0
and a solution W* of (1.1) such that for t > ty,

(6.7) [V V= W) 1y < € BT

Furthermore, W is the unique solution of (1.1) satisfying (6.7) for large t. Finally, W is
independent of k and satisfies for large t,

(6.8) Wt — W — ae Y, || ;0 < e 20,

Proof. Step 1: transformation into a fixed-point problem. As in the preceding proof, we will fix
a € R and omit most of the superscripts a. Let

hi=W*— W

The function W is solution of (1.1) if and only if w* := W*—W is solution of (5.2). Substracting
equations (5.2) on w® and (6.2°) on v, := W — W, we get that W* satisfies (1.1) if and only if
h = w® — vy, satisfies Oth + Lh = —R(vi, + h) + R(v) + € (see (6.2”) for the definition of ey).
This may be rewritten (recalling (5.19) for the definition of V)

i0th + Ah = —V(h) — iR(vg + h) + iR(vg) + e
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Thus the existence of a solution W of (1.1) satisfying (6.7) for ¢ > t;, may be written as the
following fixed-point problem

(6.9) Vt>ty, h(t) = My(h)(t) and |Vh| 54400 < e (FF2)eot
where My (h)(t) := — / o e DA [V(h(s)) — R(vk(s) + h(s)) + R(vy(s)) — ex(s)] ds.
Let us fix k£ and t;. Consider t
EY .= {h € S(tg, +0), Vh € Z(t, +00); HhHEé = f;tlz e(k+%)80t“Vh‘|Z(t,+oo) < oo}
BY .= {h € E}, 1Al gy <1},

The space E% is clearly a Banach space. In view of (6.9), it is sufficient to show that if ¢ and
k are large enough, the mapping My is a contraction on Bé. This is the aim of the next step.

Step 2: contraction property. Note that by Strichartz inequality (5.22), there is a constant
C* > 0 such that if g,h € E}, k > 1,

(6.10) IV (M) 21,100y < C*[IF VB v +00)

+ IV(R(vg + h) — R(vi)) IN(t,+00) + HVSkHN(t,—i-oo)}
(6.11) IV(M(9) = Me(h)l 21,400 < C*[IV0g = ) vt 400)

IV (R(w + b) = Ry + ) I 100 |

Claim 6.4. There exists kg > 0 such that for k > ko the following holds: for all h € Eé

1 i1y
(6.12) IV ) w o) < gawe (EF2)08 | g ;
and there exists a constant Cy, depending only on k such that for all f, g € Bé and t > ty,
(k4 3Ve
(6.13) IV (B + 9) = Blwk + 1) [ o0y < Cre™ 2 g = b,
(6.14) IVekl| Nt 4o0) < Cre™ D!,

Let us first assume Claim 6.4 and prove the proposition. Chose k& > ko. By (6.10), (6.11),
(6.12), (6.13) and (6.14), we get, if g,h € BY

1
HMk(h‘)HEé < <4 + C*Cke_emfk + C*Cke_éeotk) ,

1 * —e
Muta) = M)y < o= bl 5+ C"Cuer ),

which shows, chosing a larger ¢, if necessary, that My, is a contraction of Bé.

Thus, for each k£ > ko, (1.1) has an unique solution W satisfying (6.7) for ¢t > ;. Of course,
the preceding proof still works taking a larger ¢, so that the uniqueness still holds in the class
of solutions of (1.1) satisfying (6.7) for ¢ > t, where t]_ is any real number larger than t;. Let

k <k and W¢, W be the solutions of (1.1) constructed above for k and k respectively. Then,
W although satisfies (6.7) for large ¢, so that the uniqueness in the fixed-point shows that
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We(t) = wa (t), for large ¢t and thus, by uniqueness in (1.1), that W* = W, This shows that
W does not depend on k.

