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Abstract

In this paper, we consider a neutral molecule that possesses two distinct
stable positions for its nuclei, and look for a mountain pass point between
the two minima in the non-relativistic Schrodinger framework.

We first prove some properties concerning the spectrum and the eigen-
states of a molecule that splits into pieces, a behaviour which is observed
when the Palais-Smale sequences obtained by the mountain pass method
are not compact. This enables us to identify precisely the possible values
of the mountain pass energy and the associated ”critical points at infinity”
(a concept introduced by Bahri [2]) in this non-compact case.

We then restrict our study to a simplified (but still relevant) model: a
molecule made of two interacting parts, the geometry of each part being
frozen. We show that this lack of compactness is impossible under some
natural assumptions about the configurations ”at infinity”, proving the
existence of the mountain pass in these cases. More precisely, we suppose
either that the molecules at infinity are charged, or that they are neutral
but with dipoles at their ground state.
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Introduction

In this paper, we study in the non-relativistic quantum Schrodinger framework
the case of a molecule that possesses two distinct stable positions for its nuclei,
as this is for instance the case for HCN and CNH. Our purpose is somewhat
simple: can we obtain a critical point of the energy by using the classical moun-
tain pass method between the two minima 7 Experiment suggests that this is
the case (at least for the HCN«»CNH reaction). Indeed, such mountain pass
points are frequently computed by chemists who need to understand the possi-
ble behaviour of the molecule: it corresponds to a ”transition state” during an
infinitely slow reaction leading from one minimum to the other. But as far as
we know, this problem has never been tackled from the mathematical point of
view for the N-body quantum problem, or even in the context of the classical
Hartree or Thomas-Fermi type models which are approximations of the exact
theory.

For a neutral molecule, the proof that there is a minimum with regards
to the position of the nuclei can be found in the fundamental work of E.H.
Lieb and W. E. Thirring [25] for the Schrédinger model, and in a series of
papers by I. Catto and P.-L. Lions [4, 5, 6, 7] for approximate models (Hartree
or Thomas-Fermi type), the latter being really more complicated due to the
non linearity of these models. In these two works, the authors had to prove
that minimizing sequences are compact, the non-compactness behaviour being
related to the fact that the molecule can split into parts, each moving away
from the others. Remark that binding does not occur for the Thomas-Fermi
model (see the works of E. Teller [31], E.H. Lieb and B. Simon [24], and the
references in [4]) and that the result is not known for the Hartree-Fock model,
except in very special cases [7].

Let us make some comment on a tool used in these proofs that cannot
be simply adapted to our setting. A common idea in these two works is to
average over all the possible orientations of each piece in order to simplify
the computation of the interaction energy between them, by suppressing the
multipoles. To show that the energy can be lower than the energy at infinity, a
new term using the correlation between the electrons is then created in [25] to
obtain a Van Der Waals term of the form —C/R® (R is the distance between
the molecules), while a very detailed computation of the (exponentially small)
combined energy is done in [4, 5, 6, 7| to conclude that the system can bind.
Because of the preliminary averaging, the conclusion is that there exists some
orientation of the molecules for which this is true, but this position is unknown
a priori.

In the case of the mountain pass method that we propose here, the non-
compactness is obviously also due to a possible splitting of the molecule. How-
ever, we want to insist on the fact that we cannot use in this setting the same
idea of averaging over all the rotations of the molecules, because we have to
pull down the energy along a path. In other words, a comparison between the
energies is not sufficient to conclude, and a precise information on the directions
on which the energy decreases is needed.



This is why we failed to treat the problem in its full generality and we had
to add some hypothesis about the configurations ”at infinity”. Nevertheless, we
wish to ameliorate this first work in the future, and hope that it will stimulate
further results.

The results proved in this paper are the following.

First, we study the spectrum and the eigenfunctions of the Hamiltonian
when a molecule splits into parts. We obtain some bounds on the eigenvalues
and the bottom of the essential spectrum which allow to show that the ”elec-
trons remain in the vicinity of the nuclei” when a fixed excited state is studied.
In other words, no electron is lost during the process. This is obtained by a
non-isotropic exponential decay of the electronic density, which is shown to be
uniform when the distance between the molecules grows. We also specify the
behaviour of the associated wavefunctions and define the ”critical points at in-
finity”, a concept introduced by A. Bahri [2]. Some parts of this first result are
necessary for our min-max problem.

Then, we prove a result that enables to identify the possible behaviour of
the non-compact min-maxing paths. As it is suggested by the intuition, it is
shown that the optimal energy of the mountain pass corresponds in this case to
a system where the molecule is split into independent parts (the electrons are
shared among them), each being at its ground state. This Morse information
on the critical points at infinity is rather intuitive.

As announced, we were unable to treat the general case and we end this
article by showing that this non-compactness behaviour is impossible in the
special case of two interacting molecules with fixed nuclei. This is done under
the hypothesis that we are in the easy case of two charged molecules at infin-
ity, or in the more difficult case of two neutral molecules at infinity, but with
dipoles at their ground state. This enables to obtain the required result for
many practical situations. As explained before, the crucial step is to evaluate
the interaction energy between the molecules and we use here a multipole ex-
pansion, even for wavefunctions that are not a simple tensor product of two
ground states as in [25]. Finally, the expected result is deduced from the fact
that the critical points of the dipole/dipole interaction energy which have a
nonnegative energy have a Morse index which is at least 2.

From a practical point af view, the study of this mountain pass method is
really important. As mentioned above, the main idea is that a path leading
from one minimum to the other represents an infinitely slow chemical reaction.
The mountain pass energy is then interpreted as the lowest energy threshold
for the reaction to happen. The numerical computation of this energy and of
the optimum (even the whole path) is then a prime necessity for chemists, who
have to understand the possible behaviours of the molecule (see for instance
[28, 9] for chemical and numerical aspects).

However, chemists only consider paths on which the molecule is at its ground
state all along it, which leads to obvious problems of smoothness in the case
of degeneracy of the first eigenvalue of the Hamiltonian, and can obstruct con-
vergence. For mathematical reasons, we were thus forced to abandon this hy-



pothesis and relax the problem by considering that the wavefunction can vary
independently of the nuclear geometry, in order to obtain a critical point with
respect to nuclei’s variations. Since we shall show that our min-max energy
is in fact the same that the one used in practice, this approach could also be
interesting for numerical computations.

