VARIATIONAL METHODS IN RELATIVISTIC QUANTUM
MECHANICS

MARIA J. ESTEBAN, MATHIEU LEWIN, AND ERIC S ERE

Abstract. This review is devoted to the study of stationary solutions o f lin-
ear and nonlinear equations from relativistic quantum mech anics, involving the
Dirac operator. The solutions are found as critical points o f an energy func-
tional. Contrary to the Laplacian appearing in the equation s of nonrelativistic
quantum mechanics, the Dirac operator has a negative contin uous spectrum
which is not bounded from below. This has two main consequenc es. First, the
energy functional is strongly inde nite. Second, the Euler -Lagrange equations
are linear or nonlinear eigenvalue problems with eigenvalu es lying in a spectral
gap (between the negative and positive continuous spectra) . Moreover, since
we work in the space domain RZ, the Palais-Smale condition is not satis ed.
For these reasons, the problems discussed in this review pos e a challenge in the
Calculus of Variations. The existence proofs involve sophi sticated tools from
nonlinear analysis and have required new variational metho ds which are now
applied to other problems.

In the rst part, we consider the  xed eigenvalue problem for models of a
free self-interacting relativistic particle. They allow t o describe the localized
state of a spin-1=2 particle (a fermion) which propagates without changing
its shape. This includes the Soler models, and the Maxwell-D irac or Klein-
Gordon-Dirac equations.

The second part is devoted to the presentation of min-max pri  nciples al-
lowing to characterize and compute the eigenvalues of linea r Dirac operators
with an external potential, in the gap of their essential spe ctrum. Many con-
sequences of these min-max characterizations are presented, among them a
new kind of Hardy-like inequalities and a stable algorithm t o compute the
eigenvalues.

In the third part we look for normalized solutions of nonlinear eigenvalue
problems. The eigenvalues are Lagrange multipliers , lying in a spectral gap.
We review the results that have been obtained on the Dirac-Fo ck model which
is a nonlinear theory describing the behavior of N interacting electrons in an
external electrostatic eld. In particular we focus onthe p  roblematic de nition
of the ground state and its nonrelativistic limit.

In the last part, we present a more involved relativistic mod el from Quan-
tum Electrodynamics in which the behavior of the vacuum is ta  ken into ac-
count, it being coupled to the real particles. The main inter esting feature of
this model is that the energy functional is now bounded from b  elow, providing
us with a good de nition of a ground state.
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Introduction

In this paper, we present various recent results concerningome linear and non-
linear variational problems in relativistic quantum mechanics, involving the Dirac
operator.

Dirac derived his operator in 1928 [44], starting from the usial classical expres-
sion of the energy of a free relativistic particle of momentun p 2 R® and mass
m

1) E? = &jpj? + m3c*

(c is the speed of light), and imposing the necessary relativi&c invariances. By
means of the usual identi cation

p! i~r

where ~ is Planck’'s constant, he found that an adequate observabledf describ-
ing the energy of the free particle should therefore be a seldjoint operator D,
satisfying the equation

@) (Do)?= &~ + mic
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Taking the locality principle into account, Dirac proposed to look for a local oper-
ator which is rst order with respectto p= i~r:
x3
(3) Ds = ic~ r +mc® = ic~ K@ + mc?;
k=1
where 1, 2, 3 and are hermitian matrices which have to satisfy the following

anticommutation reIationsg

< Kk *+ ~ x = 2
4) : kot = 0;
' = 1
It can be proved [159] that the smallest dimension in which (4 can take place is 4
(.,e. 1, 2, szand should be 4 4 hermitian matrices), meaning that D, has
to act on L?(R3; C*). The usual representation in 2 2 blocks is given by

| 2 0 i _ 0 k

e 1

N X

) l, ° kK= 0 (k=1;23);
where the Pauli matrices are de ned as
0 1 0 i 1 0
110 27 i 0 ®*7 0 1

By (1), the time-dependent Dirac equation describing the ewlution of a free
particle is
@

5) ~at"

This equation has been successfully used in physics to de#me relativistic particles
having a spin 1=2.

The main unusual feature of the Dirac equation is the spectrun of D, which is
not bounded from below:

(6) (De)=( 1 ; mc?][ [mc*1):

Compared with non-relativistic theories in which the Schredinger operator  =(2m)
appears instead ofD ¢, property (6) leads to important physical, mathematical and

numerical di culties. Indeed, if one simply replaces =(2m) by D¢ in the ener-

gies or operators which are commonly used in the non-relatigtic case, one obtains
energies which are not bounded from below.

Although there is no observable electron of negative energythe negative spec-
trum plays an important role in physics. Dirac himself suspected that the negative
spectrum of his operator could generate new interesting phsical phenomena, and
he proposed in 1930 the following interpretation [45, 46, 47

\We make the assumption that, in the world as we know it, nearly
all the states of negative energy for the electrons are occigd, with
just one electron in each state, and that a uniform lling of all the
negative-energy states is completely unobservable to us[47]

Physically, one therefore has to imagine that the vacuum (c#led the Dirac sea) is

lled with in nitely many virtual particles occupying the n egative energy states.
With this conjecture, a real free electron cannot be in a negtive state due to the

Pauli principle which forbids it to be in the same state as a vitual electron of the

Dirac sea.

Dec
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With this interpretation, Dirac was able to conjecture the existence of \holes" in
the vacuum, interpreted as \anti-electrons" or positrons, having a positive charge
and a positive energy. The positron was discovered in 1932 bfnderson [3]. Dirac
also predicted the phenomenon of vacuum polarization: in tle presence of an electric
eld, the virtual electrons are displaced, and the vacuum aguires a nonconstant
density of charge. All these phenomena are now well known andrell established
in physics. They are direct consequences of the existence thfe negative spectrum
of D¢, showing the crucial role played by Dirac's discovery.

Actually, in practical computations it is quite dicultto d eal properly with the
Dirac sea. As a consequence the notion of \ground state" (st of \lowest energy"
which is supposed to be the most \stable" for the system underconsideration)
is problematic for many of the models found in the literature. Numerically, the
unboundedness from below of the spectrum is also the sourcé&important practical
issues concerning the convergence of the considered algbms, or the existence of
spurious (unphysical) solutions.

Dirac's interpretation of the negative energies will be an mplicit assumption in
all this review in the sense that we shall (almost) always lo& for positive energy
solutions for the electrons. In the last section, we presena model from Quantum
Electrodynamics (QED) in which the nonlinear behavior of the Dirac sea will be
fully taken into account.

Mathematically, most of the energy functionals that we shal consider are strongly
inde nite: they are unbounded from below and all their criti cal points have an in-
nite Morse index. Note that the mathematical methods allowing to deal with
strongly inde nite functionals have their origin in the wor ks of P. Rabinowitz con-
cerning the study of nonlinear waves [134] and also the studpf periodic solutions
of Hamiltonian systems [135]. Many results have followed thse pioneering works,
and powerful theories have been devised, in particular in tle eld of periodic orbits
of Hamiltonian systems: the linking theorem of Benci-Rabirowitz [17], Clarke-
Ekeland's dual action functional [39], Conley-Zehnder's elative index [41], Floer's
homology [74]...

Another di culty with the models presented in this review is the lack of com-
pactness: the Palais-Smale condition is not satis ed due tahe unboundedness of
the domain R3. Variational problems with lack of compactness also have ben
extensively studied. Let us mention the work of Sacks-Uhlebheck [145] on har-
monic maps, Lieb's Lemma [114], Brezis-Nirenberg's study foelliptic PDEs with
critical exponents [25], the concentration-compactness thod of P.-L. Lions [118],
Bahri-Coron's critical points at in nity [10] and more rece ntly Fang-Ghoussoub's
Palais-Smale sequences with Morse information [68, 77].

The combination of the two above types of di culties poses a callenge in the
Calculus of Variations. To prove the results presented in ths review, it has been
necessary to adapt some of the sophisticated tools mentiodeabove and to introduce
new ideas. The novel variational methods that we have desiged can be applied
in general situations and in particular in the study of crystalline matter (nonlinear
Schmdinger equations with periodic potentials).

The review contains four di erent parts which are almost independent. The
common feature of all the problems addressed in this reviewsithe variational study
of linear and nonlinear eigenvalue problems with eigenvales in spectral gaps. In
the nonlinear case, there are two di erent classes of problas. Either we x the
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eigenvalue and let theL?-norm of the solutions free. Or we look for normalized
solutions, the eigenvalue is then a Lagrange multiplier whith has to stay in the
spectral gap.

In the rst section, we describe the results that have been olained for some
models describing one self-interacting free relativisticspin-1=2 particle. The sim-
plest case is when the interaction is \local", i.e. represeted by a nonlinear function
F of the spinor (t;x) of the particle. The general form for the equations that we
consider in this part is:

D¢ ' =rF():
These models are phenomenological. A Lorentz-invariant iteraction term F( ) is
chosen in order to nd a model of the free localized electron ¢r on another spin
1=2 particle), which ts with experimental data (see [138]).

At the end of the rst section, we present two nonlocal models the Maxwell-
Dirac and the Klein-Gordon-Dirac equations in which the electron interacts with its
own electromagnetic 8eId. The Maxwell-Dirac equations take the following form:

< (D¢+ v A) =1;

4 v=j %

4 Ac=(; «); k=123
From a mathematical viewpoint, the equations considered inthe rst section are
nonlinear eigenvalue problems, in which the eigenvalue isxed in a spectral gap,
but the L2 norm of the solution is not known. They are the Euler-Lagrange equa-
tions of a strongly inde nite functional. Moreover, this fu nctional does not satisfy
the Palais-Smale condition and the classical Benci-Rabinwitz linking theorem [17]
cannot be applied. The solutions are obtained by a \noncompat" linking argument
inspired by the works of Hofer-Wysocki [93] and See [150]on homoclinic orbits of
Hamiltonian systems. An additional di culty is that the non linearity can vanish
even for very large values of , and this makes the a priori bounds on Palais-Smale
sequences very delicate.

The second section is devoted to the study of min-max princiges allowing to
characterize the eigenvalues of Dirac operators with an exrnal potential V in the
gap of their essential spectrum. Such operators are commonlsed to describe the
dynamics of an electron which is subject to the action of an eternal electrostatic
eld with associated potential V (for instance an electron in the eld created by
a nucleus). It can also be used to describe manyon-interacting electrons. For
potentials V satisfying appropriate assumptions, the spectrum of the pegurbed
Dirac operator D¢ + V takes the form

(De+V)=(1 ; mc?[f "igian[ [mc?1)

where the ";'s are eigenvalues of nite multiplicity in ( mc?; mc?), which can only
accumulate at the thresholds mc? or mc? (see [18, 19]). The min-max formulas

presented in this section furnish a useful variational chaacterization of the ";'s and
of the associated eigenfunctions:

(Dc+ V)i ="i"i:

The min-max formulas are general and can be used in other seéttgs where eigen-
values in a gap of the essential spectrum have to be characteed or computed.
Many consequences of the min-max principles are derived irhis section, including
an algorithm for the computation of the eigenvalues.
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In Section 3, we present results concerning the Dirac-Fock wdel [156], allowing
to describe N interacting electrons in an external electrostatic eld. This is a
nonlinear model which is used in Quantum Chemistry to compue the state of such
electrons in heavy atoms. The energy functional is stronglynde nite and therefore
it is really not obvious how to nd an adequate de nition of th e ground state,
and to prove the existence of critical points in general. Expaining how this can
be achieved is the main goal of the section. The model consstbf a system ofN
coupled nonlinear equations, posed o ?(R3; C*)N :

D, "i=""i; 0<"j<mc?
where
D. =Dc+V+

being an operator depending nonlinearly on := ("' 1;:::;' ) and which models
the interactions betwqu the electrons. The functions' ;'s, which are assumed to
satisfy the constraints .("i;'j) = j, represent the states of theN electrons.
Being a system of nonlinear eigenvalue problems with eigealues in a spectral
gap, the Dirac-Fock equations carry some similarity with the equations studied in
Section 1. But there is a big di erence: the L2 norm of the solutions is now xed
a priori, and the eigenvalues'; are unknown Lagrange multipliers associated with
these constraints. This makes the problem harder, the main dculty being to keep
the multipliers "; in the interval (0; mc?). The positivity of "; is obtained thanks
to a new penalization method. See [26] for a generalizationfdhis method, with
applications to nonlinear periodic Schmdinger models fo crystals. The inequality
", <mc? follows from Morse-type estimates, as in the existence prdof Lions for
the nonrelativistic Hartree-Fock model [119]. To obtain these Morse-type estimates,
the easiest way is to use a general theorem of Fang-Ghousso[8]. Note that, since
the functional is strongly inde nite, one has to work in fact with a relative Morse
index.

Finally, in the last section we present a more involved phystal model in which
the behavior of the electrons is coupled to that of the Dirac &a, in the presence
of an external electrostatic eld V. In this model, Dirac's interpretation of the
negative energies is really taken into account: the vacuumsi considered as being an
unknown physical object which can react to an external stimdation. The important
feature of the model will be that the energy functional is bounded from belowas
rst proposed by Chaix and Iracane [36], showing the importance of the vacuum
polarization e ects. The main drawback will be that one necessarily has to deal
with in nitely many interacting particles (the real ones an d the virtual ones of the
Dirac sea), which creates lots of mathematical di culties. In particular, the main
unknown of the model is, this time, an orthogonal projectorP of in nite rank. The
optimal projector P representing the ground state of the system is solution of a
nonlinear equation of the form

(7) P= (1 ;1(Dc+V+ g)

where $ is an operator depending on the projectorP and describing the inter-

actions between all particles (the real and the virtual one3. We have used the
standard notation | (A) for the spectral projector of A associated with the inter-
val | . Solutions of (7) are obtained by a minimization principle, on a set of compact
operators. One has to be very careful in the choice of this seaand in the de nition
of the energy. A serious di culty is the presence of ultraviolet divergencies.



VARIATIONAL METHODS IN RELATIVISTIC QUANTUM MECHANICS 7

Acknowledgment.  First of all, M.J.E. and E.S. would like to thank T. Cazenave,
I. Ekeland, P.-L. Lions and L. Vazquez for having introduced them to this eld. We
would like also to thank J. Dolbeault, V. Georgiev, C. Hainzl, M. Loss and J.-P.
Solovej with whom we have collaborated on di erents parts ofthe works described
in this review. Some years ago P. Chaix was very patient in exfaining to us some
models of QED on which we have worked later; the last sectionfathis paper has its
origin in those conversations. Several discussions with BBu oni were very inspiring
to us when looking for new variational principles in the caseof strongly inde nity
functionals. We want also to acknowledge our participationin the european research
projects \Analysis and Quantum" (HPRN-CT-2002-00277) and \HYKE" (HPRN-
CT-2002-00282). The interaction with our partners in thosetwo projects has been
a source of inspiration and motivation for us along the yearsand we thank them for
that. We also acknowledge support from the ANR \ACCQUAREL" o f the french
ministry of research. E.S. was partially supported by the \Institut Universitaire
de France". Finally, we wish to thank P. Rabinowitz, who has been very patient
encouraging us to write this review article.

Notations and basic properties of the Dirac operator.
Before going further, let us x some notations. All throughout this review, the
conjugate ofz 2 C will be denoted by z . For X = (z1;:::;24)" a column vector
in C#, we denote byX the row co-vector (z,;:::;z,). Similarly, if A =(a;)isa
4 4 complex matrix, we denote byA its adjoint, (A )j = a; .

We denote by (X; X 9 the Hermitian product of two vectors % X %in C*4, and

by jX j, the canonical hermitian norm of X in C*, i. e. jXj2= * X, X; : The
usual Hermitian product in L2(R3; CZ4) is denoted as
(8) (; 9. = N (x); A0 dx:

For the sake of simplicity, we shall use a system of units in with
m=~=1:

Actually, by scaling one can also x the value of another physcal constant, like
for instance the speed of lightc or the charge of an electrone. We shall use both
possibilities in this review (they are of course equivalent

Let us now list some basic and important properties of the fre Dirac operator.
We refer to the book of Thaller [159] for details.