It remains to show (6.8). Let k£ > 0 be a large integer and h € Bg. By Strichartz inequality
(5.23), and the definition of My, we have, for ¢ > t,

HMk(h)(t)HHl < HV(ZV(h) — R(’Uk + h) + R(’Uk) — Ek) HN(t,—&-oo)‘
As a consequence of Claim 6.4 and the fact that HhH’sz <1, we get
M) 0)] 1 < € (€702 ] gy + = 0) < gem(bedeot

Using the preceding inequality on h = W* — W} (which satisfies h = M,(h)), and noting that
Wa =W + ae” Y, + O(e72%!) in H', we get directly (6.8). To complete the proof of the
proposition, it remains to show Claim 6.4. O

Proof of Claim 6.4. Estimate (6.14) follows immediately from (6.2").
Let us show (6.13). By Lemma 5.6,

(6.15) IV(R(vk + 9) — R(ve + h)lI v 1) < (ANIV (9 = Wl zt041)
(4) = C(IVgl 21y + VAl 201 + IV0k] 7051

e—1
Zarn) T IVl Z )
By the explicit form of v;, and the fact that g,h € B 7, we get
(6.16) (A) < Cpe o,
where C). only depends on k. Combining (6.15) and (6.16), we get
—e —(k+32)e
IV (R(vr + 9) = R(vg + 1))l vy < Cre V(g = M)l zgar1) < Cle” "2 g — hl|g,

which gives (6.13) in view of Claim 5.8.
It remains to show (6.12). Let 79 > 0. By Lemma 5.5, there exists a constant Co > 0 such
that

+ IVl + VRIS,

Z(t,t+1)

N N

1 e
IVOVR) N rm) < Com P VRl 2tm) < Corg e FE2)t | gy

By Claim 5.8,

Czef(k %)eot N
”v(Vh>HN(t,+oo) < m N+2”hHE§.

N
Chosing 79 and kg such that Cor," "2 = ﬁ, and e~ (kot3)eom < %, we get (6.12) for k > k.
]

6.3. Conclusion of the proofs of the theorems.

Proof of Theorem 1. Denote as before ); := Re); = Re)Y_. Note that (W, yl)Hl 2 0. Indeed,
if (W, 1)1 = 0, then by the equation AW = —WP¢, we would have B(W,Yy) = B(W,)_) =
so that W € G, which contradicts, in view of Lemma 5.2, the fact that Q(W) = 2 or <0.

- (N-2)Cf
Replacing V1 by —Yq if necessary, we may assume

(6.17) (W, %) > 0.
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Let
Wﬂ: — W:I:l
* Y
which yields two solutions of (1.1) for large ¢ > 0. Then all the conditions of Theorem 1 are

satisfied. Indeed (1.8) follows from the conservation of the energy and the fact that W% tends
to W in H!, (1.9) is an immediate consequence (6.8). Furthermore, again by (6.8),

a —e _3e
W2, = W3, + 2ae™ 0 (W, 31) g + O(e~ 3400,
which shows, together with (6.17), that for large ¢ > 0,
Wl g >0, W ()]l <O.

From Remark 1.2, this inequalities remain valids for every ¢ in the intervals of existence of W
and W~. Finally T (W~) = —oo by Proposition 2.1 and ||ul|g(—cc,0) < o0 by Corollary 3.2.

It remains to show that in the case N =5, T_ (W) < oo. For this we will show that for any
a and any t in the interval of definition of W,

(6.18) N =5 = W%t) € L*(R®).

Consider as in Subsection 2.3 a positive radial function ¥ on R, such that 1 = 1 if |2| < 1 and
1 = 0 if |z| > 2. Define, for R > 0 and large t,

_ a 20 (X de
_/Rs‘W (1) P () da

Then, W being a solution of (1.1),
Fh(t) = Im/W“VW (Vi) (% ) = 2Im/WV(W“—W) : (Vw)(%)dg;

Irn/ W (V) (5 dx—l—Im/ V(W) (V) (5)d
Using that by (6.8), |[W(t) — Wz < Ce ", we get, by Hardy inequality
[FRM)] < CIW () = Wil (W@l g + W) < Cem!
with a constant C' independent of R, and thus, integrating between a large ¢ and 400,
Falt) = [ | IW@)Pu(5)ds
RN

Letting R goes to +00, we get (6.18) and ||[W4(t)|/z2 = |W| 2. In particular W (t) € L?(R?),
and thus, by Corollary 4.2, T_ (W) < oo which concludes the proof of Theorem 1. O

< Cefeot

Proof of Theorem 2. Let us first prove:

Lemma 6.5. If u is a solution of (1.1) satisfying
(6.19) lu(t) = Wl < Ce™, E(u) = E(W)
then

FlaeR, uw=W*
Corollary 6.6. For any a # 0, there exists T, € R such that
{W“ =WTt+T,) if a>0

(6.20) - ,
We=W~(t+T,) if a<O0.
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Proof. Let u =W + v be a solution of (1.1) for t > ¢y satisfying (6.19). Recall that v satisfies
equation (5.2).