We conclude with a few words on the mathematical tools used in this paper.
Asin [4, 5, 6, 7], the proof is guided by P.-L. Lions’ Concentration-Compactness
ideas [26], although the localization of the electrons is given by the uniform
exponential decay of Theorem 2, and not by this theory. Let us remark that the
physical intuition is somewhat often related to the behaviour of the electronic
density. For instance, when the molecule splits into parts, the latter becomes
a sum of functions localized near the nuclei. But this point of view is not
sufficient to understand the problem since the main object is not the density, but
the wavefunction. The latter will not split into sums, but into sums of tensor
products of wavefunctions in lower dimensions (see the work of G. Friesecke
[10] for a very clear explanation of this phenomenon). Therefore, we use a
variant of N-body geometric methods for Schrédinger operators [30, 29, 18] that
enables to relate the behaviour of the wavefunction to those of the associated
electronic density. This method is used in [10] and enabled G. Friesecke to
notice an interesting link between the celebrated HVZ Theorem [18, 32, 33] and
the Concentration-Compactness method [26].

Moreover, the HVZ Theorem (which enables to identify the bottom of the
spectrum as the ground state energy of the same system but with an electron
removed), and Zhislin’s Theorem (which states the existence of excited states
for positive or neutral molecules) are abundantly used in this article.

Finally, we use the results and methods developed by G. Fang and N. Ghous-
soub [8, 14] which enable to obtain Morse information on the Palais-Smale
sequences, related to the fact that the deformed object are paths (i.e. deforma-
tions of [0;1]). We also use the duality theory developed in [14] which permits
to locate critical points.

The paper is organized as follows. In the next section, we describe the model
in detail and recall known results on the Hamiltonian and its eigenfunctions.
Then, in section 2, we present our results without proof: for the sake of clarity,
we have brought all the proofs together in the last section.

Acknowledgments: I would like to thank Eric Séré for his constant
attention and helpful remarks.

1 The model

1.1 Framework

We consider here a positive or neutral molecule with N non relativistic electrons,
and M nuclei of charges Zy + --- + Zjy; > N. The nuclei are supposed to be
correctly described by a classical model (Born-Oppenheimer approximation)



and are thus represented as pointwise charges at Ry,...,Ry € R3. In what
follows, we let

R=(Ry,...,Ry) € Q:= (R \ (Ui {R; = R;})

and
Z=(Zy,...Zu) € (NOM |Z|=Z1+---+ Zy > N.

The system is described by the purely coulombic N-body Hamiltonian

N

1 1 ZiZj
HYN(R,Z) = Z (—2% - VR(eTz‘)) + Z ] Z 1R — R;|

: — Ty — Ty —
i=1 1<i<j<N 1<i<j<M

N7
=1 !

Its operator domain is the Sobolev space H2(R3M,C), and its quadratic form
domain is H!(R3N,C). Throughout this paper, the subscript a indicates that
we consider wavefunctions ¥ which are antisymmetric under interchanges of
variables (expression of the Pauli exclusion principle):

Vo € Sy, V(z1,...,oN) = €(0)U(Tp(1)s s To(N))-

The quantum energy of the system in a state ¥ € H}(R3V C) is the associated
quadratic form
EN(R, W) = (V, HN (R, 2)T).

We refer the reader to [22, 3| for a description of this model and a de-
tailed explanation of the Born-Oppenheimer approximation. The properties of
HY(R,Z) and its eigenfunctions are recalled below. For the sake of simplic-
ity, we have neglected the spin and the dynamic of the nuclei, as in [25]. We
would like also to mention that all the results in this paper can be adapted to
the case of smeared nuclei, that is to say when the Coulomb potential ﬁ
is replaced by fR3 mdﬂi@/) where p; is a probability measure on R3. Of
course, m has to be replaced by [[ge mdui(y)duj(z). Remark
that, in contrast to many other papers dealing with minimization, we work here
with complex-valued wavefunctions, a hypothesis that plays a role in our results

(see for instance Theorem 4 and the associated remarks).

Z and N being fixed such that N < |Z|, for each R € €, the problem
EY(R, Z) = min{€" (R, ©), |¥]p2 =1}

has a solution W, which is the ground state of the N electrons interacting with
the M nuclei localized at the R;.
For neutral molecules (N = |Z]), it is also known that the problem

EN =min EN(R, Z)
ReQ
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admits a solution [25], proving the stability of neutral molecules.
We shall assume that (R, ¥) and (R', ¥) are two local minima of £V. We
then consider the classical mountain pass method

= inf EN(y(t 1
¢ = inf max £¥(1(t)) (1)

where
I = {y € C%([0:1],2 x SHy(R*Y)), ~(0) = (R, ¥), 7(1) = (R, ¥)}
SHy(R*Y) = {¥ € Hy(R*Y), |¥] 2 = 1}
and want to show that c is a critical value of .
As mentioned in the introduction, the physical interpretation of this min-
max method is that paths v € T' represent an infinitely slow reaction leading
from one minimum to the other. c is thus interpreted as the lowest energy

threshold for passing from (R, V) to (R, ¥’).
In practice, the following definition is used

¢ = inf max EN(r(t), Z)
reR t€[0;1]

where

R ={rec’0;1],Q), 7(0) =R, r(1) = R'}.

As explained in the introduction, the function R — EY (R, Z) is continuous but
not necessary differentiable and this is why we shall study the min-max method
(1). However, it will be shown that in fact ¢ = ¢

1.2 Properties of H (R, Z)

Let us now recall some well-known facts about the spectrum of H™ (R, Z). We
introduce

M(R,Z)=inf sup  (H(R,Z)U, D). 2
4 (R, 2Z) . (H(R,2)¥, V) (2)
1wl =1

In the sequel, we shall denote for all d > 1
0 0 ZiZj 0
E'R,Z)=XyR,Z):= Y 2 3R, Z)=+oc.
4~ |R; — Rj|
1<i<j<M

For a wavefunction ¥ € H}(R3, C), the electronic density and the electronic
kinetic energy density are respectively defined by

pu(x) =N U (x, 29, ..., 2 ) |*dxs...dzN
R3(N-1)

ty(x) =N VU (2,29, ..., xx5)|*dzs...dzN.
R3(N-1)

We have brought together the main known results in the following



Theorem 1. We assume N > 1. The following results are known :

1. (Self-adjointness [20]) H™ (R, Z) is self-adjoint on L2(R3N) with op-
erator domain H2(R3N) and quadratic form domain H}(R3M).