Proposition 1 (Basic properties of the free Dirac operator) The free Dirac opera-
tor D. is a self-adjoint operator on L2(R3; C#), with domain H*(R3;C#) and form-
domain H*¥?(R3;C*%). Its spectrum is purely continuous, (D¢) =( 1 ; ]|

[c?;+1 ). Moreover, there are two orthogonal projectors (both havig in nite rank)

from L?(R3%;C*) into itself, P?,, andP°. =1, P}, such that

DPO, = PO.D. = F & P = PO e @

DcPO.. PC..D. ¢t & PO = PO &2

The projectors Pf;c and PO;C are multiplication operators in the Fourier domain,
given by

(9)

Dup)+ | I O

10 po. = 7
(10) = =P
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Note that Proposition 1 enables us to split the space
H:= L*(R%C%
as the direct sum of two in nite dimensional Hilbert spacesH®.. = P° H. The
restriction of D¢ to H° . Is a self-adjoint operator in this subspace, with domain
HO ..\ HY(R3;C*). Furthermore, it will be convenient to use the following norm in
H, equivalent to the usual norm of H *2(R3; C%),
0 0 1=2 1=

(11) k ky:= ; (DcPye DcP7) G S iD¢j
The subspaceH? ..\ H!*?(R3;C*) and H° .\ H**?(R3; C*) are orthogonal for this
norm as well as for theL? norm.

When ¢ = 1, one recovers the usualH 12 norm. In this case, we shall use the
convenient notation P®, = P% and H° ., = HO.

1. Nonlinear Dirac equations for a free particle

In this section, we present some nonlinear Dirac equationof a free particle. We
therefore do not consider any external potential (but possbly a self-generated one).
Stationary solutions of such equations represent the stateof a localized particle
which can propagate without changing its shape. The rst to propose and study
models for the description of this phenomenon were Ivanenk{7], Weyl [169] and
Heisenberg [90]. We refer to Ranada [138] for a very interéisg review on the
historical background of this kind of models.

In this section, we shall always assume thatc = 1. A general form for the
equations that we want to present is

(12) i@ Di+ rF()=0 ;

where ( t; ) 2 L?(R%;C*). Throughout this chapter we assume that F 2 C?(C*;R)
satis es

(13) F(€ )= F() forall 2R:

The charge of the particle e does not appear since it is incorporated into the
nonlinear functional F.

The relativistic invariance requirement imposes severe r&rictions on the possible
nonlinearities F. In two very interesting papers [69, 70], Finkelsteinet al proposed
various models for extended particles corresponding to vaous fourth order self-
couplingsF. In those papers, they gave some numerical description of #hstructure
of the set of solutions, for di erent values of the parametess. Among the considered
functions F, in [69, 70] we nd the family of general self-couplings

(14) Fo() = () 2+b( °)°?
where ®= i 1 , 3, bis areal constant, and where we have used the notation
=( )

In the sequel, without any loss of generality, we will assumeghat = 1=2.
Stationary solutions of (12) are functions of the type
(15) (tx) = e™ (x);
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such that is a non-zero localized solution of the following stationay nonlinear
Dirac equation

(16) D; ! r F()=0 in R%

It is interesting to note that the latter equation has a variational structure: it is
indeed the EuIer—LagEange equation associated with the fuctional

an 1) = 300 ) 5 0P F( () dx:
R3

Hence, the solutions of (16) are formally the critical points of the \energy" func-
tional |'. In this context, we say that is a localized solution if ' ( ) is well-
de ned, thatis, if 2 H¥?(R%;C% and F( ) 2 L*(R3;R): Due to the structure
of the Dirac operator D1, the functional |' is not bounded below and solutions of
(16) cannot be obtained by a minimization method.

1.1. Soler models: existence by O.D.E. techniques. The caseb =0 in the
de nition (14) of Fy, was proposed by Soler in [154] to describe elementary fermis.
In this case, (17) reduces to

(18) D, ! () =0 in R®
which is usually called the Soler model Its more general version
(19) D; ! g¢ ) =0 in R®

is often called the generalized Soler equationand it is the Euler-Lagrange equation
associated with I'' for F( )= 1G( ), G°= g, G(0)=0.
The main advantage of (19) is the existence of a special ansatompatible with

the equation:
0 1

v(r)
@0 w=8 o K
iu (1)

In this ansatz, equation (19) reduces to the O.D.E. system

(u0+ 24) vgvt ou) (@ 1)
Vo ugvc u?) @a+1!)

The O.D.E. system (21) has been extensively studied. In [1§M\azquez proved
some qualitative properties of the solutions in the case & ! < 1, and showed the
non-existence of localized solutions wherj! j > 1. Cazenave and \azquez obtained
the rst rigorous existence result for this problem in [33]. More precisely, in [33]
they proved the existence of a solution (;v) to (21) for nonlinearities g of class
C! satisfying:

(22) g:[0;+1)! [0;+1);9(0)=0;¢°>0; lim g(s)=+1;

sin el

(21)

whenever 0< ! < 1. Moreover, this solution (u;v) is such that u and v are
positive on R*, u(0) = 0; v(0) > 0. Additionally, u and v (as well as their rst
derivatives) decay exponentially at in nity.

Later on, Merle [124] improved the above result by extendingit to a more gen-
eral class of nonlinearitiesg. Then, Balabane et al proved the following general
multiplicity result:
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Theorem 2. ([11]) Assume thatg: R! R is a function of class C! such that
g(0)=0, g isincreasing in (0;+1 ), g(s)> 1+! for s large, g¥g (1 !)) >0
and g(s) O for s 0. Then, for any ! 2 (0;1), there exists an increasing
sequence of positive numberbx, g, 1 such that for everyn 1, there is a solution
(un;vp) of (21) satisfying

un(0) =0 ;v,(0) = X ;

u, and v, haven 1 zerosinR*,

up and v, decay exponentially at in nity, as well as their rst deriva tives.

Moreover, if for all s, g(s) = s, then the sequencd x, g is bounded.

In the case of singular nonlinearities, compactly supportd solutions may exist.
More concretely, the following result was proved in [12]:

Theorem 3. ([12]) Assume that g : (0;+1)! (1 ;0) is a function of class
C?! which is nondecreasing and integrable near the origin. Sumse also that there
exists a numbera such that g(a®>) =1 !, while g¥a?) > 0. Then, for every
0<!< 1 there exists a positive solution(u;v) of (21). Moreover, the support of
(u;v) is bounded if and only if

z 1 ds z S
——<+1; where G(s):= X) dx:
. 5E CESI )
1.2. Soler models: existence by variational techniques. All the above results

were obtained by a dynamical systems approach. But it is alsgossible to exploit
the variational structure of (19) (and also of the O.D.E. sysgem (21)) to prove
existence of solutions.

In the case of (21), the use of variational methods does not iically improve
the results that were obtained by O.D.E. methods (see above) The assumptions
needed to use variational techniques are slightly di erent In [62], Esteban and Se
obtained the following result:

Theorem 4. ([62]) Let F : C*! R satisfy
F()= 260 ) G2CYRiR); G0)=0;
with G 2 C?(R;R). Denoting by g the rst derivative of G, we make the following

assumptions:
(23) 8x 2 R; xg(x) G (x) forsome > 1;

(24) G(0) = g(0)=0;
(25) Bx 2 R; G(x) 0) and G(Ag) > 0 for someAy > O

(26) O0<!< 1:

I|Ihen there exist innitely many solutions of Equation (16) in

2 qe+1 WHI(R3,C*). Each of them solves a min-max variational problem on
the functional 1' . They are of the form (20) and thus correspond to classical so
lutions of (21) on R, . Finally, they all decrease exponentially at in nity, together
with their rst derivatives.
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The interest of using variational techniques appears much rare clearly when one
studies equations for which no simplifying ansatz is knownfor instance in the case
where F = F, with b 6 0. In that case, Equation (16) cannot be reduced to a
system of O.D.Es similar to (21). A general result proved by Bteban and Se in
this context is the following:

Theorem 5. ([62]) LetbeF( )= j jt+b °j, ,withl< 1, ,< 3
-,'-b > 0. Then, for every ! 2 (0;1), there exists a non-zero solution of (16) in
1 g<+1 WLA(R3; C4).

In fact, Theorem 5 is a consequence of the more general follavg result in [62]
Theorem 6. ([62]) Assume thatF : C?! R satises :
(27) 8 2C% 0 F() a(j'+jiij?;
with a4 > 0and 2< > < 3. Assume moreover that
F 2 C?(C*R); FY0)= FQ0)=0;

(28) JFOU ) aj j2 2% a>0 forj jlarge;

(29) 8 2C*% rF() asF(); az>2;

(30) 9a,>3;,8 > 0,9C >0;8 2C*% jr F()]j +CF()ﬁjj;

(31) 8 2C% F() aj | a > Lasas>0

T Then, for every I 2 (0;1), there exists a non-zero solution of (16) in
2 ge+1 WLA(R3; C4).

1.3. Existence of solutions by perturbation theory. Another way of nding

solutions to nonlinear Dirac equations is perturbation theory. In this approach,

one uses previously known information about the nonlinear hredinger equation

[168], which is approached in the non-relativistic limit. Ounaies proved in [130] that
solutions of some nonlinear Dirac equations, when properlyescaled, are close to
solutions of the nonlinear Schmdinger equation, with the same nonlinearity, when
the phase! approaches 1. More precisely, assume for instance that

F()= 5 6( )+ H( %) ;

where G;H are two functions of classC? such that G(0) = H(0) = 0, and such
that g := G%and h := H?are homogeneous of degree 2 (0;1]. Then, if we write

any 4-spinor as = |, the main theorem in [130] states the following
Theorem 7. ([130]) Under the above assumptions, letl ! = a2 = 2= b =
". If we rescale the functions’; as follows
"(X):=a'(x); (xX)=Db (x);
then, = ' is a solution to (16) if and only if are solutions to the system
(ior) +' g i) +Ku(sy ) =0
(i 1) 2 +Ke(5% ) = 0
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Here K, and K ; are small functions for small”, ' and taking values in a bounded
set of C2. Moreover, for " small enough, there exist solutions to the above equation.
They are close to a solution of the nonlinear Schredinger egation

1 [
32 = '+ i'j?) =0; = -( r):
(32) 5 9" %) 50 1)
Remark 8. Note that the function h = H? does not appear in the above limiting
equation.

The proof of this theorem makes use of the implicit function theorem in an
appropriate manner. Important ingredients are the uniqueness (up to translation)
of the solution to the elliptic equation (32) for ' and its nondegeneracy [106, 40,
168].

1.4. Nonlinear Dirac equations in the Schwarzschild metric. All the above
models correspond to the Dirac equation written in the Minkowski metric, this
is, in at space. But the space-time geometry plays an impor@ant role when one
wants to take relativistic e ects into account. For instanc e, when considering the
Schwarzschild metric outside a massive star, the nonlineabirac equation appears
to be di erent.

In [9] A. Bachelot-Motet has studied numerically this problem in the case of the
symmetric solutions as above. One has to study a system of O.Bs similar to (21)
but with r-dependent coe cients instead of constant ones. More predaely, in the

ansatz (20) and for the caseF (s) = jsj?, system (21) becomes
(33) fu®+ U(f + f172) = v (v u?) (f¥¥2 1)
fvo+ ¥Y(f 172 = u (V¢ u?) (f¥2+1)

where f(r)=1 1.

Notice that this problem is not to be considered in the whole pace: since the
physical situation corresponds to the outside of a massivetar, the natural domain
is the complement of a ball, or in radial coordinates, the inerval r > r o, for some
ro > 0. In this case, the usual \MIT-bag" boundary condition reads

u(ro) = Vv(ro):

The very interesting numerical results obtained by Bacheld-Motet suggested
conditions for some existence and multiplicity results for(33) that were later rig-
orously proved by Paturel in [131]. Note that in [131] the soltions are found as
critical points of a reduced energy functional by a mountainpass argument, while
as we see below, we use a linking method to produce our solutis.

1.5. Solutions of the Maxwell-Dirac equations. The nonlinear terms appear-
ing in all the above models are local, that is, are functions 6the spinor eld

But in some cases, one has to introduce nonlocal terms, likeof instance when con-
sidering the interaction of the Dirac eld with a self-generated eld. In this case,
the equations become integro-di erential.

Our rst example is the Maxwell-Dirac system of classical eld equations, de-
scribing the interaction of a particle with its self-generated electromagnetic eld.
In order to write the equations in relativistically covaria nt form, we introduce the
usual four-dimensional notations: let be © := and ¥ := k. For any wave-

function ( xo;x) : R R® 7! C* (note that xo plays the role of the time t), we
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denote := . In the Lorentz gauge the Maxwell-Dirac equations can be written
as follows
(34) (i @ A 1) =0 in R RS

@A =0; 4@@A =( ; ) in R R3:

Notice that we have used Einstein's convention for the summton over . We also
introduce the electromagnetic currentd =( ; ).

Finite energy stationary solutions of cIassmaI nonlineamwave equations have been
sometimes used to describe extended particles. Of coursedtelectromagnetic eld
should in principle be quantized like in Quantum Electrodynamics. In the Maxwell-
Dirac model, the eld is not quantized but it is believed that interesting qualitative
results can be obtained by using classical elds (see, e.g79, Chapter 7]).

Another example of a self-interaction is the Klein-GordonDirac system which
arises in the so-called Yukawa model (see, e.g. [20]). It came written as

(i @ 1) =0 in R R
(35) @@ + M2 = ‘%( ;) in R RS3:

Other related models, that we will not discuss, include the Enstein-Dirac-Maxwell
equations, which have been investigated by F. Finster, J. Smller and S.-T. Yau
[71], [72]. The above systems (34) and (35) have been extemsly studied and
many results are available concerning the Cauchy problem (& refer to [61] and
[79], chapter 7, for detailed references).

A stationary solution of the Maxwell-Dirac system (34) is a particular solution
( ;A):R R*7! C* R*of the form

( Xo;x) = e ™o (x) with "R3! C*%
A (Xo;x) = 3 = o d ()

The existence of such stationary solutions of (34) has beennaopen problem for a
long time (see, e.g. [79, p. 235]). Indeed, the interaction &tween the spinor and
its own electromagnetic eld makes equations (34) nonlinea

Concerning stationary solutions of (34), let us mention the pioneering works of
Finkelstein et al [69] and Wakano [166]. The latter consideed this system in the
approximation Ag 6 0, A; = A, = Az 0, the so-called Dirac-Poisson system.
This problem can be reduced to a system of three coupled di ezntial equations
by using the spherical spinors (20). Wakano obtained numedal evidence for the
existence of stationary solutions of the Dirac-Poisson ecation. Further work in this
direction (see [138]) yielded the same kind of numerical redts for some modi ed
Maxwell-Dirac equations which include some nonlinear seltoupling.

In [120] Lisi found numerical solutions of the Dirac-Poissa and of the Maxwell-
Dirac systems. The computation of the magnetic part of the eld A for these
solutions showed that Wakano's approximation was reasonale, since the eld com-
ponents (A1;Az; Az) stay small compared with Ag. See also [136, 137, 24] where
various kinds of stationary solutions are considered, likehe so-calledstatic solu-
tions which have no current \ ow".

In the case 1 <! < 0, Esteban, Georgiev and See [61] used variational
techniques to prove the existence of stationary solutions ©(34). Any solution of
(34) taking the form (36) corresponds (formally) to a critical point  of the following

(36)
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functional:

z zz
()= Si*@: ) ¢y Ljp t I I B 4oy

ro 2 A owor XY y:

1
2

This remark was used in [61] to nd a stationary solution of (34) in the appropriate
space of functions.