Step 1. We show that there exists @ € R such that
(6.21)  Yn>0, [o(T)—ae TV + ||V (0(t) — ae™Y;) [P—— Cpe~@=meT,

Indeed we will show

(6.22) [o®)]| g < Ce™ [[RWE) an + [[V(R(©)) [Nt 1o0) < Ce 2"

I, 2,

Assuming (6.22), we are in the setting of Proposition 5.9 with h = v, e = —R(v), cp = ep and
c1 = 2eg. The conclusion (5.41) of the proposition would then yield (6.21). It remains to prove
(6.22).

By Lemma 5.6, Claim 5.10 and Claim 5.8, the bound on R(v) in (6.22) follows from the bound
on |[v(t)| 1, so that we only need to show this first bound.

By Lemma 5.7, assumption (6.19) implies |[v(t)] 71 + [[VV z(t,400) < Ce™ ", By Lemma 5.6
and Claim 5.8

IR g2, + IV (R@)) (e 00) < Ce".

Thus we can apply Proposition 5.9, showing that
HU(t)HHl S C(efeot + 67%,}/01‘/).

If 399 > ey the proof of (6.22) is complete. If not, assumption (6.19) on v holds with 3o
instead of 7y, and an iteration argument yields the result. The proof of (6.22) is complete,
which concludes Step 1.

Step 2. Let us show
(6.23) Ym >0, 3to >0, Vt > to, |Ju(t) — W) g + ||V (u—-W*

) HZ(t,+oo) <e ™

This will show that u = W®, by uniqueness in Proposition 6.3. According to Step 1, (6.23) holds
for m = 3eqg. Let us assume (6.23) holds for some m = my > eg. We will show that it holds for
m =m1 + ¢, which will yield (6.23) by iteration and conclude the proof.

Write v(t) := u(t) — W, w(t) := W*(t) — W (so that in particular u — W® = v — w®). Then

Or(v —w?) + L(v —w*) = —R(v) + R(w?).

We have assumed |[v(t) — w®(t)|| g1 + HV(” — w?)
and Claim 5.8

IV (R(0) = Rw™) || yg o0y + [BO@) = R @)]| g < Cemlmrenlt

LN+2

Hz(t,+oo) < e~™!. According to Lemma 5.6

Then by Proposition 5.9

3
[v(t) = w* @) g + V(0 = w2t 400) < e (mitie)t
which yields (6.23) with m = m; + . By iteration, (6.23) holds for any m > 0. Using this with
m = (ko + 1)eg (where kq is given by Proposition 6.3), we get that for large ¢ > 0

Hv(u _ ngo *(koJr%)eot'

)HZ(t,Jroo) se

By uniqueness in Proposition 6.3, we get as announced that « = W% which concludes the proof
of the lemma. O
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Proof of corollary 6.6. Let a # 0 and chose T, such that |a|e=“Te = 1. By (6.8),
(6.24) Wt +Ty) — W F e Yy ||y < Ce 20,

Furthermore, W4(- 4+ T,) satisfies the assumptions of Lemma 6.5, which shows that there exists
o such that Wo(-+T,) = W®. By (6.24),a’ =1ifa > 0and ' = —1if a < 0, hence (6.20). O

Let us turn to the proof of Theorem 2. Point (b) is an immediate consequence of the variational
characterization of W ([Aub76], [Tal76]).