2. We have [19]
Oess (HY (R, 2)) = [B"(R, Z); +00)

Z; 7
va>1, \Y (R, Z)<SN(R,Z)< ) ﬁ
1§i<j§M’ i — Rl

3. (HVZ Theorem [18, 32, 33, 19]) We have

YM(R,Z) = EN"YR, 2).

4. (Compactness below the essential spectrum) If \)' (R, Z) < =N (R, Z),
then )\éV(R, Z) is an eigenvalue of finite multiplicity and in particular,
there exists a Wg € H2(R3N) such that

HN(R, 2)¥y = MY (R, 2)¥,.
It is locally lipschitz [21], i.e.

Ty e CORPY)  and |V, € L (R3Y),

loc

and real analytic [13] on UN \ {x; = z;}, where U = R3\ {R;}M,. If pa
is the associated electronic density, then [13]

pa € C¥(U) N COH(R?).

5. (Zhislin Theorem [33]) For positive and neutral molecules N < |Z|,
then
M(R,Z) < ©N(R, Z)

for all d > 1, so that

o (HY(R,Z2)) ={A\/ (R, Z) <--- < AJ(R, Z) < -+ }U[EN(R, Z); +00).
6. (Negative molecules [19, 23]) For negative molecules N > |Z|, there

exists a & such that \Y (R, Z) = SN(R, Z), and § = 1 when N > 2|Z|+M.

Note that the functions ©V(R,Z) and AY(R,Z) (d > 1) are continuous
with respect to R.

2 The results

In this section, we present the results that we have obtained concerning the
mountain pass method defined above. As mentioned, all the proofs are post-
poned to the next section.



2.1 The spectrum of a molecule that splits into pieces

We begin the study by some general results about the spectrum and the be-
haviour of the eigenstates when the molecule splits into pieces, that is to say
when |R; — R;j| — o0 for some i and j. As mentioned above, this splitting
of the molecule will be shown to be the main reason for the possible lack of
compactness of Palais-Smale sequences.

Although only the case of ground states will be necessary for the sequel, we
tackle here arbitrary excited states. In this section, we consider a positive or
neutral molecule (N < |Z]).

Z

Z1 0)

Figure 1: An example with M =6, p =3, m; =3, me = 1 and mg = 2.

We fix a 2 < p < M (number of pieces).

Let Xi,..., X, : RT — R3 be p functions that satisfy |X;(t) — X;(t)| > ¢
for all i« # j and t large enough. Let be m = (mq,...,mp) € (N*)P such
that Z§:1 m; = M. We fix a positive constant Ry and some r;; € R? and

zjr € Nfor j=1,...pand k =1,...,mj such that [Z| := Y20_, >3\, 2 > N,
|7i k| < Ro and rj # r;; when k # . We then let

zj = (2j1, ...,zjjmj), Z = (z1,..,2p), 1j=(1j1, ...,rj7mj),
() = (X5(0) + i, Xg(0) +15m,),  R(E) = (F1(1), s Tp(1))-
We also introduce
w;j = {(rx) € B(0,Ro)™, 1k, # iy if k1 = ko}.
and

p
UR U (X;, R)



2.1.1 Spectrum and uniform exponential decay

We have the following result:

Theorem 2 (Spectrum and uniform exponential decay). For all1 < N < |Z]
and all d > 1, we have

p
1. lim EN(R(t),Z Z i(rj,2j)y, N1+ ...+ N,=N

t—-+o0

P
2. limsup Ay (R(t), Z) < min g )\J] rj,25), N1+ ...+ Np=N, H(5 =d
t—+o0
Jj=1 j=1

3. inf liminf (SV(R(t), 2) — NJ (R(t), Z)) > 0.
rj€w; t—+400

4. Let W be an eigenfunction associated to the eigenvalue )\ﬁlV(R, Z), with
associated densities pr and tr. Then there exist positive constants Ry, C
and a, depending only on N, d, Ry, p such that

pr(z) < Cexp(—ad(z)) and tr(zr) < Cexp(—ad(z)) on U(R;)

where 0(z) = min{|z — X;|, j =1,...,d}.

The first part 1) identifies the limit of the ground state energy. This type
of result is rather intuitive and classical. However, since we do not know a
reference in this precise setting, a proof will be given in the next section.

The interpretation of the last part 4) is that if a neutral or positively charged
molecule splits into parts, then for a fixed excited state, the electrons remain
in the vicinity of the nuclei.

For the sake of simplicity, let us denote, for r = (11, ...,7p) and z = (z1, ..., 2p)

p p
AY (r,2) = min ¢ SNV (%), Nit ..+ N, =N, [[6;=d
j=1 j=1

2.1.2 Behaviour of the wavefunctions, critical points at infinity

Now that we have some bounds on the eigenvalues and the bottom of the
essential spectrum, we want to prove a result describing the behaviour of the
eigenfunctions. This will enable us to define the ”critical points at infinity” of
the model, a concept that was introduced by A. Bahri [2].

The right hand side of Theorem 2 - 1), or more generally an equality like

P

=D N (%), 3)

j=1

is rather standard from P.-L. Lions’ Concentration-Compactness point of view:
when the molecule splits into pieces, then the energy of an electronic excited



states becomes a sum of excited states energies of the pieces. In other words, a
”critical point at infinity” would be a system constituted by p molecules in some
excited state, each being infinitely far from the others, so that the interactions
between them vanish.