Theorem 9. ([61]) For any ! strictly between 1 and O, there exists a non-zero
critical point | of I, . This function , is smooth inx and exponentially decreasing
at innity. Finally, the elds ( xo;x) = e ™o |, A (xo;X) = J, J%J are

solutions of the Maxwell-Dirac system (34).

Later, using cylindrical coordinates, S. Abenda [1] extenéd the above result to
the case 1< ! < 1. Indeed, in the class of cylindrically symmetric functiors,
the energy functional has better properties which allow to se the same variational
procedure as in the work of Esteban-See, but in the more gaeral case! 2 ( 1;1).

Many questions are still open about the existence of statioary solutions for (34).
It is easy to see that they have all a negative \mass". Wakano &eady observed this
phenomenon for the soliton-like solutions of the Dirac-Posson system. However, it
was shown in [166] that a positive mass can be reached by talgninto account the
vacuum polarization e ect.

For the case of the Klein-Gordon-Dirac equations the situaton is slightly simpler
because they are compatible with the ansatz (20) introducedbove. So, in this case
the authors of [61] did not only obtain existence of solutiors, but also multiplicity:

Theorem 10. ([61]) For any ! strictly between 1 and O, there exists in nitely
many solutions to the Klein-Gordon-Dirac system (35). Thes solutions are all
smooth and exponentially decreasing at in nity in x.

We nish this section by explaining the general ideas of the poof of Theorem 9.
The proofs of Theorems 4, 5 and 6 basically follow the same les and we will skip
them.

Sketch of the proof of Theorem 9. As already mentioned in the introduction,
the presence of the negative spectrum for the Dirac operatoforbids the use of a
minimization argument to construct critical points. Inste ad, the solution will be
obtained by means of a min-max variational method based on amplicated topolog-
ical arguments. This kind of method used to treat problems wth in nite negative
and positive spectrum have been already used under the namd bnking. The link-
ing method was introduced by V. Benci and P. Rabinowitz in a canpact context
[17]. The reasons making the use of variational arguments nstandard in our case
are : (1) the equations are translation invariant, which creates a lack of compact-
ness; (2) the interaction term J A is not positive de nite. Note that as we have
alredy pointed out, in some cases one can perform a reductioprocedure and ob-
tain a reduced functional for which critical points can be found by a mountain-pass
argument [131].
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First stelg): Estimates. Dening A =] J% then one deduces] A =
JOAO 3 JkAK and

Z
L( ):= dedy= J A dx:
R& R JX Y] R3
Let us also introduce the functional
SO
2:2) o( ) = G OGO gg -

R R3 Xy
It is easy to prove that Q is non-negative, continuous and convex ot = H1=2(R3; C%),

and vanishes only when (; )(x) = 0 a.e. in R®:
Let us state a lemma giving some properties of the quadraticdrms in |, :

Lemma 11. For any 2 H, the following inequalities hold:
0] LA (x) 0; ae. in RS
(ii) red A Q( );
1=2

P -

(iii Ao v AR

(iv) i A c’ Ao P
Remark 12. Note that when the function is cylindrically symmetric, the func-
tional L de ned above is not only non-negative, but actually contr@d from below
k kﬁ' (see Lemma 1 in[1]). This is the reason why Abenda has been able to treat
the case! 2 ( 1;1), extending Theorem 9.

A J ae. in RS

Another important information is given by the

Lemma 13. Letbe > 0. There is a non-zero functione, : (0;1)! H; = TH
such that, if * = e (Z), then

1 . 1 2 .
§R3(,D1) 4Q() 2kkLz.

Second step: Modi ed functional and variational argument. In order to
obtain some coercivity, a modi ed functional 1~ was considered in [61]. It reads
e ()= () Sk KR

where" > 0. The critical points of 1,.- () satisfy
i k@ 10 A "0 jz =0

37) 4 Ap=J%=j % 4 A= Ik

0 for s land (s) =1 for

Let be a smooth function satisfying (s)

s 0. The gradient being dened by r 1,» = j Dij *I1 , let us consider the
ow for positive times t, {. , of a modied gradient :
0 —
= 1y
(38) @b = ((e)ripy) &
It can be seen that for " > 0 the functional 1~ enjoys the properties needed

for the Benci-Rabinowitz linking argument [17], except that its gradient is not of
the form L + K with L linear and K compact. Due to this lack of compactness,
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one cannot use Leray-Schauder's degree. One can work insteavith a generalized
version of the Leray-SchauderZ,-degree, due to Smale [153] to show the existence
of a positive critical level of I~ . This idea was introduced by Hofer-Wysocki
[93] in the study of homoclinic orbits of nonconvex Hamiltonan systems, where a
similar lack of compactness occurs. Hofer and Wysocki workewith the unregu-
larized L2-gradient. This gradient does not have a well-de ned ow, but for the
linking argument it is su cient to consider certain smooth g radient lines, which
are pseudo-holomorphic curves satisfying boundary condibns. Later Se [150],
studying homoclinic orbits on singular energy hypersurfaes, worked with the H 1=2-
regularized gradient, which has a well-de ned ow leading to an easier and more
exible linking argument. This approach is adapted to nonlinear Dirac in [62] and
to Dirac-Maxwell and Dirac-Klein-Gordon in [61]. Consider the sets

N = = +es(); 2Hy k ky ke()ky; 2[01]
and
+=f 2H] =k ky= g; > O:
Then one can prove the
Proposition 14. Forany 1<!< ,"> 0and ., N constructed as above,

there exists a positive constantc, , such that the set {. (N )\ . is non-empty,
for all t 0. Moreover, the number

C» = itnf0 [y .t (N )
is strictly positive, it is a critical level for |,» andc~ ! ¢ >0as"! O.
Additionally, for any !;" xed, there is a sequencef’ . gn o such that asn !
+1,
o) oo
(39) I!, ( I ) C!, 1

1+K M krle () O

Remark 15. In [61] and [62], an easy regularization step is missing. Indeed,
Smale's degree theory require€2-regularity for the ow, which corresponds to C3-

regularity for the functional. In the case of the local nonlhear Dirac equation,

such a regularity can be easily achieved by a small perturliah of the function

F()+"jj2 ' . Since all the estimates will be independent of the regulaation

parameter, the solutions of the non-regularized problem Wibe obtained by a limiting

argument.

Note that the linking argument of [150], [62] and [61] has inpired later work (see
[162, 157]), where an abstract linking theorem in a nhoncompet setting is given,
valid rst for C? and then for C!-functionals.

Third step: Properties of the critical sequences. The concentration-compactness
theory of P.-L. Lions [118] allows us to analyze the behavioof critical sequences of
I~ as follows:

Proposition 16. Let! 2 ( 1;0) and" Obe xed. Let ( ,) H be a sequence
in H such that

(40) 0 < infk nku  supk pky < +1
n
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and I!?.. ( n)! 0in H® as n goes to+1 . Then we can nd a nite integer p 1;

such that fori 6 j, jxi,  xl] I!+l +1 ; and, up to extraction of a subsequence,
n!

n N xp) !
i1 H n! +1

Obtaining estimates in H*=2(R?) for the sequencef’ {. g, o of Proposition 14
is quite easy because of the coercivity introduced by the péurbation term in
". Moreover, ¢;» being strictly positive, the sequencef’ [. g, o is also bounded
from below away from 0. So, Proposition 16 applies to prove tk existence of a
solution to (37) for every " > 0. Next, we want to pass to the limit when " goes
to 0. Note that we are doing so along a sequence of functions wih are exact
solutions of the approximate problem (37). This part of the proof is done by rst
proving the equivalent of the Pohozaev identity for equation (37), * 0, and then
by introducing some special topologies in the space&® which are related to the
decomposition of R® as the union of unit cubes. Analyzing the solutions to (37)
in those topologies, we nd the following

Theorem 17. There is a constant > 0 suchthatif 1<!< OandO<" 1,
there is a function - 2 H such thatl!?.. ( »)=0 and

e () o

Last step: Passing to the limit "1 0. Eventually, we use Proposition 16
to pass to the limit " ! 0. When obtaining the estimates (40) for the critical
sequences of ;. , we observe that the lower estimate for the normjj jj  is actually
independent of ". Assume, by contradiction that the upper estimates do not hdd
for the sequence (-). Then, we consider the normalized functions

==k okt

and apply Proposition 16 to the sequence (). Under the assumptionthat jj -jjy !
+1 , we use all the previous estimates to infer that forj =1;:::;p,

w Z

Ity j2dx=0; Q(Cl)=o0:

j=1 R
But the latter implies that for every j, ' i*i = 0 ae. and so, from the r.h.s.
identity we obtain that '! =0 a.e. for all j. This contradicts Theorem 17. u
1.6. Nonlinear Dirac evolution problems. The results which we have men-

tioned so far are concerned with the existence of stationarysolutions of various
nonlinear Dirac evolution equations. These particular solitions are global and do
not change their shape with time. The study of the nonlinear Drac evolution
problem

i@ Di+ G() =0

0) = 0

is also interesting in itself and, even if this is not the aim d the present paper, let
us mention some references.

(41)
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For the case of local nonlinearities as the ones considered this section, sev-
eral works have proved well-posedness for small initial dat in well chosen Sobolev
spaces. For nonlinearities containing only powers of of oderp 4, Reed proved
in [139] the global well-posedness for small initial data inHS, s > 3. A decay
estimate at in nity was also obtained in this paper. Later, D ias and Figueira [43]
improved this result to include powers of orderp = 3 and for s > 2. Najman [127]
took the necessary regularity of the initial data down to H2. In [60] Escobedo
and Vega proved an \optimal result" which states that for the physically relevant
nonlinearities of orderp 3 of the type

n
(42) GO= () T o+ )T
there is local well-posedness of the evolution equation il S, for s > % le
p is an odd integer, while s has to be in the interval (% p—ll; pTl) otherwise.
Moreover, if p > 3, then the problem is globally well-posed for small initial data
in H®), with s(p) = 3 ﬁ For a more recent result, see for instance a paper
of Machihara, Nakanishi and Ozawa [121], in which the existece of small global
solutions is proved inH S for s > 1, and the nonrelativistic limit is also considered.

An interesting question to ask is about the (linear or nonlinear) stability proper-
ties of the stationary solutions with respect to the ow generated by the evolution
equation. At present this seems to be a widely open problem €= [138] and [155]
for a discussion). Recently, Boussaid [21] has obtained thest stability results, for
small stationary solutions of nonlinear Dirac equations wth exterior potential.

when

Concerning the Cauchy problem for the Maxwell-Dirac equatbns, the rst result
about the local existence and uniqueness of solutions was t@ined by L. Gross in
[82]. Later developments were made by Chadam [34] and Chadamand Glassey
[35]in 1+ 1 and 2 + 1 space-time dimensions and in 3 + 1 dimensios when the
magnetic eld is 0. Choquet-Bruhat studied in [38] the case & spinor elds of
zero mass and Maxwell-Dirac equations in the Minskowski spee were studied by
Flato, Simon and Tain in [73]. In [76], Georgiev obtained a dass of initial val-
ues for which the Maxwell-Dirac equations have a global soltion. This was per-
formed by using a technique introduced by Klainerman (see [@0, 101, 102]) to
obtain L' a priori estimates via the Lorentz invariance of the equatims and a
generalized version of the energy inequalities. The same nied was used by Bach-
elot [8] to obtain a similar result for the Klein-Gordon-Dir ac equation. Finally,
more recent e orts have been directed to proving existence solutions for the
time-dependent Klein-Gordon-Dirac and Maxwell-Dirac equations in the energy
space, namelyC( T;T;H'2 H1). The existence and uniqueness of solutions
to the Maxwell-Dirac system in the energy space has been pr@d by Masmoudi
and Nakanishi in [122, 123], improving Bournaveas' resultm [22], where the space
considered wasC( T;T;H¥*" HM"),

Note that as mentioned above, the stationary states of the fom (36) are particu-
lar solutions of the Maxwell-Dirac equations. Physically they correspond to bound
states of the electron.

2. Linear Dirac equations for an electron in an external field

When looking for stationary states describing the dynamicsof an electron moving
in an external eld generated by an electrostatic potential V, one is led to study the
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eigenvalues and eigenfunctions of the operatoD.+ V . If the electron has to enjoy
some stability, the eigenvalues should also be away from thessential spectrum.
In the case of not very strong potentialsV, the essential spectrum ofD; + V is
the same as that of D, that is, the set (1 ; c?][ [¢?;+1 ). So the eigenvalues
which are of interest to us are those lying in the gap of the esntial spectrum, i.e.
in the interval ( ¢%;c?). More precisely, in general a state describing an electrois
always assumed to correspond to a positive eigenvalue. It iherefore important to
be able to determine whether there are positive eigenvaluesr not, and what is the
behaviour of the " rst' eigenvalue whenV varies (whether it crosses 0 or dives into
the lower negative essential spectrum for instance). Notehat one expects that for
a reasonable potential there are no eigenvalues embeddedtime essential spectrum.
Very general conditions onV which ensure nonexistence of embedded eigenvalues
have been given by [18, 19] . Note nally that in this section ¢ is kept variable.

Formally, the eigenvalues of the operator D, + V are critical values of the
Rayleigh quotient

(Dc+ V) )
(; )

in the domain of D;+ V . Of course, one cannot use a minimizing argument to nd
such critical points since, due to the negative continuous gectrum of the free Dirac
operator, Qy is not bounded-below. Many works have been devoted to nding
non-minimization variational problems yielding the eigervalues of D; + V in the
interval ( ¢?;c?). Another important issue is to avoid the appearance of spuious
states (some eigenvalues of the nite dimensional problem @y not approach the
eigenvalues of the Dirac operatorD.+ V) as it has been the case in many proposed
algorithms (see for instance [55]). W. Kutzelnigg has writien two excellent reviews
[104, 105] on this subject, where many relevant references be found. The main
techniques which have been developed so far and used in prém# can be divided
in three groups:

(43) Qu( ):=

(1) Use of e ective Hamiltonians whose point spectra are clse to the spectrum
of the Dirac operator in the limit ¢! +1 . Forinstance, one can cut at a
nite level some in nite asymptotic formal expansion in neg ative powers of
c. To this category of works belong for instance [58, 59, 110,11, 112, 105].

(2) Use of a Galerkin approximation technique to approach tre eigenvalues,
and this without falling into the negative continuum ( 1 ; c?). This is
equivalent to projecting the equation onto a well-chosen nte dimensional
space. This procedure has been well explained for instance [56, 57, 104].

(3) Replacement of the problematic minimization of Qy by another one. For
instance, it was proposed to minimize the Rayleigh quotientfor the squared
Hamiltonian (D + V)? (see, e.g. [167, 16]) or later on, to maximize the

Rayleigh quotients for the \inverse Hamiltonian" jDDCC+\>/j?_ (see [92]).

Before we go further, let us recall some useful inequalitiehich are usually used
to control the external eld V and show that D + V is essentially self-adjoint. We
recall that H = H'?(R3;C*) and that H° are the positive and negative spectral
subspaces oD ;.
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Proposition 18 (Hardy-like inequalities). The Coulomb potential W (x) = -

IX]
satis es the following Hardy-type inequalities:

P— N
(44) WS 21Dl
—— _ 1 2 o
(45) 8 2HY[ H°; Wo(x) 5 3t - (; D )2
(46) W2 4 4iD4j%

The inequalities of Proposition 18 are classical (see, e.491, 98] for (44)), except
for (45). The proof of the latter is based on a method of EvansPerry and Siedentop
[67] and is contained in the recent papers [29, 160, 161].

2.1. A variational characterization of the eigenvalues of D¢+ V. Formally,
the eigenvalues of D. + V lying in the gap of the essential spectrum should be
described by some kind ofmin-max argument. This was mentioned in several
papers dealing with numerical computations of Dirac eigenalues before it was
formally addressed in di erent contexts in a series of papes [63, 81, 80, 50, 51].