Let us show (a). Let u be a solution of (1.1) such that E(ug) = E(W) and |ugl|; <
[Wlg:- Assume that [ul|gr) = oo. Replacing if necessary u(t) by u(—t), we may assume that
]| $(0,400) = 00. Then by Proposition 3.1, there exist 6 € R, g > 0, and ¢, C' > 0 such that
Ju(t) — Wigg uoll g1 < Ce™. This shows that Ul gy ] fullfills the assumptions of Lemma 6.5.
Using that [[u|| ;1 < ||W/| 1, this implies that there exist a < 0 such that U gy ] = W, Thus
by Corollary 6.6,

u(t) =Wy,

[9o,uo](t + 1),

which shows (a).

The proof of (c) is similar. Indeed if u is a solution of (1.1) defined on [0, +00) and such that
E(ug) = E(W), llug|l g1 > IVW | ;2 and ug € L?, then by Proposition 4.1, [lu(t) — Wig, o]ll 1 <
Ce~, which shows using Lemma 6.5 and the same argument as before that for some T € R,

u(ty =W (E+T).

The proof of Theorem 2 is complete. O

7. APPENDIX

7.1. Proofs of some results of decomposition near W.

7.1.1. Proof of Lemma 3.6. Let us first show the lemma when f is close to W. Consider the
following functionals on R x (0, +00) x H1:

Jo : (07//“7 f) = (f[@,,u}?iW)Hl ;e (97H7 f) = (f[@,p]7Wl)H1
Then, by (3.18)

5, (0:1.1) =0 G 0 1I) = /|VW1| .

Furthermore, Jo(0,1, W) = J1(0,1, W) = 0. Thus by the Implicit Function Theorem there exists
€0,M0 > 0 such that for h € H:

[h = Wllg <eo==30,p), 10|+ |p—1] <noand (R, iW) ;4 = (P, Wi) g = 0.

Let f be as in the proposition. By the variational characterization of W, if d(f) is small enough,
we can choose 1 and ) such that fi, ., = W +g, [lg]l;n < e(d(f)), and we are now reduced
to the preceding case. The assertions on the uniqueness of (6, 1) and the regularity of the
mapping f +— (6, u) follows from the Implicit Functions Theorem. The proof of Lemma 3.6 is
complete. O
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7.1.2. Proof of Lemma 3.7. Take u as in Lemma 3.7 and let

(7.1) v(t) := gy u)(t) — W = a(t) + a(t)W.

Proof of (3.22). In this part of the proof, ¢ is just a parameter and we will not write it for the
sake of simplicity. By (7.1),

(7.2) ol = oW %, + llallF,

To get a second relation between |[v]| 41, o and ||@| 51, we use the equation E(W) = E(W +
v) together with (3.17). Denote by @; and 4y the real and imaginary parts of @. By the
orthogonality of @; and i with W in H', and the equation AW + WPe = 0 we have

/VW-V%NH—/VW'VQQ—/Wpcﬂl_/Wpcﬂg—o.

Thus W and @ are Q-orthogonal and Q(v) = Q(@ + aW) = —|Q(W)|a? + Q(@). This yields,
using (3.17), ‘042|Q(W)\ — Q(ﬁ)‘ < CHUH?}p- By the coercivity of @ on H* (Claim 3.5) which

implies Q(u) ~ HﬂHzl, we get

(7.3) i, <€ (Nl +a2), a® < C (Jal + ol ) -

It follows from the variational characterization of W that [|v|| ;1 is small when d(u) is small. By
(7.2) and (7.3), we get, for small d(u),

(7.4) ol = [[oll g~ llall g

This is the first part of (3.22). It remains to show the estimate on d(u). Developing the equation
W+l = W5, +d(u) we get,

which gives, thanks to (7.4), the desired result. The proofs of (3.22) is complete.
Proof of (3.23) Let us consider the self-similar variables y and s defined by

p(tyy =z, ds=p>(t)dt.
Then (1.1) may be rewritten

. e—1 s (N —2
(7.6)  iDauipq + g + Juio,n|™ " wio,0 + Osuggyg +i77 ( 5 Uio T W[a;ﬂ) -
where the subscript s denotes the derivative with respect to s and A, the Laplace operator with
respect to the new space variable y.
We much show