Let us consider a sequence t, — +00, some 7 = (11, ...,7p) € @"_; wj, and
denote by R" = R(tn) = (X1(tn) + 11, ..., Xp(tn) +1p), XJ' = Xj(tn). For the
electronic density, such a configuration is then clearly obtained in the case of
dichotomy, that is to say p"™ ~ Z?zl pj where p7 is essentially supported in the
vicinity of X7' (see the exponential decay of Theorem 2). But the behaviour of
the wavefunction U™ is less simple since these functions will not split into sum
of functions, but into sums of antisymmetric tensor products of wavefunctions
in lower dimensions. In other words, a simple way to represent these non
interacting molecules in terms of the wavefunction is to take

where each 1, is an eigenfunction of H N; (rj,zj) associated to the eigenvalue

)\ij (rj,2;). We have used here the notation
J
Ty - ¥(x1, .y zn) = V(21 — v, ey zy — )
and we recall that the tensor product is defined for ¢ € L2(R3M') and ¢’ €
L (R*"2) by

B A (21, e TNy 1) LY (o)) (52).
€SN

~ VNIV IN,! E

where x) 1= (Ta(1)s > To(nvy)) and 12 = (To(Ny41)s 5 To(N))-
With (4), one easily sees that p" = Z?:l Txn - pj With obvious notations,
and that
HN(R™ Z)¥" — c¥™ — 0
in L2(R3V) as n — +oc.

When a )\év_j (rj,2j) is degenerated, we can obtain the same behaviour by
J
taking a wavefunction which is a sum of such antisymmetric tensor products

P
n . Nilmo 0N Vi, .
U e /\ij ker (H (1), 25) As, (r],z])>.
j=1
To simplify notations, we shall denote 7, (Y1 A+ - Atpp) 1= Txp 1A - ATxp Py,
so that ¥" = 7, - U where U € /\?:1 ker (HNJ' (rj,25) — )\gj (14, zj)).

Suppose now that a molecule splits into two identical pieces: r1 = r9 and
z1 = zo, and that Ny # Ns. At infinity, we shall obtain two molecules with
the same configurations of the nuclei, but not the same number of electrons.
Since there is no reason to distinguish the two states obtained by inverting the
electrons between the two molecules, a wavefunction can be a sum of these

two states with the same energies. We are thus led to introduce the following
definition.

10



Definition 1. Let " = (r7,...,7}) € ®§:1 wj be such that ] — rj € wj, and

R" = R(ty) == (X1(tn) +71, 0y Xp(tn) +1p), X' = Xj(tn), for some t,, — +oc.
Let ¢ be such that the set

p
AY(r,2) = S (Nj, 6;) € (NP)?, N+ -+ N, = N, Z)\gj(rj,zj) =cy (5)
j=1

is not empty. The sequence (R™, ¥™) in Q x SHL(R3*V) converges to a critical
point at infinity of energy c if there exists some

VS Z /p\ ker (HNj (rj,zj) — )\é\j[_j (15, Zj)) (6)
(N;,6;)€AN (r,z) \J=1
such that
W™ =70 - W] 1 gany — 0. (7)
To justify the term critical point, we remark that one can prove
Lemma 1. Let be ¢ and ¥ that satisfy (5) and (6). Then
(HN(R", Z) = ¢)(7n - ¥) — 0
in L*(R3N).
Details will be given later on.
Saying differently, a critical point at infinity is a class
i (r0) = {rx,. . x,(rnV), X; eR* |X; - X;| > K}
where U € Z(Nj,éj)eAév(r,z) (/\1;:1 ker (HNj(rj,zj) — )\gj(rj,zj))), rj € wj
and 7x,, _x, is defined on each Q x AP_, H; (R*"7) by
X1, X, T = (X1 471, Xp 4+ 1p)

X1, X, (LA - Abp) = (Tx, 1) A - A (Tx, )

A sequence (R™, ¥™) converges to this critical point at infinity when there exists
a K, — 400 such that

lim d[(R",¥"); 7k, (r,¥)] = 0.

n—-+4oo
n __ n n p i
Let us now fix a sequence ¢, — +00 and some r" = (r{,...,77) € Q_; w;

such that 77 — r; € wj, and denote R" = R(t,), X]' = X;(t,). We then have
the following result concerning the behaviour of the eigenfunctions

11



Theorem 3. We assume 1 < N < |Z| and d > 1. Let (¥™) be a sequence of
wavefunctions such that

HN(R™, Z) - " = \Y(R", Z) - o™,

Then, up to a subsequence, we have lim,_, | o )\év(R”, Z) := ¢ with

Nl
AN(r,z) <e :Z)‘J i, 2;) < A (7, 2)
7j=1

for some (N},0%) € AN(r,2), and (R",¥") converges to a critical point at

finity of energy c.
2.2 The mountain pass method: a general result

Let us now come back to our mountain pass method, and consider again a
neutral molecule (N = |Z|). Recall that (R, ¥) and (R, V') are two local
minima of (R, ¥) — &V (R, ¥), and that c and ¢’ are defined by

3 N
¢= inf max EN(v(1)) (8)

= {y € C%([0;1),Q x SH; (R*)), 7(0) = (R, ¥), (1) = (R, ¥')}.

¢ = inf max EN(r(t), Z)
reR t€(0;1]

R ={rec’(0;1],2), r(0) = R, r(1) = R'}.
The following result enables to identify ¢ in the case of lack of compactness:

Theorem 4. We assume N = |Z|. We have ¢ = ¢'. There exists a min-mazing
sequence (R™, ") € Q x H}(R3N) such that:

If 325 |RY — R} is bounded then, up to a translation, (R",U™) converges
strongly in Q x HL(R3N) to some critical point (R, V) of EN such that

MR, Z) W =c-U, c=\(R,2).
If 324 IR — R} is not bounded, there exists a 2 <p < M, some X' € R3
with 7 = 1,...,p and a Ry > 0 such that, changing the indices if necessary,

R = (XT + 17, Xp 1), 17| < Ro, Z = (21,.., 2p), and limy, o0 | X —

n| _— n .
X7 =400, 1} —rj. Then

¢ =AY (r,z) = min ZE (rj,25), Ni+---+N,=N

and (R™,¥™) converges up to a subsequence to a critical point at infinity of
energy ¢ = A (r, 2).

12



As a consequence, in the non-compact case, the molecule splits into pieces,
the electrons being shared among them and at their ground state. We also
believe that the 7; correspond to positions of the nuclei with a Morse index
equal to 0, but this is not necessary for the sequel.