For the sake of clarity, we are going to present only a particlar version of those
min-max arguments allowing to characterize eigenvalues ofhe operator D, + V
for appropriate potentials V. This method derives from a proposition made by
Talman [158] and Datta, Deviah [42] and based on the decompd#on of any spinor

= ' asthe sum of its upper and its lower components:

' 0

47 = o +

This proposal consisted in saying that the rst eigenvalue d D; + V could be
obtained by solving the min-max problem

, (Dc+V); ).
(48) ‘mel(r; maxﬁ :

The rst rigorous result on this min-max principle was obtai ned by Griesemer
and Siedentop [81], who proved that (48) yields indeed the st positive eigenvalue
of D+ V for potentials V which are in L* and not too large. In [51], Dolbeault,
Esteban and Se proved that if V satis es the assumptions

(49) V(X) . 0
(50) — K1 V. Kz=sup V(x);
I1X] X2 R3
p—
(51) KiKy O Ki+Ky, < & 2¢?

with 2 (0;0), K1;K2 2 R, then the rst eigenvalue (V) of D, + V in the
interval ( ¢2;c?) is given by the formula

— (; (Dc+V) ). _
(52) (V)= [ngo sup ) ; =
Actually, under the conditions (49)-(50)-(51), it can be seen that D + V has an
in nite sequence of eigenvalued (V)gk 1 converging to 1, and it was proved in
[51] that each of them can be obtained by a min-max procedure:
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Theorem 19. (Min-max characterization of the eigenvalues ofD. + V [51]). Let
V be a scalar potential satisfying (49)-(50)-(51). Then, for all k 1, the k-th
eigenvalue (V) of the operator D.+ V is given by the following min-max formula

(53) (V) = inf sup (V')
Y subspace of C! (R%C?) ' 2vnfog
dimY =k
where
(54) T(V;' ) = sup ((Dc +. V) ; )
-() ()
2Cg (R%C?)

is the unique number in(K, ¢%;+1 ) such that
z e 1)
2 V+ T(V;")

The above result is optimal for Coulomb potentials for which all the cases 2
(O; ¢) are included. But note that assumptions (50)-(51) can be r@laced by weaker
ones allowing in particular to treat potentials which have a nite number of isolated
singularities, even of di erent signs. We describe some ofttese extensions at the
end of this subsection.

Theorem 19 is a useful tool from a practical point of view in the sense that the
rst eigenvalue (casek = 1) of D+ V can be obtained by aminimization procedure
over the (bounded-below) nonlinear functional' 7! T(V;'). Higher eigenvalues
are obtained by the usual Rayleigh-Ritz minimax principle on the same nonlinear
functional. As we shall see below, this has important consagences from a numerical
point of view.

(55) T(vit) i jPdx= +(+ V)i j? dx
R3

Theorem 19 is a direct consequence of an abstract theorem pred by Dolbeault,
Esteban and See [51], providing variational characterizations for the eigenvalues
of self-adjoint operators in the gaps of their essential spetrum.

Theorem 20. (Min-max principle for eigenvalues of operators with gaps $1]) Let
H be a Hilbert space andA : D(A) H!'H a self-adjoint operator. We denote
by F (A) the form-domain of A. Let H,, H be two orthogonal Hilbert subspaces
of H such thatH = H, H  and let be the projectors associated wittH . We
assume the existence of a subspace Df(A), F, which is dense inD (A) and such
that :

(i) F+ = +sFandF = F are two subspaces oF (A).

i — (x Ax )
(i) @ =supy 2¢ niog x kz— < +1

Moreover we de ne the sequence of min-max levels

. A
V subspace of F+ yo(v F ynfog JXIj
dim V=k

and assume that
(iii ) ca(A) >a

Then
8k 1, ««(A) = «;
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where, if b=inf ( ess(A)\ (a ;+1))2(a ;+1], « denotes thek™ eigenvalue
of A (counted with multiplicity) in the interval (a ;b) if it exists, or ¢ = bif there
is no k" eigenvalue.

As a consequenceb = |l'|r1n c(A) = Slip «(A) > a

An important feature of this min-max principle is that the mi n-max levels do not
depend on the splitting H = H. H  provided assumptions (), (ii) and (iii ) hold
true. In practice, one can nd many di erent splittings sati sfying these assumptions
and choose the most convenient one for a given application.

In order to treat families of operators without checking the assumptions of the
above theorem for every case, there is a \continuous" versio of Theorem 20 in [51]
which we shall present now.

Let us start with a self-adjoint operator Ag : D(Ag) H!H . and denote by
F (Ap) the form-domain of Ag. Now, for in an interval [0; ) we dene A =
Ao+ W whereW is a bounded operator. The operatorA is self-adjoint with
D(A )= D(Ao), F(A )= F(Ag). LetH=H, H be an orthogonal splitting of
H,and P, ; P the associated projectors, as in Section 1. We assume the sieénce
of a subspace oD (Ag), F, dense inD (Ap) and such that:

(i) F+ = PrF andF = P F are two subspaces of (Ao);
(jj ) thereis a 2 R such that forall 2 (0; ),

a = sup 7()( A X )
' x 2F nfOg kx kﬁ

For 2(0; ), letb :=inf( es(A )\ (a;+1));andfork 1,let . bethe
k-th eigenvalue of A in the interval (a ;b ), counted with multiplicity, if it exists.
If it does not exist, we simply let . := b : Our next assumption is

(jjj ) thereis a. >a suchthatforall 2 (0; ), 1. ar
Finally, we de ne the min-max levels

. A
(57) C; = inf Q-uﬂ' L
\ sub_space of Fi x2(V F )nfOg JJX”H
dim V=k

and assume that
(jv) cuo>a

Then, we have the

Theorem 21. ([51]) Under conditions (j) to (jv), A satis es the assumptions(i)
to (iii ) of Theorem 20 for all 2 [0; ), and ¢ = « a., forall k 1.

Theorems 20 and 21 are very good tools in the study of the poirspectrum
of Dirac operators D, + V , whereV is a potential which has singularities not
stronger than cgGx  Xpj (0 < ¢ < 1). Of course, Theorem 21 cannot be directly
applied to the case of unbounded potentials, but this can aatally be done by rst
truncating the potential and then passing to the limit in the truncation parameter,
as we did in the proof of Theorem 19.

Theorem 21 is an easy consequence of the proof of Theorem 2@. dontrast, the
proof of Theorem 20 is more involved. We sketch now its main &ps.
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Sketch of the proof of Theorem 20. For E>a andx: 2 F., let us de ne
"ex,: F I R

Y 7V Ex.(Y )= (X« +y JA(Xe +y ) Ejixs +y ji2:

From assumptions () (ii), N(y )= P (@+1)jjy jiz (y ;Ay )isanormon

F . Let F be the completion of F for this norm. Since jj:jj, N onF , we

_ N
have F H . Forall x, 2 F,,thereisanx 2 F such that .x = x; . If we
consider the new variablez =y X, we can de ne

Ex(Z)="&g x(z + X)=(Ax+z )ix+z) E(X+2z x+z):

SinceF is a subspace oD (A), ex (hence' g, ) is well-de ned and continuous
for N, uniformly on bounded sets. So,' gx, has a unique continuous extension

—

_N J—
ex. ONF , which is continuous for the extended normN. It is well-known (see
e.g. [140]) that there is a unique self-adjoint operatorB : D(B) H 'H such
N

that D(B) is a subspace oF , and
8x 2D(B); N(x ) = (a+1)jix jj2 +(x ;Bx )

_N
Now, “g.,, is of classC? onF and

D*7e,, (x ) (y 5y ) = 2 By ) 2Ejiy jjj

(58) 2min(1;E)N(y )?:
S0"g, has a unique maximum, at the pointy = Lg(x+). The Euler-Lagrange
equations associated to this maximization problem are :
(59) Ax, (B+E)y =0:

The above arguments allow us, for anyE > a, to de ne a map

Qe: F+! R

(60) X+ 7V Qe(x4)= ngr; ", (X)) = Tex, (LEX4)

=(x+;(A E)xs)+ Ax:;(B+E) ! Ax.

It is easy to see thatQg is a quadratic form with domain F. H . and itis
monotone nonincreasing inE > a .

We may also, forE > a given, de ne the norm ng (x+) = jjX+ + LeX+jj, . We
consider the completionX of F, for the norm ng and denote byng the extended
norm. Then, we de ne another norm on F. by

Ne(x.)= | Qe(xe) * (Kt + (N (0 )2

with Kg = max(O;EZ%—l)) and consider the completion G of F. for the

norm Ng. Finally, we use the monotonicity of the map E 7! Qg and classi-
cal tools of spectral theory to prove that the k-th eigenvalue of A in the interval
(O;inf ( ess(A)\ (a@;+1))) is the unique Ex > a such that

61) inf sup - E(X+) 4.

V subspace of G X+ 2VnfOg (nEk(X+ ))2
dim V=k
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Note that since the above min-maxes correspond to the eigealues of the operator
TE associated to the quadratic form Qg, (61) is actually equivalent to

k(TEk) =0:

and the fact that this inequality de nes a unique Ey relies on the monotonicity of
Qe writ E.

In the application of Theorem 20 to prove Theorems 19 and 21, arious decom-
positions H = H* H could be considered. One that gives excellent results is
de ned by

' 0
(62) = 5 +
This decomposition yields optimal results about the point gectrum for some po-
tentials V. There are cases for which this is not anymore true. For instace, this
happens when the potentialV has \large" positive and negative parts, case which
is not dealt with in the previous results.

Recently, Dolbeault, Esteban and Se [53] have consideed the case where a
potential can give rise to two di erent types of eigenvalues not only those ap-
pearing in Theorems 19 and 21. More precisely, iV satis es (49), assume that
it is continuous everywhere except at two nite sets of isolded points, fx; g,
fx; g =150 =1;:::;3; where

im V(X)=+ 1 ; lim V(x)jx xj i;
xt x| xt x|
(63)
im V(x)= 1 ; lim V(x)jx X ] i
x! X; x! X;
with 5 ; 2 (0;¢) for all i; j . Under the above assumptions, as above) .+ V has

a distinguished self-adjoint extensionA with domain D(A) such that
HYR3%CYH D (A) HY?(R®CH:
The essential spectrum ofA is the same as that ofD¢ :
ess(A) = (1 ; [ [+1);

see [159, 146, 128, 103]. Finallyy maps D(A) into its dual, since (49) and (63)
imply that for all ' 2 H¥2(R®), V' 2 H ¥(R®). The decomposition of H
considered here is related to the positive/negative spectll decomposition of the
free Dirac operatorD¢ :
H=H) H°;

with H® = POH, where P° are the positive/negative spectral projectors of the free
Dirac operator D..

As above, we assume the existence of a cofe (i.e. a subspace oD(A) which is
dense for the normk ky, ), such that :

() F+ = P2F andF = POF are two subspaces 0D (A);
(i ) a =sup, o og Sgert < +1;

- o (X+; AX +)
(i) a* :=inf X+2F+nfOQWH_> 1
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We consider the two sequences of min-max and max-min levets ; O randf ok 1
de ned by

. X; AX
(64) L= inf sup AN
V subspace of F. o (V F )nfog kaa
dim V=k
(x; Ax)
(65) K = sup 5
V subspace of F X 2(V F.)nfOg kaH
dim V=k

Theorem 22. Take a positive integer kg and any k ko and let A be the
self-adjoint extension of D; + V de ned above, whereV is a scalar potential satis-
fying (49) and (63).

If a < | <c? then [ is either an eigenvalue ofD. + V in the interval
(@ ;¢?),or  =c? If additionally V 0, thena =c? and , = ¢

If ¢ < | <a*, then | is either an eigenvalue ofD. + V in the interval
( ¢&a*) or , = c2 Ifadditionally V0O, thena* = ¢ and , = %

The sequences , g« 1andf | g« 1 are respectively nondecreasing and nonin-
creasing. As a consequence of their de nitions we have:

(66) forall k 1, | maxfa ;a*g and minfa ;a"g;
k k

and if a a*, we do not state anything about the possible eigenvalues inhe
interval [a*;a ]. Note that, as it is showed in [53], there are operators for \uich
all or almost all the eigenvalues lie in the interval p*;a ] and thus, they are not
given by the variational procedures de ning the | 's.
Finally, let us remark that if we apply Theorem 22 to deal with a family of
operators D, + V, with V satisfying (49)-(63), then we see that the eigenvalues
«'sand | 's are of a \dierent" kind , since
im [ = ¢; for al k 1:
o+

+1

In physical words, we could say that the | 's correspond to electronic states, and
the | 's to positronic ones.

2.2. Numerical method based on the min-max formula. Let us now come
back to the casek = 1 of Theorem 19. Note that from (52) and (54) we see that
(under the right assumptions on V) the rst eigenvalue 1(V) of Dc + V in the
gap ( c%;¢?) can be seen as the solution of a minimization problem, thats,

(67) 1(V) = min TV
"2ct (R3;C?)
' 60

where' 7! T(V;'Z) is a nonlinear functional implicitly de ned by

i r) i’
¢V TV
The idea of characterizing the rst eigenvalue in a gap of theessential spectrum as
the solution of a minimization problem is not completely new. It has for instance
already been used by Bayliss and Peel [16] in another contextlt is also close to
the Fesbach method and to some techniques used in Pencil Thees.

The fact that one can reduce the computation of ;(V) to that of a minimization
problem (67)-(68) has an important practical consequencethese problems (67)-(68)

(68) T(vit) Jjtdx= +(2+ V)i j? dx
R3
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can now be easily discretized to construct an algorithm, albwing us to approximate

1(V) in an e cient manner. Indeed, the functional T(V;) to be minimized is
bounded from belowin the whole space H™?(R%;C?). This is a huge advantage
compared to other methods in which the total Rayleigh quotient Q, is minimized
on particular nite dimensional subspaces of H'*2(R3;C*): the latter are prone
to variational collapse (entering into the negative continuum) and can even furnish
spurious solutions (see, e.g. [36]).

The discretization method based on (67) is completely free foall these complica-
tions and satisfactory numerical tests for atomic and molealar models have been
presented in [54, 52]. Notice that molecular simulations a& more complicated to
carry on because one cannot use the rotational symmetry likén the atomic case.
In contrast to the one-dimensional radially symmetric problem, the discretization
has to be made in R? when axial symmetry is present, or in R® in the general
case. Below we describe the algorithm that was used in [54, $%o nd eigenvalues
of D¢ + V by the minimization method presented above.

Consider the following approximation procedure for ¢(V), k 1. Take any
complete countable basis seB in the space of admissible 2-spinor and let By,
be an n-dimensional subset ofB generating the spaceX,. We assume that B,
is monotone increasing in the sense that ih < n % then B, is contained in Bpo.
Denote by ' 1;' 2;:::;" n the elements ofB,. Forall 1 i;] n, we de ne the
n n matrix A,( Z) whose entries are

c( r)'ic r)' v
o9 AjO)=  CCLDLUI v e o
The matrix A, ( ) is selfadjoint and has thereforen real eigenvalues. For 1 k n,
we compute ., as the solution of the equation

(70) kn()=0;

where ., () is the k-th eigenvalue of A,( ). Note that the uniqueness of such
a comes from the monotonicity of the r.h.s. of equation (69) wih respect to
Moreover, since for a xed

(71) kn()& k() as nl +1
we also have
(72) kn & k(V) as n! +1

The elements of the basis set used in [54] were Hermite functins. In [52] more
e cient numerical results have been obtained by means ofB -spline functions. The
interest of using well-localized basis set functions is thesparseness and the nice
structure of the corresponding discretized matrix A, ( ). If the degree of the basis
of B-splines increases, the number of lled diagonals will &o increase. So, a good
balance has to be found between the smoothness of elementsthé& approximating
basis set and the speed of the corresponding numerical comgiions. In [52] the
simple choice of considering second order spline functioren a variable length grid
was made. In the atomic case, when 1-dimensiond -splines are used, very quick
and accurate results can be obtained. In [52] numerical test were provided for
some axially symmetric diatomic molecules.