(7.7) s (s)] + 105 (s)| + %(8) < Cld(u(s))]

For any complex-valued function f, we will write f1 := Re f, f2 := Im f. Writing ujy ) = W+,
we get

S S N -2
asv+£v+R(v)GSiWHSiqu'L;quLl;( 5 v+y-Vv> =0.
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Where the linear operator £ and the remainder term R are defined by (5.2). We will need the
following bound on R(v) (see Lemma 5.6)

2 <C (el + 1ol )

Writing v = @+ a(s)W and keeping in the left-hand side only the terms that are linear in 4, «,
s, 0, 05 and ps/p, we get

(7.8 IR,

(7.9) Oytiy + 105t + asW + (A 4+ WP Ny —i(A + p WP Ny — ia(pe — 1)WPe
N -2
2

—95iW+fW1:—R(v)+95iv—l:j< v+y-VU>.

In view of estimates (3.22), it is easy to see that the H!'-scalar products of the right-hand term
by W, iW and W; are bounded up to a constant by £(s), where £(s) is defined by

— Hs —
£(s) == d| (yd| +104(5)| + \M(S)D L de=d(u(s)).
For instance, by (7.8)
(7.10) [(R(@), W) | = [(R(v), AW) 1| < [R()| ax |AW |2 = O(d?).

LN+2
The formal integration by part in (7.10), which is rigorous for smooth solutions of (1.1) decaying
fast enough at infinity, may be justified by passing to the limit and using the standard Cauchy
problem theory for (1.1). Projecting equation (7.9) in H' on W, iW and Wi, we get (denoting
by c:= |[W|G, er = [Wil7)

(7.11) cas = — (Ao, W) j1 — (WP g, W) 1 + O(e(s))
(7.12) s = —(Aty, W) g1 — (WP g, W) 1 — a(pe — 1)(WPe, W) g1 + O((s))
(7.13) %cl = —(Adig, W) 1 — (WP Vi, Wh) g1 + O(e(s)).

Justifying as before the integration by parts, we have
(At W) = (61, AW) gy, (A, W) g = (tig, AW) gy, (Atig, W) gn = (i, AWY) gy

Consequently all the right-hand terms in equations (7.11), (7.12) and (7.13) are bounded up to
a constant by ||i|| ;1 +¢. By (3.22), ||a]| ;1 < Cd which yields (7.7) and completes the proof of
Lemma 3.7. O

7.2. Spectral properties of the linearized operator. This part of the appendix is dedicated
to the proof of Lemma 5.1, which is a variation of the classical proof (see [Gri90] and the survey
[Sch06] for similar results).

7.2.1. Proof of the existence of the eigenfunctions. Note that L(v) = —L(9), so that if eg > 0
is an eigenvalue for £ with eigenfunction Y, —eg is an eigenvalue of £ with eigenfunction ). .
Let us show the existence of V. Writing Vi = Re Yy, Vo = Im V., we must solve

{ (A + pWVP Y = — eg)s

(7.14) B
(A +WPemH) Yy =ep))s.
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Let V := WP<~1_ The operator —A — V on L? with domain H? is self-adjoint and nonnegative,

thus it has a unique square root (—A — V)% with domain H! (see [Wei80]). Assume that there
exist fi € H* such that

(7.15) Pfy = —e2f1, where P = (—A — V)2(=A — p.V)(-A — V)3,
Then taking
1 1 1
Vii=(-A=V)2f;, o= ;(—A —pV)(=A=V)zfi,

would yield a solution of system (7.14), showing the existence of }; and )_.
The remainder of the proof is devoted to proving that the operator P on L? with domain H*
has a strictly negative eigenvalue. Note that

P=(A+V)?—(pe—1)(-A—V)iV(-A - V)2

is a relatively compact, selfadjoint, perturbation of A2, so that its essential spectrum is [0, +-00)
(see [Wei80]). Thus we only need to show the following claim.

Claim 7.1.
o_(P):=inf {(Pf,f)12, f€DP), |Ifll;z=1} <O0.

Proof. Note that (Pf, f)r2 = —((A+p.V)F, F)
to find F such that

(7.16) (A+pV)F,F),, >0, and 3g € H', F = (A+V)g.