This result should be seen as the first step towards concluding the existence
of a critical point of energy ¢, by proving that the second case in Theorem 4
does not happen. Unfortunately, we met with serious difficulties when trying
to solve this general problem. This is why the compactness will be shown in the
next section for the special case of two interacting molecules with fixed nuclei.

Remark — Throughout this paper, we work with complex-valued wavefunc-
tions W. Although in other situations (minimization for instance) one often
works with real-valued functions without any change, this is not the case here.
In particular, the equality ¢ = ¢’ is very easily obtained in this setting, while
one can prove that this is also true for real-valued wavefunctions, but for well-
chosen ground states ¥ and ¥’ only. See the proof for more details.

2.3 Compactness in the case of two interacting molecules

Now that we have identified the critical points at infinity for the mountain pass
method, the next step is to show that min-maxing paths cannot approach these
critical points. We study here the case of two interacting molecules with fixed
nuclei. The parameters are then

e the distance between the two molecules (denoted by « in the sequel),
e the orientation of each molecule (represented by two rotations v and u'),

e the electronic wavefunction.

Figure 2: Two molecules with fixed nuclei.

So we consider 7 = (r1, ...,r) € B(0, Rg)™ and v’ = (v}, ...,7" ,) € B(0, Ro)""

m/
such that r| =r] =0, r; # r; and 7} # r; for i # j, and some z = (z1, ..., 2m ),
2= (24,...,2 ). We denote by Z = (z,2'), and introduce

m/

R(a,u,v') = (u-ryat +u' - r').

13



where ¥ is a fixed vector of norm 1, a € R, and w, v are rotations in R?. We
have used the notation w-r = (u-ry,...,u-ry). We suppose now that N = |Z]
and define

EN(a,u, o, 0) = EN(R(a, u, ), W),

In [25], it is proved that £V admits a minimum on R x (SO3(R))% x SHL(R3N).
As in the previous sections, we shall assume that £V possesses two local minima
M and M'. Up to a rotation of each molecule, we may suppose that a(M) > 0
and a(M’) > 0. We then consider
= inf max &N (y(t
¢ = Inf max (v(t))

where I' is the set of all the continuous functions v : [0;1] — X := (0;+00) X
(SO3(R))? x SHL(R3N) such that (0) = M and (1) = M'.

2.3.1 The mountain pass method

We begin this section by stating a result which is the analogue of Theorem 4
in this special setting.

Theorem 5. We have
e cither there exists a critical point (o, u,u’, ¥) of EN on X, such that

HY(R(a,u, /), Z) - =c- U, ¢= NV (R(a,u,u)), Z),

¢ =min {EM (r,z) + EM?(+',2/), Ny + No =N} .

Roughly speaking, the non compactness of min-maxing sequences is related
to the existence of two gradient lines going from a local minimum to some
critical point at infinity of index 0. The idea is that an ”optimal path” has to
follow these lines, and then to connect the two critical points at infinity. Since
the molecule is split here into two independent parts, the problem is now to find
two mountain pass paths connecting each configuration of the two molecules
— two similar problems of lower dimension. When the position of the nuclei
in each molecule is fixed, these paths can be obtained by only applying some
rotations. In other words, the minima always belong to the same connected
component and this is why the situation will be simpler in this setting. When
the position is not fixed, even if we may assume the existence of such paths (by
induction), the situation is much more complicated and we hope to come back
to this more general issue in the future.

The proof of Theorem 5 is very similar to the one of Theorem 4, and will
be ommitted.

In order to prove that the second case in Theorem 5 does not happen, we
need some information on the directions on which the energy decreases near the
critical points at infinity. We shall thus need an expansion of the interaction
energy between the two molecules when o grows. The terms involving in these
expansion are classical. Let us first recall the definitions of the first multipoles.

14



Definition 2. Let be R = (Ry,...,Ry) € Q, Z = (Z1,...,Zn), and p €
LY(R*) NS(R®*\ {R;}) a non negative function such that [ps p= N > 0. Then

1. the total density of charge is the measure p := p— Z;‘il ZjdR,. The total
charge is ¢ := [ps p =N — |Z],

2. the dipole moment is the vector P := [pszp(x)dr = [psxp(x)de —
M
> j=12iR;,

3. the quadrupole moment is the matriz Q := [ps (za” — }|2|*T) p(z) da.

When p is the electronic density associated to some eigenstate ¥, we shall
use the notations py, py, Py and Qy.

This multipoles will be used in the expansion of the interaction energy. To
illustrate this point, we give here the following

Lemma 2. We assume that N1 and Ny are such that Ny+Ny = N, EMN(r,2) <
SN(r, 2) and EN2(r',2") < BN2(r' 2'). Let 41 and 19 be two ground states of
respectively HN'(r, z) and HN2(r',2'). Denoting

U(a,u,u’) = (u-11) A (Tag - u' - 1ba),

we have

EV (R(a,u,w), W(a,u,u')) = BV (r,2) + EV2(r/, )

n q;qQ N q2u122- v o WPy T n (uPy) - (W' P2) — 3(uPy - 0)(u' Py - V)

o? as

3 T+ / 1T . 1
n (QuQiu” + qu'Qau’" v U+O< >

2a3
for all u,u’ € SO3(R) and when « goes to +00.

In this result, qx, Pr and Qj are respectively the total charge, the dipole and
the quadrupole moment associated to the electronic densities py of the states
(s

The terms of this expansion can be interpreted respectively as the ener-
gies of the molecules, and the interaction energy between them, which decom-
poses into the charge/charge (1/a), dipole/charge (1/a?), dipole/dipole and
charge/quadrupole (1/a3) terms.

We are now able to state our main compactness results. As mentioned above,
we had to add some hypothesis about the molecules ”at infinity”, concerning
their multipoles in their ground state.

2.3.2 The case of charged molecules at infinity

Our first result will concern the case of monopoles at infinity, that is to say
when the molecules are charged.