In [109] we can nd an algorithm which has some analogy with tre algorithm
described above.
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2.3. New Hardy-like inequalities. Another byproduct of the minimization char-
acterization of the rst eigenvalue of D, + V given in (67) and of (55) is the
following: forall ' 2 D(D¢ + V),

z

SiC r)' i . _
(73) ) +(+V (V) j® dx o
In the particular case V = =jXj, 2 (0;¢), (73) means that for all ' 2
Hl(R3;C2),
(74) 7
. .2 D -
CZ.J(. rP)Ji +( ¢ 2¢2)jj? dx I ax:
Re C+ =jxj+ b 2¢? Rs JX]

By scaling, one nds that for all ' 2 H1(R3;C?), and for all 2 (0;1),
Z Z

jC )2 P— . jirj?
75 p—— +(1 1 2 dx ——dx;
(75) o 1F =T ( )i o

and, passing to the limit when  tends to 1, we get:

y4 y4

Lo

J.—J. dx
R JX]

This inequality is a Hardy-like inequality related to the Di rac operator. It is not
invariant under dilation, which corresponds to the fact that the Dirac operator D,
is not homogeneous. But by another scaling argument, (76) wlds, as a corollary,
an inequality which is ir%variant by dilation,

iC e,

(76) R3 1+1 :j Xj

i

I
77) Xii( 1) j2dx LI
R3 re JX]
which is actually equivalent to the \classical" Hardy inequality
z z

L 1 ij?
78 "Pdx o o s dxe
(78) LR B R

For a 4-dimensional version of (77), see [170, 99].

Finally, note that in [49] the Hardy-like inequality (76) (a nd slightly more gen-
eral ones also) has been proved by analytical means, withoutising any previous
knowledge about the Coulomb-Dirac operator's spectrum.

2.4. The nonrelativistic limit. Let us now indicate how we can relate the eigen-

values of the Dirac operator to those of the Schmdinger opeator. This relation is

established by taking the limit ¢! +1 , so by passing to the nonrelativistic limit.
A with values in C* satis es the eigenvalue equation

(79) (Dc+V) =
if and only if, writng = = with ;  taking values in C?2,
Re = ( V)
(80) R =( +& V) |
with 0
Rc= ic(=f)= ic j@—@}(:
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Recall that ;, j = 1;2;3, are the Pauli matrices. As long as +c®> V80, the
system (80) can be written as

(81) Re Rel 4yr= o =R
g
whereg = +2c¢ Vand = .
Assume now that . = ‘Z is an eigenfunction of the operator D¢ + V)
associated with the eigenvalue . which satis es
liminf( ¢ &> 1 ; limsup( ¢ ¢?) <0
cl1 cl1
The system (81) can be written as
A e A(=r) ¢ (=F)V ic(=F) ¢
82 + +V',.= v - _ N7 J C.
(682) ct2¢2 V (c+2c V)2 A ¥ VA

with .= . 2. ltisthen easy to prove (see [65]) that forc large, the functions
' <, Which in principle are only in H2(R3;C?), actually belong to the space
H1(R3;C?) and are uniformly bounded for the H*(R3; C?) norm. Moreover, after
taking subsequences, we can nd 2 H(R3;C?) and < 0 such that

c!lirpl kK¢ ' kH 1(R3;C2) = 0; c!lirpl c=
and

—+ V' = .
2
Note that ., the lower component of the eigenfunction ., converges to 0 in the
nonrelativistic limit.

It can be proved that for all the potentials V considered in the theorems of this
section, all the eigenvalues in the gap (c?;c¢?) satisfy the above conditions, and
converge, when shifted by the quantity ¢?, to the associated eigenvalues of the
Schredinger operator - perturbed by the same potential V.

2.5. Introduction of a constant external magnetic eld. The previous results
were devoted to the case of a scalar electrostatic eld/. The Dirac operator for
a hydrogenic atom interacting with a constant magnetic eld in the x3z-direction is
given by

(83) DB = ir + %( X2;X1; 0) + 171
where = Z > 0, Z being the nuclear charge number (we x the speed of light
c =1 in this subsection) and B is a constant.

The magnetic Dirac operator without the Coulomb potential =jxj has essential
spectrum (1 ; 1][ [1;1 ) and no eigenvalue in the gap ( 1;1) for any B 2 R.
The operator DB has the same essential spectrum and possibly some eigenvadu
in the gap. The ground state energy 1(;B ) is the smallest among these. As
the eld gets large enough, one expects that the ground stateenergy of the Dirac
operator decreases and eventually penetrates the lower cnuum. The implication
of this for a second quantized model is that electron{positon pair creation comes
into the picture [129, 132]. The intuition comes from the Padi equation, where
the magnetic eld tends to lower the energy because of the spi. It is therefore
reasonable to de ne thecritical eld strength B( ) as the supremum of theB's for
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which 1(;b) is in the gap ( 1;1) for all b < B. As a function of , (;B)is

non-increasing, and as a result the functionB ( ) is also non-increasing. Estimates
on this critical eld as a function of the nuclear charge can be found in [48]. They
have been obtained by adapting to this case the variational eguments of Theorem
19. One of the rst results in this paper states that for all 2 (0; 1),

0:75 . 18 2 .

As a corollary we see thatas ! 1 the critical eld B( ) stays strictly positive.
This is somewhat remarkable, since in the case without magrie eld the ground
state energy i1(; 0), as a function of tendsto O as ! 1 but with an in nite
slope Thus, one might expect very large variations of the eigenvlue at =1 as
the magnetic eld is turned on, in particular one might naively expect that the
ground state energy leaves the gap for small elddB. This is not the case.

Next, again by using the min-max characterization of 1( ;B ), it is shown in
[48] that for > 0 small enough, andB not too large 1(;B ) is asymptotically
close to the ground state energy of the Coulomb-Dirac magnét operator in the
lowest relativistic Landau level co( ;B ). This constant is proved to be given by

85 B)= inf 5(f);
(85) C(iB) fzcél?R;C)nng o (1);
where 8 (f) is implicitly de ned by
86
Oz 2 if ()2 . :
f if (2)jcdz= +(1 if (2)j° dz;
o) IT@Fdz= 5 E Ry ag ¢ 2o@)F@F dz
and
*1 5o B
a(z)= B p———ds:
0 s?+ z2
In [48] it is proved that for B not too small and small enough,
(87) co( + ¥%B) 1(;B) co(;B):
and that since for small, 32 <<
co( + *%B) c(;B) 1(;B) as ! 0:
The one dimensionalcy( ; B ) problem, while not trivial, is simpler to calculate
thanthe 1(;B ) problem. As aresult, inthelimitas ! 0, this new theory yields

the rst term in the asymptotics of the logarithm of the criti cal eld. In particular
we have the following result,

Ii!m0 logB()) =

3. The Dirac-Fock equations for atoms and molecules

In the previous two sections we described some results cormoing the solutions of
nonlinear or linear Dirac equations in R%, which represent the state of one electron
only (or possibly many non-interacting electrons). We now want to present the
Dirac-Fock (DF) model which allows to describe the state ofinteracting electrons,
like for instance N electrons in a molecule. The DF model is very often used in
guantum chemistry computations and usually gives very goodnumbers when the
correlation between the electrons is negligible. It is the elativistic counterpart of
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the better known non-relativistic Hartree-Fock equations, which can indeed be seen
as the non-relativistic limit (c! 1 ) of the Dirac-Fock model as explained below.
For this reason, we start by recalling brie y the Hartree-Fo ck model.

3.1. The (non-relativistic) Hartree-Fock equations. The Hartree-Fock equa-
tions are easily derived from the linear Schmdinger modelin which one considers
the following operator

X « X 1
(88) H:= — + V(xi) +

i=1 2 1ig N XX
whose associated quadratic form describes the energy bf interacting electrons in
the potential eld V. Most often, V is the Coulomb electrostatic potential created

by a positive distribution of charge 0, of tZotaI charge Z:

V = — =Z:
X R3

In the case ofiyl pointwise nuclei of gﬂargeszl, i zv and located at X1 Xwm
one takes = -1 Zm xn, and Z =, 7. But extended nuclei can also be
considered in wh|ch case is assumed to be a smootrb, non-negative function.

Due to the Pauli principle, the operator H acts on ., L?(R® fg ;C), that
is to say the space ofL? functions ( Xi1; 1::;Xn; ~) Which are antisymmetric
with respect to the permutations of the (x;; i)‘s. When Z >N 1, it is known
[171, 172] that the spectrum ofH has the form (H)=f ;g[ [ ;1) wheref ;g
is an increasing sequence of eigenvalues with nite multiptity converging to the
bottom of the essential spectrum . We notice that the condition Z >N 1 plays
a special role even for the linear theory based on the operat(88), as one knows
[165, 96] that only nitely many eigenvalues exist below whenN Z +1, and
that there is no eigenvalue below when N Z [144, 151, 152, 115]. In the
following, we shall always assume thaz >N 1.

In the Hartree-Fock approximation, one computes an approximation of the rst
eigenvalue ; of H by restricting the quadratic form  7!'h ;H i to the class of
the functions which are a simple (Slater) determinant:

(89) = ' l/\ AN N
vF\e/here ( ;05 N) is an orthonormal+system of L?(R® fg ;C) = L?(R3;C?,
re(' i7" j)cz = j.Denoting' ;= ' ,(89) means more precisely

( X1; 1;55XN; N) = B%det(' i (xp)):

ince the set of all the 's having the form (89) is not a vector subspace of
iN:1 L?(R® fg 'C) one then obtains an energy functional which is nonlinear

in terms of ' 1;::;;' n. The associated Euler-Lagrange equations form a system of
N coupled nonllnear PDEs.
(90) H "= ' k=1;:5N

whereH is the so-calledmean- eld operator seen by each of theN electrons

- 1 (x:y).
(91) H = S +( )j. x v




VARIATIONAL METHODS IN RELATIVISTIC QUANTUM MECHANICS 31

with being the (scalar)electronic density and  the so-calleddensity matrix of
the N electrons (this is a 2 2 matrix for any (x;y) 2 R® R3):

X X
(92) = j'j* and (xy) = (X)) tidy)

i=1 i=1

We notice that (91) means

Z .
o= —2e ) =W D

y

R
forany 2 H?(R3% C?). The existence of solutions to (90) when o, =Z>N 1
has been proved rst by Lieb and Simon [117] by a minimizationmethod, and then
by Lions [119] by general min-max arguments. See also [108}rfa recent survey.

3.2. Existence of solutions to the Dirac-Fock equations. The relativistic
Dirac-Fock equations were rst introduced by Swirles in [156]. They take the same
form as the Hartree-Fock equations (90), with =2 replaced by the Dirac operator
D.. They are of course posed for functions taking values ii€* instead of C?. Note
however that when =2 is replaced byD. in the formula of the N -body Hamil-
tonian (88), one obtains an operator whose spectrum is the wdle line R as soon as
N 2. To our knowledge, it is not known whether there exist or not eigenvalues
which are embedded in the essential spectrum. In any case, ¢hrelativistic N -body
problem is not well-posed. This somehow restricts the physial interpretation of
the Dirac-Fock model, compared to its non-relativistic cownterpart. We refer to
the next section in which a better model deduced from QuantumElectrodynam-
ics is presented. Despite this issue, the Dirac-Fock equains have been widely
used in computational atomic physics and quantum chemistryto study atoms and
molecules involving heavy nuclei, and they seem to provideery good results when
the correlation between the electrons is negligible.
In the case ofN electrons, the Dirac-Fock equations read

(93) D¢ ', ="' ks k=1;:5N;
where =("q;:::;" n) satises (" (X)) j(x)dx= j,ie.
(94) Gram() = 1;
and
_ 1 xy).
(99) Po 20O ) 5 ki
X X _
(96) xy)="(x) ".(¥); ) =tres( (6x)= j (X))
1 t=1

Notice that (x;y)isa4 4 complex matrix, and that the operator whose kernel
is  (x;y), is nothing but the orthogonal projector onto the space spaned by

1,5 - We also denote it by
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Indeed, like for the Hartree-Fock case, equations (93) arehe Euler-Lagrange
equations of the Dirac-Fock functional

97) EL oy * -
97) BEr()= L R L T
1% 0 ) o (xy) (¥ix)
+ = i . dx dy
2 X i
R3 R3
on the manifold
n (0}
M= =('gun'n)2HPRECHY, Gram()= 1

It will be important to notice that the functional E3¢ only depends on the projector
de ned in (96):
2z

) . i
©8) ERO=w( Derv) )y 0O Lacy,

R R®

X
where by \tr (( D¢+ V) )" we denote ((Dc+ V)' ;' ). Note that this expres-

i=1
sion is really a trace if the' ;'s are in H(R3; C%).

As a matter of fact, the Euler-Lagrange equations ofEs2 on M only depend on
the space spanned by'(1;:::;" n). This explains why, up to a rotation of the ' ;'s,
one can always assume that the Lagrange multiplier matrix asociated with the
constraint (94) is diagonal, with diagonal elements (;:::;"n ) appearing in (93).

Finding solutions of (93) is then reduced to nding critical points of the func-
tional Eif on the manifold M . Once again, the unboundedness (from above and
below) of the spectrum of the free Dirac operator makes the factional EJ;: totally
inde nite. This together with the a priori lack of compactne ss of the problem posed
in R® and the fact that we have to work on a manifold M and not in the whole
functional space, makes the variational problem dicult. A minimization proce-
dure is once again impossible and another method has to be fad. In [64], Esteban
and e de ned a penalized variational problem (see belav for details) which can
be solved by rst maximizing on some part of the spinor functions' ; and then
de ning a more standard min-max argument for the remaining functional, together
with Morse index considerations.

The theorem proved in [64] and improved later by Paturel in [131] states the
following:

Theorem 23.  (Existence of solutions to the Rirac-Fock equations [64, 1B]) With
the above notations, assume thaN and Z = _, are two positive integers satisfy-
ing max(Z;N) < — 2i°2: and N 1<Z. Then, there exists an in nite sequence

( ©l ), , of critical points of the Dirac-Fock functional EDCF on M . The functions

' ‘fj pri ﬁ,J satisfy the nolrmalization constraints (94) and they are stong solu-

tions, in H72(R%,C*) \ | .5, WHI(R®; C?), of the Dirac-Fock equations

(99) Deow 'O =@ ¢ 1 Kk N;j

k k
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(100) 0< "% o i< c?:

Moreover,

(101) 0< ES( %) < Nc?;
F

(102) j!ilm EX( %) = Nc2:

Remark 24. In our units, taking into account the physical value of the sped of
light c, the above conditions become

N Z 124

The proof of the above theorem is done by de ning a sequence ahin-max
principles providing critical points of increasing Morse index. We notice that the
solution <9 obtained by Theorem 23 whenj = 0 will play an important role,
since forc large it will be actually interpreted as an \electronic ground state" (see
below).

The condition Z;N < 2c2 + =2) is not that unnatural, since already in the
linear case such a condition was necessary to use Hardy-likeequalities ensuring
the existence of a gap of the spectrum oD+ V around O, see (45). Notice however
that in [64] the following additional technical assumption was used:

2c
=2+42="
This assumption was removed by Paturel shortly afterwards h [131]. He did so
by studying a nite dimensional reduction of the problem and then passing to the
limit, after having obtained the necessary bounds. This pr@f was done in the spirit
of the Conley-Zehnder proof of the Arnold's conjecture [41] The sketch of the proof
that we give below is that of [64] because the variational argments are easier to
explain in that case.

Sketch of the proof of Theorem 23 when (103) holds. The rst (and smallest)
di culty here is that J% is not a compact perturbation of D when = Z . This
creates some technical problems. They are easily solved, placing the Coulomb

potential % by a regularized potential V. The modi ed energy functional is

denoted now by E5¢ . At the end of the proof, we shall be able to pass to the
limt ! O.