72, Where F' := (—A—V)%f. Thus it is sufficient

We distinguish two cases. First assume that N = 3,4, so that W ¢ L2. Let W,(z) :=
x(x/a)W (z), where x is a smooth, radial function such that x(r) =1 for r < 1 and x(r) = 0
for r > 2. We first claim

(7.17) Ja>0, E,i= / (A + p V)WV, > 0.
Recall that AW = —WPe. Thus

(A +pV)Wo = (pe — 1)x(a/a) WP + %(Vx) (z/a) - VW + %(Ax) (z/a)W.
Hence

/(A +pV)WaWa = /Xﬁ(Pc — WPt 4 z/(Vx) (z/a) - VW W + ;/(Ax)(a:/a)WQ.

(4) (B)

According to the explicit expression (1.2) of W, W < Clz|~ V=2 and |[VW| < Clz|~ -1 at
infinity, which gives |(4)| + |(B)| < € if N = 3, |(A)| +|(B)| < & if N = 4. Hence (7.17).

Let us fix a such that (7.17) holds. Recall that W is not in L2 Thus A + V is a selfadjoint
operator on L?, with domain H?, and without eigenfunction. In particular the orthogonal of its
range R(A + V) is {0}, and thus R(A + V) is dense in L?. Let ¢ > 0, and consider G. € H?

such that
A+ V)Ge — (A+V —1)W,]|12 <e.
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Taking F. := (A+V —1)"Y (A + V)G, we obtain ||[(A+V —1)(F. — W,)||z2 < € which implies
| Fe — Wallgz < ell(A+V —1)71| 2 2. Hence for some constant Co,

/ (A4 pV)EE, - / (A + pV)WalWa| < Coc.
RN RN

As a consequence of (7.17), we get (7.16) for F' = F,, ¢ = 2%0, which shows the claim in the
case N = 3,4.

Assume now that N = 5, so that W is in L? and more generally in all spaces H*(RY). In
this case (R(A 4+ V))* = N(A + V) = span{W}, and thus

(7.18) RIA+V)={feL? (f,W)r:=0}.

Furthermore, A + p.V is a self-adjoint compact perturbation of A and ((A 4+ p. V)W, W)z > 0,
which shows that A + p.V has a positive eigenvalue. Let Z be the eigenfunction for this
eigenvalue. Recalling that (A 4 p.V)W; = 0 we get, for any real number «

/ (A—i—pCV)(Z—i—an)(Z—i—an):/ (A+pV)ZZ > 0.
RN RN

By explicit calculation, (Wi, W) 2 # 0, so that we can chose the real number « to have (Z +
aWi, W)z = 0. Hence

(A4+V =1)(Z+aW1), W), = (Z+aW,(A+V —1)W),, = —(Z 4+ aW,W)2 = 0.
By (7.18), we can chose, for any ¢ > 0 a function G. in H? such that
A+ V)Ge — (A+V — 1)(Z + aWh)||12 <e.

As in the preceding case, F. = (A +V — 1)71(A + V)G, satisfies (7.16) for small ¢ > 0. Claim
7.1 is shown for N = 3,4,5, which concludes the proof of the existence of the real eigenvalues
of eg and —ey. O

7.2.2. Decay at infinity of the eigenfunctions. To conclude the proof of Lemma 5.1, it remains to
show that V. € S(RY). By a simple boot-strap argument, it is easy to see that the eigenfunctions
Yy and Y_ are C*°. It remains to show the decay at infinity of J;, Y_ and all their derivatives.

Recall that the eigenfunctions YV, and ) are complex conjugates. According to system (7.14)
on Y1 = Re)Y; and Vo = Im Y, it suffices to show the decay result on ) only. Furthermore,
by Sobolev embeddings, we only have to show that the following property holds for all £ and s

(Pv.) Ve € G (RM\{0)) 30, VR > 1, llola/ Rl < o

Recall that ) = /—A — V fi, with fi € H*, so that (Po3) is satisfied. We will show that for
k>0,s>3, (Pgs) implies (Pji1,641). Assume (Py,) and consider ¢ and @ in C5° (RV\{0})
such that ¢ is 1 on the support of ¢. Note that by (7.14)

(7.19) (A2 4+ )V = VAV, — A(pVIn) — pV 2.