15



Theorem 6 (Charged molecules at infinity). Let us assume that
ENi(r,z) + BN (1, 2)) = min { E™ (r,2) + E™(',2)), mi +no =N}  (9)

for some N1 and Ny with (N7 — |z|) (N2 — |Z|) # 0.
Then the case 2) in Theorem 5 does not happen. Therefore c is a critical
value of EN on X.

Remark — By (9), we have for instance
pi=EN(r,2) — EFl(r,2) < E¥I(+/ 2y — EN2 (¢ ) = 4/

for some Ny, Ny such that Ny + No = N and Nj < |z|. This can be viewed as
a comparison between oxydo-reduction potentials. So (9) will be probably true
if one molecule is a oxydant and the other is a reductor.

2.3.3 The case of neutral molecules with dipole moments at infinity

If the two molecules at infinity are neutral, the first term involving in the
expansion of the interaction energy is the dipole/dipole term. This is why
we shall now consider the case of molecules that possess some dipole moment
in their ground state (experiment suggests that this is the case for every non
symmetric molecule).

Let us introduce the following definition

Definition 3. Let be R = (Ry,...,Ry) € Q, Z = (Z1,...,Zp) and N > 0 such
that \N (R, Z) < ¥N(R, Z). We shall say that the molecule (R, Z, N) possesses
a dipole moment at its ground state if Py # 0 for all ground state W.

Since V := ker (HN(R, Z) — EN(R, Z)) is finite dimensional, let us notice
that this implies min{|Py|, ¥ € V, |¥|2 =1} > 0.
We then have the following result:

Theorem 7 (Neutral molecules with dipole moments at infinity).
Let us assume that

(H1) E¥(r,2) + EV\(+, 2"y < ENt(r,2) + EN2(+', ) for all Ny, Ny such that
N1+ Ny = N and (N1 — |ZD(N2 — ’Z/|) 7é 0,

(H2) the two molecules (r,z,|z]) and (v',2',|7'|) possess a dipole moment at
their ground state,

(H3) E\¥(r,z) or E¥'I(+', ") is non-degenerated.
Then the case 2) in Theorem 5 does not happen. Therefore ¢ is a critical

value of EN on X.

Remark — (HS3) is a purely mathematical restriction that simplifies the
proof.

Let us explain the general idea of the proof. Recall that the dipole/dipole
interaction energy can be written F(P, P')/a? (see Lemma 2). It is shown in
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Appendix 2 that the critical points of F which have a non-negative energy have
a Morse index which is at least one. If a path approaches a critical point at
infinity then, to pull down the energy along the path, one may use either the
rotations of the molecules if the dipole/dipole interaction energy is positive
(thanks to this Morse index information on F'), or the distance between them
if it is negative (because a +— F(P, P')/a? is then increasing). This is why
min-maxing paths do not approach the critical points at infinity, and give thus
a compact Palais-Smale sequence. Obviously, this general idea does not suffice
to lead the proof and there are some other difficulties (essentially due to the
complexity of the model) that are explicited in the next section.

Remark — This general information on the Morse index is probably true
for the others multipoles interaction energies, a fact that could be used to treat
the general case.

3 Proofs
3.1 Proof of Theorems 2 and 3

3.1.1 Preliminaries

We shall use the following lemma, which is an adaptation of results in [15, 16,
11, 12, 13], and which is proved in Appendix 1.

Lemma 3. Let Uy be an eigenfunction associated to the eigenvalue )\év(R, 7Z)
and pr be the electronic density. We introduce eg = SN (R, Z) — ANY (R, Z).
Then

1. pr satisfies the inequation

1
—§Ap3+VRpR+eRpR <0. (10)

2. With Ry(€) :== max (RO +1,Ro+ Ljy) and C(e) == U§:1{$a |z — X;| =
Ri(€)}, and if r > 2Ry (eR), then we have

pr(®) < lpRlLoe(Cleny D€ VRPN el aler)
j=1
< p||PR||Lw(C(ER))€7m(6(x)7R1(ER)) (11)
< Me—@(é(z)—m(ea)),

on U(Ri(er)), where 6(z) = min{|lz — X;|, j = 1,...,d}, and M =
M(p7N7R1(ER))'

The explicit bound (11) has been written in order to show the dependence
of all the constants with regard to er. It is clearly not optimal. It shows a
non-isotropic exponential decay of the electronic density, which will be uniform
if eg - 0. This type of bounds is studied in the work of Agmon [1] and we
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do not know if one can use his formalism to obtain the same result. Isotropic
exponential bounds for N-body eigenfunctions are frequently seen in the litera-
ture, but surprising is the fact that such non-isotropic bounds has not yet been
noticed.

The next two lemmas will be useful to prove the exponential decay of The-
orem 2.

Lemma 4. For all a > 0, there exists a constant M = M («, N, Ry) such that

r) <M / pr(y) dy
B(z,a)

Proof of Lemma 4 — see [16]. O

onU(Ry +1/2 + a).

Lemma 5. Forall j=1,...,p, d>1 and n < |zj|, we have

inf (X"(rj,25) — Ag(r5,25)) > 0.

T‘jGqu
Proof — We have
Sy, 25) — N (15, 25) = S(rj, 25) — Nj(rj, %)

where S\Q(rj,zj) and X" (r;,z;) are the d** eigenvalue and the bottom of the
essential spectrum of the Hamiltonian with the nuclei interaction removed

n

ﬁ"(rj,zj):Z(—;Azﬁ%(m))+ > |_1xj‘

i=1 1<i<j<n

By Zhislin’s Theorem, it is known that

S (rj,2j) = Ag(rj, ) > 0
for all r; € W; and, since this function is continuous with regard to r;,

inf (En(Tj,Zj) — )\g(rj,zj)) >0 O

TjEW;

In the next result, we use both HVZ and Zhislin’s Theorems. This lemma
will be useful in the proof of Theorem 2 to construct test functions.