The second diculty is that the Morse index estimates can only give upper
bounds on the multipliers "}’ in (99). But we also want to ensure that ";’ > 0,
since these multipliers are interpreted as the energies ohe di erent electrons. To
overcome this problem, we replace the constraint Gram () = 1 by a penalization

term (), subtracted from the energy functional:

(103) AN 1<

p 1l
(104) ) =tr Gram 1 Gram
P

In this way we obtain a new functional Fc,, = E3f p, de ned now on the set
of 's satisfying
O0< Gram < 1:
Since in the basis in which

Gram =Diag( 1;:::; N);0< 1 N <C%;
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. p 1 .
the matrix  Gram 1 Gram is also diagonal and equals

H . xP
Diag(fp( 1)i::55fp( w))5 with  fp(x) = —;
the corresponding Euler-Lagrange equations are then

1 Cj — £07 Cjyr G .
DC; [o5] kl - p( kl) kJ.

The numbers"( := f9( &) are now explicit functions of * ¢ . Thus, f, being an

. . . . wCij
increasing function, we automatically get"” > 0.

The third di culty with DF, is that all critical points have a n in nite Morse
index. This kind of problem is often encountered in the theoy of Hamiltonian
systems and in certain elliptic PDEs. One way of dealing withit is to use a concavity
property of the functional, to get rid of the \negative direc tions", see e.g. [2, 27,
28, 31]. This method was used in [64]. Doing so, we get a redwtdunctional
l¢;;p - A min-max argument gives us Palais-Smale sequences §* ), 1 for I
with a Morse index \at most j" (up to an error which convergestoOasn!1 ),
thanks to [68, 77]. Moreover, adapting the arguments of [11P we prove that the

corresponding” S P are bounded away fromc?®. Finally, the assumptions made
on Z;N guarantee that the ";* *" are also bounded away from 0, uniformly on

, pand n. Then we pass to the limit (;p;n)! (0;1 ;1 ), and get the desired
solutions of DF, with 0 <" /) <c?2.

The fact that we recover at the limit p! +1 the constraint Gram = 1isa
consequence of the priori estimates

w_w Gjiiip — g0 Giiip oy .
O<"<" ¢ _fp(k );

with " independent of ;p. The properties of the function f, and the above in-
equality imply that as p! +1 , one necessarily has %P 1 1, which of course
is equivalent to saying that in the limit there is no loss of charge: ., j' *j? = 1.

The method that we have just described can be generalized. 1{26] an abstract
version is provided, with applications to nonlinear periodc Schmedinger models
arising in the physics of crystalline matter.

The concavity argument of [64] works only if (103) holds. In hs theorem, Paturel
[131] got rid of this assumption my making a nite dimensional reduction rst. This
allowed him to deal with nite Morse indices again. u

3.3. Nonrelativistic limit and de nition of the Dirac-Fock \gro und state".

As in the case of linear Dirac equations of Section 3, it is inéresting here to see
what is the nonrelativistic limit of the Dirac-Fock equatio ns. We shall recover in
the limit the Hartree-Fock equations (90) presented abovefor the two-dimensional
upper component of the' ;'s (recall that ' 1;:::;' n are C*-valued functions), the
lower component converging to zero. This was proved rigorosly in [65]. This
result has been of importance to better understand the varigional structure of the
Dirac-Fock problem and in particular to obtain a good de nit ion of an electronic
ground-state energy, which isa priori not clear because of the unboundedness of
the Dirac-Fock energy.

Theorem 25. (Non-relativistic limit of the Dirac-Fock equations [65]) Let be N <
Z +1. Consider a sequence of numbers, ! +1 and a sequencé "), of solutions
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of (93),i.e. " =('19;:5' R), each' § being in H?(R3; C*), with Gram " =

1 .
and D¢, »' @ = "}' R. Assume that the multipliers"y, k=1;:::;N; satisfy
o<"<" 7 i "f<c? "% with ";"%> 0independent ofn:
Then for n large enough, eacH [} is in H1(R3;C*), and there exists a solution of
the Hartree-Fock equations(90), =( '1; ;'n) 2 HY(R3;C?)N, with negative
multipliers, 1;::; ~ , such that, after extraction of a subsequence,
(105) Nim YD NS
n [
(te) 'p= &K 1., 4 in HYR%C?H HR%CY);
N
i
(107) Kt 2—( r) g = 0(1=(cn)®);
Cn
L2(R3;c2)
forall k=1;::;N, and
(108) (") Ned b Be()

The Hartree-Fock energy Eqg appearing in (108) is the same as (97), but with
D, replaced by =2 and C* by C?. It can be proved [65] that the critical points
constructed in Theorem 23 all satisfy the assumptions of Therem 25 for any xed
j. Therefore, allthe © convergeas!1 to a state whose upper component is a
solution of the Hartree-Fock equations, and whose lower coponent vanishes. This
result can even be made more precise in the case of one of ther$t" solutions (i.e.
corresponding toj = 0): the critical point  ¢° does not converge toany solution
of the HF equations, but actually to a Hartree-Fock ground state as stated in the
following

Theorem 26. (Non-relativistic limit of the Dirac-Fock \ground state" [ 65]) As-
sume thatN <Z +1 and are xed, and that ¢, ! 1 . Then the critical point
0 constructed in Theorem 23 forj =0 satis es
: iC cn ;0 2 H .
Jim o Epe (%) Ney = B L Bar () -
Gram = 1

Up to a subsequence, ° %) convergesas, !1 to ,° where g isa minimizer

of Bur.

Furthermore, for ¢, large enough, the"ﬁ”;0 are the rst positive eigenvalues of
DCn T .
(109) cp;0 = [O;..,c\‘n;O] DC.-.; cn;0

We notice that (109) means that the last level "E” s necessarily totally lled.

In other words, similarly to the Hartree-Fock case [7], \there are no un lled shell
in the Dirac-Fock theory for ¢ 1".

C

Although the Dirac-Fock functional Ejf is not bounded-below, Theorem 26 al-
lows to interpret the rst min-max solution  ©° (any of them, since there is no
unigueness) as an electronic ground state, since it conveeg to a Hartree-Fock
ground state in the nonrelativistic limit. Actually, more h as been proved in [65]:

0 indeed minimizes the Dirac-Fock functional among all the = (' ;53" n)
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DC; c; 0
[ ] 9—0 OO ]

c,0

Figure 1. Forc 1, the Dirac-Fock ‘ground state' ©° contains
the eigenfunctions associated with theN rst positive eigenvalues
of the mean- eld operator D¢. co.

such that each' ; belongs to the positive spectral subspace of the mean- eld mer-
ator D¢ :

Theorem 27. (Variational interpretation of the Dirac-Fock \ground sta te" [65])
Assume thatN <Z +1 and are xed, and that c is su ciently large. Then  ©0
is a solution of the following minimization problem:

(110) inf EgE() j =( "1;u5'n); Gram = 1 (1 9 (Dg ) =0
where (1 .q(D¢; ) denotes the negative spectral projector of the operatoD; |,
and

(1 ;O)(DC;) =0
means

(1 ;0(Dg; )"k =0;
forany k =1;::;N.

The interpretation of the theorem is the following: although the Dirac-Fock
energy is unbounded from below, the critical points ©° are, for ¢ large enough,
the minimizers of B¢ on the set of functions satisfying the nonlinear condition

(1 ;0 (D¢; ) =0. Calling these functions electronic, we obtain that for c large,
¢0 is really an electronic ground state In particular, it is also a minimizer of E;-
among all the solutions of Dirac-Fock equations with positve Lagrange multipliers.

Remark 28. Recently, explicit bounds onc under which Theorem 27 is valid have
been provided by Huber and Siedentof®4].

4. The mean-field approximation in Quantum Electrodynamics

In this last section, we want to present some progress that ha been made re-
cently concerning models from Quantum Electrodynamics (QB) in which, instead
of trying to “avoid' the negative spectrum of D, the latter is reinterpreted as Dirac's
vacuum and completely “incorporated' into the model. The senehow surprising con-
sequence will be that, contrary to the previous sections, tle energy functional will
be bounded from below The price to pay is that one has to deal within nitely many
particles (many of them being “virtual') instead of the nite number of electrons as
previously.

As mentioned in the introduction, Dirac interpreted the negative spectrum of
his operator D as follows [45, 46, 47]. Since there exists no electron of redye
kinetic energy, one has to nd a way of avoiding the negative pectrum. This is
done by assuming that the negative spectrum energies are aticcupied by virtual
electrons, one in each energy state, and that this (virtual)distribution of charge is
not felt by the real particles on account on its uniformity. T hen, the real electrons
can in general only have positive energies due to the Pauli fmciple which prevents
them to be in the same state as a virtual particle.
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Mathematically, Dirac's postulate is interpreted as follows: the states of the real
free electrons necessarily belong to the positive spectralubspaceH? . = PE;C H
de ned in Proposition 1, and the vacuum (Dirac sea) is descibed by the in nite
rank spectral projector PO;C. Recall that in Hartree or Dirac-Fock theories, the
density matrix of the N electronstate = '~ 7 '\ is precisely the orthog-
onal projector onto span( 1;:::;' n), see, e.g. formulas (89) and (92). Therefore,
when one represents the Dirac sea by the projectd?o;c, one describes formally the
vacuum as an in nite Slater determinant

(112) AT

where ( ;)i 1 is an orthonormal basis ofH° .= PO;C H. Dirac's postulate is based
on the important invariance by translation of the projector PO;C, which is used to
neglect the physical in uence of this “constant background

It was realized just after Dirac's discovery that, for consistency of the theory,
the vacuum should not be considered as a totally virtual physcal object which
does not interact with the real particles. Dirac himself [45 46, 47] conjectured the
existence of surprising physical e ects as a consequence bis theory, which were
then experimentally con rmed. First, the virtual electron s of the Dirac sea can
feel an external eld and they will react to this eld accordi ngly, i.e. the vacuum
will become polarized This polarization is then felt by the real particles and one
therefore is led to consider a coupled system "Dirac sea + régarticles'. From
the experimental viewpoint, vacuum polarization plays a rather small role for the
calculation of the Lamb shift of hydrogen but it is important for high-Z atoms [126]
and it is even a crucial physical e ect for muonic atoms [75, B]. Second, in the
presence of strong external elds, the vacuum could react samportantly that an
electron-positron pair can be spontaneously created [129,41, 142, 143].

The mathematical di culties of a model aiming at describing both the Dirac
sea and the real particles are important, for one has to deal tathe same time
with in nitely many particles (the real ones and the virtual ones of the Dirac
sea). In the following, we present a Hartree-Fock (mean- etl) type model for this
problem, which has been mathematically studied by Hainzl, lewin, See and Solovej
[83, 84, 85, 86]. The model under consideration is inspiredf@n important physical
article by Chaix and Iracane [36] in which the possibility that a bounded-below
energy could be obtained by adding vacuum polarization was rst proposed. But
the equations of this so-called Bogoliubov-Dirac-Fock modl were already known
in Quantum Electrodynamics (QED) [142]. For the sake of simpicity, we shall
not explain how the model is derived from the QED Hamiltonian and we refer to
[83, 84, 85, 86] and the review [87]. In the version studied inhese works, the
electromagnetic eld is not quantized (photons are not congered).

Let us now describeformally the mean- eld approximation in QED, following
mainly [86, 87]. The state of our system will be represented ¥ an in nite rank
projector P. This projector should be seen as the density matrix of an innite
Slater determinant made of an orthonormal basis of the subsace PH, like (111).
The projector P describes not only Dirac's vacuum but the whole system consting
of the in nitely many virtual particles of the vacuum, toget her with the nitely
many real particles (they could be electrons or positrons).Indeed, it is important
to realize that in this model there is no a priori possible distinction between the real
and the virtual particles. For N electrons, this would correspond to a decomposition
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of the form P = Py, + where is an orthogonal projector of rank N satisfying
Pwac = Puvac =0 (for N positrons, this becomesP = Py, ). But there are
in nitely many such decompositions for a givenP and a givenN : it will only be for
the nal solution of our equation that this decomposition wi Il be done in a natural
way.

For the sake of simplicity, we take c = 1 except at the very end of this section.
We recall that in this case an additional parameter = € appears, wheree is the
charge of the electron. The energy in the stateP of our system in the presence of
an external eld V = j j 'isthen formally given by [86]

(112) Egep (P) = E (P 1=2)

where E is the Dirac-Fock functional expressed in term of the densi matrix, see
(98),

z 1
(113) E ():=tr( Dy) T

j
7
() ) j (x5 y)i?
+ = ——————dxdy ————dxdy:
2 RZ R JX Y] Xy 2 R? r3 JX xay

(x)  (x)dx
R 7z

The density of charge which creates the eld V can for instance represent a system
of nuclei in a molecule. But in the following we shall not allov pointwise nuclei as
we did for the Dirac-Fock model, and will essentially be anL i function. This is
not important for pointwise particles do not exist in nature .

The subtraction of half the identity in (112) is a kind of renormalization which
was introduced by Heisenberg [89] and has been widely used Bchwinger (see [147,
Eq. (1:14)], [148, Eqg. (169)] and [149, Eq. (23)]) as a necessity for a covariant
formulation of QED. The importance of this renormalization will be clari ed below.

Before we come to the problems of de nition of the above enerng (which are
numerous), let us mention briey how Eqyep is supposed to be used. There are
two possibilities. If one wants to nd the state of the vacuum alone in the eld
V (no particle at all), then one has to minimize P 7! E (P  1=2) on the whole
set of orthogonal projectors. When = 0, one should obtain the free vacuum
a translation-invariant projector which is supposed to be physically unimportant.
When 6 0, one should obtain the polarized vacuumin the presence of the eld
V. It can formally be seen that such a minimizer P should be a solution of the
following nonlinear equation:

1 (P 1=2)(xy)

(114) P= (1.9 D1+ (p 1= ) ; X i

—

If one wants to describe a system containing\ real particles (or more correctly of
total charge eN), then one has to minimizeP 7' E (P 1=2) under the additional
constraint tr( P 1=2) = N. Usually this will provide us with a projector P which
describes adequately the state of a system of chargeeN interacting with Dirac's

vacuum. It is formally solution of the following nonlinear equation

1 (P 1=2xy)

115 P = . D, + - — - -
(115) (1 ;1 D1+ (p 122 )JJ Xy
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being a Lagrange multiplier due to the charge constraint. If is not too strong,
the mean- eld operator

1 (P 1=22)(xy)

I x i

will have exactly N eigenvalues in [Q ] (counted with their multiplicity). Therefore,
there will be a natural decompaosition

D:=D1+ (p 1=27 )

X
P= (1 0B+ o, ;(D)= (1 ,9(D)+ i
=1
where the' j's are solutions of
(116) D'v="k"k; "«>0;

which is the natural decomposition between the real and the irtual particles men-
tioned above. It will be shown below that Equations (116) arevery close to the
Dirac-Fock equations (93).

The goal is now be to give a mathematical meaning to this progam.

First, one has to face an important di culty: when P is an orthogonal projector
and H is in nite dimensional, then P 1=2 is never compact. Therefore, none of
the terms of (113) makes sense. In [86], Hainzl, Lewin and Swlej tackled this
problem in the following way: they considered a boxG. :=[ L=2;L=2)° of volume
L3 and replaced the ambient spaceH by the spacel 5.,(G.) of L? functions on G
with periodic boundary conditions, with moreover a cut-o i n Fourier space. Doing
so, the problem becomes nite dimensional and everything mkes perfect sense.
Then, when no charge constraint is imposed, they took the themodynamic limit
L!1 with the Fourier cut-o xed and proved that the sequence of m inimizers
converges to a limiting projector P satisfying equation (114). In this way, they
could give a meaning to the minimization of the QED functional (112) and to the
equation (114). Moreover, they also obtained the so-calledogoliubov-Dirac-Fock
(BDF) energy which attains its minimum at the limit state P. This energy has been
studied by Hainzl, Lewin and See in [83, 84, 85]. In the following, we describe all
these results in more detail.

Notice that the Fourier cut-o will not be removed in this study. Indeed it is
well-known that QED contains important divergences which are di cult to remove.