By the explicit form of W, V and all its derivatives decay at least as ﬁ at infinity. Thus (7.19)
implies || (z/R)(A? + e3) V1| o3 < %H&(x/R)ylan. Hence

(7.20) I(A? + ) (p(x/ R)V1) || rss < %H@’(m/R)MIIHs.
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By (Pk,s), the right-hand side of (7.20) is bounded by % for large R. Furthermore, A? + €3
is an isomorphism from H*™! to H*73 so that (7.20) implies ||o(z/R)V1 || g1 < %, which

yields exactly (Pi+1,s+1). The proof is complete. g

Remark 7.2. Let ¥ € S(RY) and e; € R\ {—ep,0,eg} (thus by Corollary 5.3, e1 is not in the
spectrum of £). Then by a proof similar to the one above

(7.21) D= (L—e) 'V e SRY).
Indeed ®; = Re ® and ®9 = Im P satisfy the equations
(722) —e1P + (A + V)(I)Q =W, —e1Py— (A erCV)q)l = W,

As ®; and ®, are by definition in L?, a simple bootstrap argument shows that they are in all
H?, s > 0. Furthermore

(A2 4 e2)D) = —VAD| — A(pVP1) — p V20 — ey Uy — (A + V) Uy,

which gives equation (7.19), up to a right-member term —e; ¥ — (A + V) Wy which is in S(RY).
Thus the iteration argument above shows that ®; € S(RY), which implies by (7.22) that ®; €
S(RY). Hence (7.21).

7.3. Proof of Lemma 5.6. We have

Pet+1

c 1 —17 _
RUP) = =ilW 4 P O o f) o iWre B Wt f o B = ey (W)

where J is the function defined on C by

1 —1
J(z) = —z'|1+z|1’c*1(1+z)+i+z'pc; z+ipc2 zZ.

Recall that p. > 2. Thus J is of class C? on C and J(0) = 9..J(0) = 3-J(0) = 0. Furthermore,
for large |z|, J is bounded by C|z|P¢, and its derivatives of order k = 1,2 by C|z[Pe=%. Hence

(7.23) 1J(2) = J(2")| < Clz = 2'|(|2] + || + |2P7" + [/ [Pe7)
(7.24) 10,J(2) — 0.J ()| + 0] (2) — 8:J(2)| < C|z — 2/ (1 + \z\pC_Q + \z’]pc_z) .

By (7.23) we get the pointwise bound
(7.25) [R(f) = R(9)| < CIf = gl (WP2|f| + WP2|g| + [P~ + [g[Pe7t)

which yields (5.27) using Holder inequality HabcpC_QHL% < ||a|l z2 [|b]| 2= Hc||’£‘;?2

Now, remark that

V(R(f)) = pWP = (TW)T (W)
+ WP (W) (@.) (W) + WP (W) (020) (W)
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By (7.23) and (7.24) we get

VR(f) = VR(g)| < C{(4) + (B) + (O)}

1
@ =G

(B) = |[WV (WL — W) (W”C‘zlfl + Ifl”c‘l)

= gl (WP21 ]+ WP 2g] 4 [+ g

(€)= WY (W2 £ W g)| ] = gl (W2 4 [ 172+ [g]2).

Note that 2532 < N for N = 3,4,5 so that if u € S(I) and Vu € Z(I), Hardy inequality

Ipullzay < [IVullzy holds. Using Holder inequality [jabee 2| /) < ||aHZ(I)||b||S(I)HCH?(;)Z
together with Hardy and Sobolev inequalities we get

1 —2 e—1 —1
[ < Ol g (=9 (WG (170 + llsn) + 1715 + ol |

N

6— _ _
< CIV(f = 9lzety 175 (19 L2y + 1991 z0)) + IV £ Wy + IVl ]

The other terms (B) and (C) are handled in the same way. Note in particular that by Hardy
inequality WV (W~1g) |z < ClIVglzr)- The proof of (5.28) is complete. O
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