Lemma 6. If the minimum

min Z/\ (rj,z), Ni +..+Np=N, H(S—d
7j=1

is attained for Ni,...,N; and 61, ...,0,, then necessarily
N; N;
As) (rgs zj) < 357 (15, %)

forallj=1,...,p
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Proof of Lemma 6 — Remark that by definition )\gj (rj, 25) < X0(rj, 2j) =
+oo for all §;. We argue by contradiction and suppose that there exists a k
such that N, > 0 and )\5N:(rk,zk) = 2N (r, 21) = EVo (g, 2¢). Theorem 1
implies Ny > [2;] + 1. Since 330_) (Ng — [24]) = N — [Z]| < 0, there exists a
| # k such that N; < [z]. We then let 67 = d;, N; = Nj for j ¢ {k,l}, &}, = 1,
N] = Nj, — 1, 0; = 030, and N/ = N; + 1. We obtain

p p
s N, N Ni+1
Z)\(ij (r,25) ZA5 T, 25) = )\5/(7“1721) _ )‘5;1+ (14, 1)
j=1 7=1
> 2, 2) - A )
SN (g, ) — Af;\l/[lﬂ(?”z, z1)
> 0
since N; + 1 < || (Zhislin Theorem), which is a contradiction. ]

3.1.2 Proof of Theorem 2

We are now able to prove Theorem 2.

We first prove 2). Suppose that the right hand side is attained for some
Ni,...,N; and 9y, ..., 6, such that Ny + ...+ N, = N and H§:1 d; = p. For the
sake of simplicity, we may assume that N; > 0 for all j =1, ...,p. By Lemma 6
and Theorem 1, there exist elgenfunctlons \Ifk € L2(R3MNi) sat1sfy1ng

HNi(rj, 2)) % = X (), ;) 0F, /R?’Nj kel = gy,
forall j =1,..,pand k=1,...,9;. If
V; = span(¥%, k=1,..,6;) C LZ(R*"7)
then we have

. N;
max HNi (2, 20, 0) = N7 (rj, 2:).
vev, ||\I/||i:1< (r5,25) ) 5 (r5, 25)

We now consider a sequence ¢, — +o0 such that lim,_ oo \Y (R(t,), Z) =
limsup,_, | AY (R(t), Z). If ¥ € L2(R3YN), we introduce

kn k
V5" =T 00) Y

(7N k,n )
Vit = span(V;", k=1,..,5;) C L2(R3N:),

(we recall that 7, is the translation by v).
Now, let be

W, = ‘71" A V" = span(‘likl’ A \IJI;”’”, 1 <k; <9 )
which is a space of dimension []¢ Ge10;=d. If

k kp,
U = Z Ckl,...,kp\ylh AT, Pl e W,
1<k; <6,
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and ) |Ck:1,...,kp|2 =1, we have

S

kj,n
J

k:j,n

(HY(R, Z)¥,0) = > [Chposiy | CH N (g, 2) W57 W07 ey,

J=11<k;<4;

where e, is the interaction energy between the p molecules. It is the sum of
three terms
en:e}1+ei+ez.

el is the interaction between electrons in different molecules, and contains terms

like
I$—y+Xaz( ) Xh(tn)\

with j1 # j2. €2 is the interaction between electrons and nuclei of different
molecules, and contains terms like

k'
2T (@, )
// dx dy
|z — TJQZ+X]2() X, (tn)]

with j; # jo. Finally, €2 is the interaction between nuclei of different molecules

_ Z Z Zj1,kjy Zja,kj,
j = T2k, + Xj2 (tn) - le (tn)|

T .
J1<j2 1<k;<m; | ki

It is now easy to see that each of this term tends to 0 as n — 4o0.
By definition, we have

M(R,Z) < max  (HM(R,Z)¥,T)

N
‘271 Z ‘cklr"wkp ’2)\ij (Tja Z]) + max En
,,,,, =1 g,

Jj=1
LI
< Z)‘%‘] (r,2) + maxe,,.

We may now pass to the limit as n — +oo in this inequality and obtain the
bound

limsup Ay (R(t), Z) < min Z)\ (rj,z), Ni+..+ N, =N, Hé—d

t—-4o0 j=1

We then prove simultaneously 1) 3) 4) by induction on N =1, ...,|Z|.
For N =1, it is known that

77,

El(Ryz):Eo(sz): Z mv
i J

1<i<j<M
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and so

p
lim TN(R(t),2) =Y _ZIkEL ZE ri ).

t—+00 ‘TJJ@ — 71l
As a consequence

lim inf (ZY(R(), Z) — MNy(R(t), 2))
p
T’J,Z’] )\31(7”1,2’1) -+ ZEO(TJ',Z]‘)
=2
= E%ry,21) — Mi(r1, 21) = B4 (r1, 21) — Ay(r1, 21)

i Mw

and

inf liminf (SY(R(2),2) — Ay(R(t), Z)) > inf (Z'(r1,21) — Ny(r1,21)) >0

ri€w; t—400 T ri€wr

by lemma 5. The uniform exponential decay is then a consequence of lemmas
3 and 4.

Let t,, — +00 be such that lim,, o F'(R(t,), Z) = liminf;_ o EY(R(t), Z),
and ¢" € L?(R3) be such that

HY(R(t,), Z)¢™ = EX(R(t,), Z)¢"™.

By the uniform exponential decay, we may write ¢" = 1?:1 ¢ + an where
supp(¢}) C B(Xj,ry/3), and |an|m — 0. Then

p

P
(H'(R(tn), Z)¢", ¢") = Z rj,zj)¢?,q§?)+z Z B iy

i=1 j=11<k<I<m; 75k = 75l

where H is the Hamiltonian with the nuclei interaction removed, and e, — 0.
We have

(H'(rj,2)d},6) = Y E'(rj,z)l05 17

1 j=1,...p

M-

J

> min E'(rjz) [ > 4717

Jj=1,....p .
]:17""p

SO

<H1(R(tn>,Z)¢n7¢n> 2 min E TJ,Z] +Z Z M

1,..., —-r
J= P J=11<k<i<m; |Jk gl

= min Z i(rj,25), Ni+...+Np=1



and finally

ENi(rj, 2), Ni+ ...+ N, =1

[

1 .
tlgrnooE (R(t), Z) = min 1

J

Let us now assume that 1) 3) 4) have been proved for N —1 < |Z|. We have
YN(R,Z) = \N"Y(R, Z) so

p
lim V(R(t),Z) = min ZENj(rj,zj), Ni+..+N,=N -1

t——+00

for some Ny, ..., N,. But Z 1(zj] = Nj) =|Z] = (N — 1) > 0 so there exists a
k such that Ny < |zx|. We then have, for alld > 1,

liminf (SV(R(2),

t—+o00

5 Mw
kj
MN

>/ RS /‘\
>
sz
+
=
x
N
??‘
+
M“
&
=2
—~
Qﬁ
k)N
S—

k+1 2
and

inf liminf (SN(R(t), Z) — N) (R(t), 2))

ri€w; t——+00

> inf inf (5"(rj,2) = Aj(rj, %)) > 0
T oj=1,.p r]-ewj( (] J) d( 7 ]))
e

by lemma 5. The uniform exponential decay 4) is then a consequence of lemmas
3 and 4.
We now prove the inequality

liminf EN(R(t), Z) > min ZE (rj,2), Ni+..+ N, =N

t——+o0

by using a variant of classical N-body geometric methods for Schrédinger op-
erators [30, 29, 19|, which is used in [10].