Therefore H will be replaced by the functional space
0

n
H = f2L%R%CY; supp® B(0;)

The ideas described in this section have recently been adagtl [30] to a nonlinear
model of solid state physics describing nonrelativistic edctrons in a crystal with a
defect.

4.1. De nition of the free vacuum. We start by explaining how the free vacuum
was constructed in [86], in the case = 0. This is done by de ning the energy (113)

for projectors P acting on the nite-dimensional space
n o

H- = f2L2,( L=2L=2)%C"); supp® B(0;)
= span exp(k x); k2 (@2=L)z%\ B(0;)
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To de ne the energy properly, it is necessary to periodize tke Coulomb potential
as follows: 0

1
1 % X /.
W (X) = = fe'kx+wL2§;
L( ) L3 . kaz
k2 (@2 )z%=L
k60

wherew is some constant which is chosen such that mig W, =0 for any L. The
Dirac operator D1 is also easily de ned onH": it is just the multiplication of the
Fourier coe cients by ( D1(k))k22 z3= . Then, one introduces

z7
(117) E2():=tr u(D1)++ 3 WL(x y) (x) (y)dxdy
C. C.L
z7
> WL (x  y)j (X y)jPdxdy;
C. C.L
for any self-adjoint operator acting on H-. The kernel (x;y) of is easily
de ned since H" is nite-dimensional. Its density is then dened as (x) =
trca(( X;X)). A translation-invariant operator T acting on H- is by de nition a
multiplication operator in the Fourier domain. In this case, one hasT(x;y) =
f(x ) for somef and therefore T is constant. The identity of H-, denoted by
I' is an example of a translation-invariant operator.
The rst result proved in [86] is the following:

Theorem 29. (QED mean- eld minimizer in a box [86]) Assume that0 < 4=,
> 0 and that L is large enough. Then the functionalE® has a unique minimizer
9 on the convex set

G:= 2LHY); =, It=2 1t=2 :

It is invariant by translation and satis es 0 0. Moreover, it takes the form
9=pP2 IL=2whereP? is an orthogonal projector on H-.

Notice that in the de nition of the variational set G-, we did not consider only
operators taking the form P 1-=2, whereP is an orthogonal projector as suggested
by (112), but we indeed extended the energy functional to theconvex hull of this
set. But, as usual in Hartree-Fock type theories [113], the pbal minimizer is always
an extremal point, i.e. a state taking the form P |-=2.

Of course, it can easily be shown thatP? satis es an equation similar to (114)
with  removed and Ejxj replaced by W, . But we do not give the details since we
are more interested in the limit of P? asL ! 1

To be able to state the thermodynamic limit correctly, one needs rstto introduce
the translation-invariant projector P acting on H , which will be the limit of the
sequence P?). . The identity of H is denoted byl . We introduce

(118)
T(A) = ’ tr c+[DO(p)A(p)]dp “ re«[APAQ]
) © ) BeHyz P 9?

2 pdg
for any A belonging to the convex set

A = fA translation-invarianton H ; A = A; | =22 A | =2g:
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It will be shown in Theorem 31 below that T represents the energy per unit volume
of translation-invariant operators. For this reason, one row considers the minimiza-
tion of T on A . The following was proved in [86]:

Theorem 30. (De nition of the free vacuum [86]) Assume thatO < 4= and
> 0. Then T possesses a unique global minimizer® on A . It satis es the
self-consistent equation

8
> o_ sgn@)

(119) 0(y-
> po=p, &Y
Xy
or, written in terms of the translation-invariant projecto r P% = 0+ | =2,
(120) PO= (1 . D°:
Moreover, D° takes the special form, in the Fourier domain,
(121) D°(p) = ai(jpi) P+ Go(ipi)

where gy, g1 2 L* ([0; ) ;R) are such thatl gi(x) go(x) for any x 2 [0; ) ,
and therefore

(122) iDu(P)i* D °(Pi®  go(iP)iD1(P)i*:

The self-consistent equation (119) has already been solvday Lieb and Siedentop
in a dierent context [116]. They used a xed point method only valid when

log C for some constantC.

As shown by the next result, the negative spectral projector P° of the Dirac-
type operator D° represents thefree vacuum as it is the limit of the sequence
P2 whenL !'1 . An important property of © showing the usefulness of the
subtraction of half the identity in (112) is the following. D ue to

0 o oy~ H(P) P+ g(ipi)
P (p) I (p)=2 () 2D0)]

one infers

trea( 2(P) =tr ca[(P® 1 =2)(p)]=0;
for any p 2 B(0; ), the Pauli matrices being trace-less. This has the important
consequence that the (constant) dgnsity of charge of the fre@ vacuum vanishes:

o (2)° tres( °(p)) dp=0;
B(0;)

which is physically meaningful. This formazlly means that

(123) \tr PO | =2 = odx=0":
R3
We notice that P? is not Dirac's original choice P° (except when = 0) because
the interaction between the particles (the virtual and the real ones) is taken into
account by the model. Notice also that Equation (120) is exaty the same as (114)
with =0, due to (119).

As a consequence of (121), the spectrum dd° is
n 0

J— N
(D% = 90(ipi)2 + au(ipi)2ipi%; p2 B(O; )




42 MARIA J. ESTEBAN, MATHIEU LEWIN, AND ERIC S ERE

It has a gap which is greater than the one ofD°, by (122):
(124) 1 m( ):=min (jDY%):

In [85], it is proved that when 1, then m( ) = go(0) and conjectured this is
true for any O < 4= . Notice that the following expansion is known [116, 86]:
g(0) =1+ —arcsinh()+0O( ?2).
DO
. { ]
< 50 >
Figure 2. The free vacuumP? is the negative spectral projector
of the translation-invariant operator D°.

We are now able to state the thermodynamic limit, as proved in[86]

Theorem 31. (Thermodynamic limit in the free case [86]) Assume that0 <
4= and > 0. Then, one has

L1 L3
where we recall that ¢ is the unique minimizer of E° de ned in Theorem 29.
Moreover, P2 = 2 + 11 =2 converges toP° in the following sense:

i 0 0 = i D0 0(mi = -
mo PP, = i sup PER) P (R =0

=min T ;
A

4.2. The Bogoliubov-Dirac-Fock model. Now that the free vacuum P° has
been correctly de ned, we will be able to introduce the Bogoilubov-Dirac-Fock
(BDF) energy as studied in [83, 84, 85, 86]. Formally, it meaares the energy (112)
of a state P, relatively to the (in nite) energy of the free vacuum P°. It will only
depend onP P © and reads formally:

\ Egpr (P P %) = Eoep (P) E 8ED (P
(125) = E(P | =2)_E%P° I =2
_ 0 (%) (v)
trZZD Q RO RS IX I dxdy
(126) . o) o) gy 4 IQUSYI® 4y v

2 g R JX ) 2 g g X

with Q = P P °. This new energy looks again like a Hartree-Fock type functnal
except that our main variableisQ = P P °, which measures the di erence between
our state and the (physically unobservable) translation-invariant free vacuum PP

The energy (126) was introduced and studied by Chaix-lracam in [36] (see also
Chaix-lracane-Lions [37]). An adequate mathematical fornalism was then provided
by Bach, Barbaroux, Hel er and Siedentop [6] in the free case = 0, and by Hainzl,
Lewin and See [83, 84] in the external eld case 6 0. However, in all these works
a simpli ed version was considered:D° and P® were replaced by Dirac's choiceD
and P°. As mentioned in [86], although the choice ofP? for the free vacuum is
better physically, the two models are essentially the samerbm the mathematical
point of view: the main results of [6, 83, 84] can be easily gemalized to treat the
model in which D° and P° are used.
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What is gained with (126) is that Q can now be a compact operator (it will
be Hilbert-Schmidt, indeed) and, thanks to the Fourier cut-o , many of the
terms in (126) will be mathematically well-de ned. However, it will be necessary
to generalize the trace functional to de ne correctly the kinetic energy tr D°Q .
This is done by introducing the following space

po .
S; (H):= Q2SyH)jP°QP% P?QPY 2Sy(H ) ;
with the the usual notation

Sp(H ):=fA2L(H ); tr(jAj®) < 1g:

0
An operator Q belonging to SE (H ) is said to be P°-trace class For any such
0
Q2 Sf (H ), we then de ne its P9 -trace as

trpo (Q) :=tr( P°QP%) +tr( P2QPY):

Due to the fact that the free vacuum has a vanishing charge (13), trpo (Q) can be
interpreted as the charge of our stateP = Q + P°. We refer to [83] for interesting

general properties of spaces of the fornSE’O(H) for any projector P%and in nite-
dimensional Hilbert spaceH .
Thanks to the cut-o in Fourier space, the charge density o of an operator

0
Q2 S} iswell-de ned in L2(R3;R), via
i

cok)=(@2 ) 32 tres O(p+ k=2;p k=2) dp:

jp+k=2j L
ip k=2j L

Finally, the following notation is introduced
% b9
ikj?
: o .. RR . .
for any (f;g) 2 L?(R% R)?, which coincides with s & f (X)g(y)ix yj *dxdy
whenf and g are smooth enough.

It is possible now to de ne the Bogoliubov-Dirac-Fock energ as [83, 84, 86]
(127)

Beor (Q) :=tr po (D°Q) D (q; )+ ED( Q; Q)

D(f;g)=4 dk;

QX y)j? .
7 e X ~—dxdy;

where

(128) Q20Q = Q2S" (HY P° QPO

0
It is proved in [85] that any Q 2 Sf (H ) automatically has its density o in the
following so-called Coulomb space:

(129) C=ff jD(f;f )< 1g ;

which is the natural space for de ning the terms depending on ¢ in (127). Notice
that the set Q is one more time the convex hull of our initial statesP P ° where
P is an orthogonal projector onH . The following was proved:



44 MARIA J. ESTEBAN, MATHIEU LEWIN, AND ERIC S ERE

Theorem 32 (The BDF energy is bounded-below [37, 6, 83, 84, 86])Assume that
0 < 4=, >O0andthat 2C.

(i) One has
802Q ; By (Q+ 5D( ) O;
and therefore Egpe is bounded from below orQ .

ii) If moreover =0, then 9 is non-negative on , 0 being its unique mini-
DF g g q
mizer.

The boundedness from below of the BDF energy is an essentia¢dture of the
theory. It shows the usefulness of the inclusion of the vacum e ects in the model.
The interpretation of (i) is the following: by (125), it proves that the free vacuum
PO is the unique minimizer of the (formal) QED energy in the set d all the projec-
tors P which are suchthatP P © 2 Q . In the previous subsection (Theorem 30),
it was also proved that P is the unique minimizer of the energy per unit volume
T. These are two di erent ways of giving a mathematical meanirg to the fact that
PO is the unique minimizer of the QED energy when no external eH is present.

The case = 0, (ii) in Theorem 32, was proved by Bach, Barbaroux, Hel er
and Siedentop [6]. In this paper, the authors also study a raltivistic model, but
with vacuum polarization neglected (see Section 4.5 below)They were inspired of
a paper by Chaix, Iracane and Lions [37]. Then, it has been anged in [83, 84, 86]
that the proof of the case 6 0, (i) in Theorem 32, is a trivial adaptation of [6].

Now that E;pr has been shown to be bounded-below, it is natural to try to
minimize it. Actually, we shall be interested in two minimiz ation problems. The
rst is the global minimization of Egpe in the whole setQ . As mentioned above,
a global minimizer of the mean- eld QED energy Eyep, and therefore of the BDF
energy Egp  (they formally dier by an in nite constant !) is interprete d as the
polarized vacuumin the external electrostatic eld i j ! If one wants to
describe a system of charge eN, one has to minimize Egp in the Nth charge

sector: n o

Q (N):== Q2Q jtrpo(Q)=N

These two minimization problems will be tackled in the following two subsections.

Let us also notice that the boundedness from below of the BDF eergy (127) has
been used by Hainzl, Lewin and Sparber in [88] to prove the estence ofglobal-in-
time solutions to the time-dependent nonlinear equation assoaited with the BDF
functional:

. d
(130) lap(t) =[Dpwe oy; P
where [; ] is the usual commutator and
1 Q(x;y)
Do = DO + — - -
© Co ) 7 3y

(indeed, like in [83, 84], the model for whichP® and D° are replaced byP° and D,
was considered, but the proof holds similarly in the case of{30)). Global solutions
are shown to exist forany initial orthogonal projector

P(0)2P%+ Sy(H ):
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For nonlinear Dirac theories, it is usually quite dicult to prove the existence
of global solutions (see the comments in Section 1.6). Herdghe proof is highly
simpli ed by the important property that the BDF energy Egpr , which is conserved
along solutions of (130), is bounded-below and coercive.

Let us now give the proof of Theorem 32, which is a simple adagttion of argu-
ments of [6].

Proof of Theorem 32. Let be Q 2 Q , and therefore satisfying the operator
inequality

(131) PO Q P:

It is easily proved that (131) is equivalent to

(132) Q> Q" Q

where Q** := P9QP? andQ := P°QPP°. This now implies that
(133) 0 tr(jD%Q? trpe(D°Q)

which shows that the kinetic energy is non-negative. We now ge Kato's inequality
(44) and Equation (122) to obtain

jQ(x;y)j?
REORE XY

Together with (133), this implies
Esor (Q) 1 2 tr(jD°jQ?) ED(; )i

which easily ends the proof of Theorem 32. u

dxdy 5 t(iD1jQ%) 5 t(DIQY):

4.3. Global minimization of = Egpp : the polarized vacuum.  The existence of
a global minimizer of E;p has been proved k%y Hainzl, Lewin and See, rstin [83]

by a xed-point argument valid only when Jogg Cpand D (; )¥ Cy,

and then by a global minimization procedure in [84], valid fa any cut-o and

0 < 4= . The precise statement of the latter is the following:

Theorem 33 (De nition of the polarized vacuum [83, 84, 86]). Assume thatO

< 4=, > 0andthat 2C. Then Egpr possesses a minimizeQ on Q such
that P = Q + P? is an orthogonal projector satisfying the self-consistenequation
(134) P = (1 :0) DQ ;
1 Q% y)
135 Do = D%+ — - .
(135) ° ° il Xy
1 (P 1=2)(xy)
136 = D + = — _—
( ) 1 P 1=2] i X Vi
Additionally, if and satisfy
( s ! ) 1
(137) 0 1 _ T2, wmspuss p(; )i 1;

4 2 1 4
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then this global minimizer Q is unique and the associated polarized vacuum is neu-
tral, i,e. Q2Q (0):

(138) trpo(Q)= trpo (P P °)=0:

The proof consists in showing thatE;y is lower semi-continuous for the weak-
topology of Q . For this purpose, one shows that, in the electron-positron eld,
any mass escaping to in nity takes away a positive energy. Tlis is the so-called di-
chotomy case of the concentration-compactness principlelfL8]. To prove (138), one
rst shows thattr po (P P ©)is always an integer, then one applies a continuation
argument.

Notice that the de nition (119) of D° has been used to obtain (136) from (135).
Of course, equations (134) and (136) are exactly the one we wted to solve in
the beginning (114). For not too strong external densities , a neutral vacuum
is necessarily obtained, as shown by (138). But in general, aharged polarized
vacuum could be found.

Do
. O0—0O—0O0d ]
P
Figure 3. The polarized vacuumP in the presence of the exter-
nal density is the negative spectral projector of the mean- eld
operator Dg.

<«
<€

In [86], a thermodynamic limit was considered as for the freecase = 0, to
justify the formal computation (126) when 6 0. As before, the QED energy is
well-de ned in a box G =[ L=2;L=2)3 with periodic boundary conditions and a
cut-o in Fourier space by

7
9  EQ= B0 W) 00 L)y
where
= X
(140) = @7 b(k)e *;

k2(2 z%)=L

(for simplicity, it is assumed that b is a smooth function). Then the following was
proved in [86].

Theorem 34 (Thermodynamic limit with external eld [86]) . Assume thatO

< 4=, >0, 2Candthatbis continuous onB(0; ) . Then for any L, E_
possesses a minimizer . = P. 1-=2 on G- whereP_ is an orthogonal projector,
and one has

(141) Aim B (1) EX(D) =min fBgpr (Q); Q2Q g

Moreover, up to a subsequenceQ (x;y) == ( L Nxy) = (PL P 2)(xy)
converges uniformly on compact subsets @®® to Q(x;y), a minimizer of Egpr on

Q .

Since all the previous results hold for any xed , it would be natural to consider
the limit !'1 . This was done in [84] where it is argued that this limit is highly
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unphysical: the vacuum polarization density totally cancels the external density

In QED, this \nulli cation" of the theory as the cut-o div  erges was rst
suggested by Landau [107] and later studied by Pomeranchukt al. [133].

Notice that in QED, the procedure of renormalization is often used to formally
remove the cut-o and the divergence of the theory. It consists in assuming
that the parameter is not the physical one but the bare one. The physical

phys = 1=137 is related to by a formula of the form

Phys T3 Jog =3 )

When onys is xed at its physical value, then necessarily 10°8°, meaning
that the large limit should not be considered in principle. In the case where the
exchange term is neglected in the energy (the so-callegtduced BDF model), this

renormalization procedure has been studied in detail in [8}

4.4. Minimization of  Egpp in charge sectors. The previous subsection was de-
voted to the global minimization of the BDF energy. We now mertion some results
that have been obtained in [85] for the minimization with a charge constraint. It
is believed that the charge constrained BDF model can be obtaed as the thermo-
dynamical limit of the full QED model in a xed charge sector and posed in a box
with periodic boundary conditions, but this has not been shavn yet.

Due to the charge constraint and like for the Hartree-Fock malel for instance,
minimizers will not always exist for the BDF functional: it d epends whether the
external electrostatic potential created by the charge dis¢ribution is strong enough
to be able to bind the N particles in the presence of the Dirac sea. On the other
hand, it must not be too strong otherwise electron-positronpairs could appear.

We start with a general result proved in [85] providing the form of a minimizer, if

it exists. To this end, we introduce the minimum energy in the N th charge sector:
n o}

(142) E (N)=inf BEgpr(Q)JjQ2Q ;trpo(Q =N
In principle N could be any real number, but here, for simplicity, we shall estrict

ourselves to integers.

Theorem 35 (Self-Consistent Equation of a BDF Minimizer [85]). Let be 0 <
4=, >0, 2CandN 2 Z. Then any minimizer Q solution of the minimization
problem (142), if it exists, takes the foomQ =P P © where

Q(x;y)
X yj

(143) P= (1 ;1(DQ)= (1 ;] D°+ (@ ) 15 ]

forsome 2 [ m( );m( )].

Recall that m( ) is the threshold of the free operatorD® de ned in (124). We
remark that (143) implicitly means that the last eigenvalue below of the mean- eld
operator Dq is necessarily totally lled. As already mentioned in the Dirac-Fock
case, this is a general fact for Hartree-Fock type theories?7]. For a minimizer of
the form (143) and whenN; > 0, it is natural to consider the decomposition

P=+ 0. 1(Dg);
where is the polarized Dirac sea:

= (1 ;0(Do):
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For not too strong external potentials, the vacuum will be neutral, i.e.
tl’po ( P 0) =0 )

and therefore [o. 1(Dg) will be a projector of rank N:

[0; ](DQ): "n s DQ'n:"n'n;
n=1

where "4 n are the rst N positive eigenvalues ofDg counted with their
multiplicity. Notice that

1 (xy)
144) Dg =Dy + — . .
(144) Do=Di+ () =
N Ly 2 2y,
L x oy
where
X X "
= 0; 1(Dq) = "n (x):=trca( (x%)) = " n(X)j%
n=1 n=1
In the rst line of (144), the Dirac-Fock operator associated with (' 1;:::;' ) ap-

pears, see (95). This shows that the electronic orbital$ ; are solutions of a Dirac-
Fock type equation in which the mean- eld operator D is perturbed by the (self-
consistent) potentials of the Dirac sea | =2. In practice, these potentials are
small, and the DF equations are a good approximation of the BIFF equations for
the electronic orbitals. But the energy functionals behavein a completely di erent
way: as we have seen, the DF energy is strongly inde nite whé the BDF energy
is bounded below. The Dirac-Fock model is thus interpreted a a non-variational
approximation of the mean- eld model of no-photon QED [36].

(Do)
. —@—O0 ]
« > 7

<
<

P

Figure 4. Decomposition of the system “vacuum +N electrons'
for the solution P = + in the Nth charge sector.

Concerning the existence of a minimizer, solution of (143)the following result
was proved in [85]:

Theorem 36 (Binding Conditions and Existence of a BDF Minimizer [85]). Let
be 0 < 4=, >0, 2CandN 2 Z. Then the following two assertions are
equivalent:

(H1) E (N)<min E (N K)+E%K); K22zZnf0g :

(H2) Each minimizing sequencg(Qn)n 1 for E (N) is precompact inQ and con-
verges, up to a subsequence, to a minimize&p of E (N).
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Conditions like (H1) appear classically when analyzing the compactness proper
ties of minimizing sequences, for instance by using the coeatration-compactness
principle of P.-L. Lions [118]. They are also very classicafor linear models in which
the bottom of the essential spectrum has the form of the mininum in the right hand
side of (H1), as expressed by the HVZ Theorem [95, 163, 171]. Assuni¢ > O for
simplicity. When 0 <K N, (H1) means that it is not favorable to let K electrons
escape to in nity, while keeping N K electrons near the nuclei. WhenK < 0, it
means that it is not favorable to let jKj positrons escape to in nity, while keeping
N + jKj electrons near the nuclei. WhenK > N , it means that it is not favorable
to let K electrons escape to in nity, while keepingK N positrons near the nuclei.
When is small enough andN > 0, it was shown in [85] that the separation of
electron-positron pairs is not energetically favorable, s that one just needs to check
(Hy) for K =1;2;::;N.

To prove the existence of a minimizer, one can therefore pravthat (H1) holds.
Two situations in which (H1) is true have been provided by Hainzl, Lewin and Se
in [85]. The rst one is the case of weak coupling 1 and =  xed (the
chargeN is also xed). The following was proved:

Theorem 37 (Existence of a minimizer in the weak coupling limit [85]). Assume
that > O, that N is a non-negative integer, and that 2 C is such that

(1) the spectrum (D° jj 1) contains at leastN positive eigenvalues below
11
(2) ker(D® t jj )= f0gforanyt 2 [0;1].
Then (H1) holds in Theorem 36 for small enough and = , and therefore

there exists a minimizerQ of E = (N). It takes the form

X
(145) Q = (1 (Do) P %+ (o (D)= Q%+ j i ]

i=1
(146) Do "i =" "
where " "y are the N rst positive eigenvalues of Dg . Finally, for
any sequence , ! 0, (" ,";:5" ") converges (up to a subsequence) iRl to
(' 1;::" ) which are N rst eigenfunctions of D° jij tand Q"¢ converges
to (1 50 DO ] ] 1 PO in Sz(H )

The second situation provided in [85] is the case of the nonelativistic regime
c 1. To state the result correctly, we reintroduce the speed oflight c in the
model (of course, we shall then take = 1). The expression of the energy and
the de nition of the free vacuum P (which of course then depends orc and the
ultraviolet cut-o ) are straightforward. We denote by E .. (N) the minimum
energy of the BDF functional depending on the parameters (c; ). The following
was proved:

Theorem 38 (Existence of a minimizer in the non-relativistic limit [85]). Assume
that =1 and that the l,ﬂtraviolet cut-o is = oc for some xed . Let be

2 C\ LY(R3%R") with o, = Z, and N a positive integer which is such that
Z>N 1 Then, for clarge enough,(H;) holds in Theorem 36 and therefore there
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exists a minimizer Q¢ for E;... .(N). It takes the following form:

X
Qe= (1 :0(DQ) P %+ [ ,(Dg)= Q&+  j fih' {j;
i=1

and one has

Jm Ege (o(N) Ngo(0) = ZHETLQ;CZ)N B () :
Gram = 1
Moreover, for any sequencee, !' 1, (' {"; 5" &) converges inH 1(R3; CHN (up
to a subsequence) toward§ 1;::;" n) with ' = ', and where o= (" 1;::5" N)

is a global minimizer of the Hartree-Fock energy.

We notice that this result is very similar to Theorem 26 providing the convergence
of the Dirac-Fock “ground state' in the non-relativistic li mit.

4.5. Neglecting Vacuum Polarization: Mittleman's conjecture. In view of
the complications introduced by the Dirac sea, some authorg5, 6, 14] considered
an approximate model in which the vacuum polarization is nedected, in the spirit
of a paper by Mittleman [125]. In this subsection, we shall kep the speed of light
c and therefore take =1.

In the vacuum case, a possible way to describe Mittleman's ggroach is rst to
write that the global minimizer P 1=2 constructed in Theorem 33 is formally a
solution of the following tautological max-min principle:

(47) e= sup inf Eoep (P + ) E qep (P)
P 1P

Indeed taking =0, one ndsthat e 0. Saying thatP is a global QED minimizer
exactly means that

min EQED(P+ ) EQED(P) =0:
P 1P

Then, the idea is to approximate (147) by neglecting the vacuim polarization terms
coming from P. One has formally

2z %) )
(148) Egep (P+ ) E qep (P)=tr( D ) . 3dedy
147 0 ). Rz i (Y
ts5 —————=—dxd 3 —77 dxd
2 gsops X Yj Y2 R:RE XY Y

with
1 (P 1=22)(xy).
il x oy
Neglecting the vacuum polarization potentials then simply amounts to replacing
DP by the free Dirac operator D.. The following max-min principle was studied
by Bach, Barbaroux, Hel er and Siedentop in [6], inspired by Mittleman [125]:
(149) ey = SUP inf  B°()

P:

, 2S1(H );
p2_p=p P 1°p

DP = Dc+ p 19
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where E5° is de ned as
1 1%% ] ey
150 ;© =tr( D D(; + =D( ; = ——==—dxd
(150) Ef()=u(De) DG )+ 3D( 5 ) 5 =Eidxdy
on the set depending onP:
(P)=1f 2Si(H);j5g 2Si(H); P 1 Pg

The advantage of this formulation is that, since the vacuum polarization has been
neglected, no divergence problem is encountered and (149 be studied without
any Fourier cut-o (i.e. H = H2(R3;C%), and with pointwise external charges
(i,e. = Z o where g is the Dirac distribution at the point 0 2 R3). The following
was proved in [6]:

Theorem 39 (Mittleman Principle for the Vacuum [6]) . Assume that = Z , for
someZ O0Oandthatc> 0 satises 4¢c(1 2Z=c)= 1. Then

Pe:= (1 .0(Dc  Z5jX))
is the unique solution of Mittleman's max-min principle
151 e, =sup inf EC();
( ) Mitt PZFSJ 2(P)EP ( )

where S denotes the set of all the orthogonal projector$ which are such thatP
and1 P leave the domain ofD. Z=jxj invariant. Moreover, e, =0.

As a consequence, when vacuum polarization is neglected, éhDirac sea is rep-
resented by the negative spectral projector of the operatoD. Z=jX].

The N electron case was studied by Mittleman in [125]. His main ida was to
justify the validity of the Dirac-Fock approximation by a ty pe of max-min principle
from QED in which vacuum polarization is neglected. Let us introduce the following
max-min principle:

(152) eve (N)=sup inf E°():
p2s  2(P)

tr( )=N

The interpretation is that  represents theN electrons, wheread is the Dirac sea.
Notice that in this interpretation, the real particles are arti cially separated from
the virtual electrons of the Dirac sea. However, it was beliged that (152) could be
a simpler problem with interesting practical implications. Remark that compared
to (149), we have added in (152) the condition that commutes with P, i.e. it
cannot contain o -diagonal terms. Without this requirement, it is known [4] that
(152) cannot give any solution of the Dirac-Fock equations.

Mittleman's conjecture consists in saying that the max-min principle (152) is
attained by a solution to the Dirac-Fock system. More precigly, we follow [13] and
state it as:

Mittleman's conjecture. A solution of (152) is given by a pair
(P;)=(C (1 ;:9(D¢ ); )
where is a solution of the Dirac-Fock equationD.. ' = "' ; with "; > 0, and

whereD¢. is the Dirac-Fock mean- eld operator de ned in (95).

Mittleman's conjecture for molecules has been investigaté in [14, 13]. In [14]
Barbaroux, Farkas, Hel er and Siedentop have studied the mhimization problem
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on ( P)in (152) for a xed P _Under suitable conditions, they proved that is an
electronic density matrix = iNzl j"iih' ij, where ( 1;:::;" n) is a solution of the
projected Dirac-Fock equations (1 P)D¢ (1 P)'i = "i'i. Then they further
proved that if the energy is stationary with respect to variations of the projector
P, then the unprojected Dirac-Fock are obtained. But they were unable to prove
the existence of such a state.
In [13], Barbaroux, Esteban and Se investigated the validity of Mittleman's

conjecture by a perturbation argument. Namely they added a @mrameter in front
of the interaction terms as follows:

o
17.(X’y)! dx dy:

(153) EP;C; ()=tr(D;) D(; )+§D( C ) > i

ere is a xed positive and smooth radial function with compact support and

r: = 1. They studied Mittleman's conjecture in the regime ¢ 1 and 1. We
emphasize that by a scaling argument this physically corregonds to assuming
landZ 1with Z 1. We denote byEjy the Dirac-Fock functional which
is easily de ned with these parameters, and by ¢ 9 the DF solution obtained by
the corresponding versions of Theorems 23 and 27 fgr= 0.

Whenc > 1,itisknownthat D, jj 1!is essentially self-adjoint onL?(R3;C*)

and that its spectrum is as follows:

(Dc i =01 I @< 20 gl 1),

where limji; i(c) = ¢2. We denote by (N;(c)); 1 the multiplicities of the ;(c)'s.
The following was proved in [13]:

Theorem 40 (Validity and non validity of Mittleman's conjecture [13]) . Assume
that pis a xed positive and smooth radial function with compact sgpport and such
that

R3

If N = iI=1 N;j(c) for some I 1 and some xedc > 1, then Mittleman's
conjecture is true for small enough: one has

i (N)= B (%°0);

where ©:0 is any of the solutions obtained in Theorem 23 in the casg¢ = 0.
Moreover, the optimal projector for the sup part of (152)isP = (1 ,0)(D¢; «: o).
If N = ::1 Ni(c)+1 for somel 1 and c large enough, then Mittleman's con-
jecture is wrong when > 0is small enough: there is no solution of the Dirac-

Fock equations with positive multipliers such that the pair (1 .g(D¢; ); re-
alizes Mittleman's max-min principle (152).

One can consider a weaker version of Mittleman's conjecturevhich consists in
only comparing energy levels and not the solutions themsebs.

Weaker Mittleman's conjecture. One has
el (N)= B (%10

When N =1andforc 1, 1, it is known by Theorem 40 that Mittleman's
conjecture is wrong. But Barbaroux, Hel er and Siedentop proved in [15] that the
weaker conjecture is indeed true.
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Theorem 41 (Validity of the weaker Mittleman conjecture for N = 1[15]). Assume
that = 4. Then for c large enough and small enough, the weaker Mittleman
conjecture is true:
e (N)= Bgg (7°):
The sup-inf (152) is realized by the pair
Pc; with  Pc= (1 .9(Dc 15xj); = cih
where' ¢ is any eigenvector of
(154) Dc 15X
with eigenvalueeyy, (N).
In [15], an explicit condition on and c is provided. Notice the equality
De; ' ©= Do’ °=(De 19x))" © = ey (N)"©

which is very specic to the one-electron case, and means thiahe electron does
not \see" its own Coulomb eld. In particular P;' ¢ =0.
For N 2, the question remains completely open.
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