Let t, — 400 be such that lim,, EN(R(t,), Z) = liminf, EN(R(t), Z), and
¥, an associated sequence of ground states, with densities pg, and ty,. We
denote R" = R(t,) and X7 = X;(t,). Due to the uniform exponential decay,
one has

lim pw, = lim ty, = 0. (12)
=00 JU (tn /3) 00 JU (tn /3)
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Let &, € C®(R3,[0;1]) be a cutoff function such that &, = 0 on U(t,/3),

n=1onR3\U(t,/3—1), and V] <1, [Alp]oe < 2. We then introduce
Xn (21, TN) = Hf\il &n(zi) and ¥, = x,¥,,. Using (12), it is then easy to see
that |¥,, — ¥, |1 — 0, and

N
MR, Z) Uy = A (R, Z) - U = = (2VaXn Vi, ¥ + Tnlg,Xn)
i=1

— 0 in L3(R3N),

N

EV (R 0) = A (B W) eomy = Y [ 10 VaiaP =0
i=1

Now, we may write &, = >_%_, &), where Supp(&)) € B(Xj,t,/3), and

=D& W ()T, = Y Wik

1<k;<p 1<k;<p

Since the UF*~ have disjoint supports,

’\I,n|2 _ Z ‘\I/lfll""’kN‘Q, (‘:N Rn T, Z SN na\IlkL . )
1<k;<p 1<k;<p
(HY(R", Z) = \{(R", Z)) - Ut — 0

in L2(R3N) for all k1, ...kx. To end the proof of Theorem 2, it suffices to bound
EN(R™,0,,) from below by the appropriate constant.. We now fix ki, ..., ky and
introduce C; = {i, k; = j}, N; = |C}|. Remark that Wp-kN g antisymmetric
in (z;)iec; for all j =1,...,p. Then

p
EN(R",\I/7I§17"”I€N) — Z Z/ ’vmijkh »k’N’2 Z/ :, (z;)] \Iﬂﬁ, Sk |2

Jj=1 \i€C; i€Cy
| k1, 7kN|2 0
E"(r;, z; e
where
\I/kl’ KN 2
en = Z/r,xz\\lf’“h ”“N|2+ZZ/‘ — ‘ +el,
1<]7$j’<p 1€C; 1€Cj i'eCy .%'/

el, being the interaction energy between nuclei in different molecules, which
easily tends to 0 as n — +o00. Now

k k
E 2129 gk kN 2 E §
| . 3|Z | \I, |\I/ Tyeens N|2
en’ | +3 +€ —0

1<j;é]’<p 1€Cy 1€Cy i'eC
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as n — —+o0o. Finally, since Pl g antisymmetric in (z;);ec; for all j =
1,...,p and thanks to the translation invariance of the Hamiltonian,

EN (R, Wb ZE i) | RN R, 4 e,
Passing to the limit, we obtain

p

NR™ ¥ ) > Nj(0n . LN —

nEI—Poog (R",¥,) > min EIE i(rj,zj), Ni+---Np,=N
]:

which ends the proof of Theorem 2. O

3.1.3 Proof of Theorem 3

The proof uses exactly the same N-body geometric method as the end of the
proof of Theorem 2, but with A\ (R™, Z) replaced by AY (R", Z). If we suppose
that limy,— 4 o0 )\év (R",Z) = ¢, then passing to the limit and using Theorem 2

¢ < limsup )\fiV(Rn,Z) < Afiv(ra z).

n—-+00

We have
(HY (R, 2) ) - Wi 0

in L2(R3Y) for all kq,...ky. Since all the interaction terms tend to 0 (see the
proof of Theorem 2), we obtain

p
STHN G 45, | WY 0
7j=1

where the Hamiltonian H™i (X7 +77,2j)c; acts on the variables (z;);ec;. Due
to the translation invariance, we obtain

P
3 A, e, ) - et
=1

where WE N (g1 ay) = WhteoRy (X% + xi). But due to the exponential

decay of ¥,,, \ilfkaN is precompact in H'(R3") and converges up to a subse-
quence to some WF1-kN guch that

§ :H (rj i), | BRrky = ¢ ghreby

We thus have either c is an eigenvalue of < HYi(r;, zj)(;j> on the tensor

j=1
product ®§:1 L2(R*V7)¢, (with an obvious notation), or Phibn = 0,
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Lemma 7. We haveo( - HNJ'(rj,zj)cj> =30 o (HNi(rj, zj)c;) so that

Tess (Zj VHYi(rj, 20) e ) [2; 400) with

Xo= ZE (rj,2j) + 2 ]O<TJ072J0) I<jo<p
J#jo
> AY(r,2)
for all d > 1.
Proof of Lemma 7 — The fact that the spectrum of Z (r],zj)c
is the sum >>%_, o o (HYi(rj, z)c,) is standard (see for instance [27] Theorem

VIII-33). Suppose now that ¥ = > ., ENi(r;, z5) + XN (1, 2j,) for some
1<jo<p If )\ilvjo (7o, 2jo) < ENio (14, 2j,) then obviously ¥ > AY(r, z). If

)\évjo (Tjos 2jo) = BNio (rj,, 2j,) then ¥ > AY (r, z) by lemma 6. O

. . . p N . . . .
As a consequence, if ¢ is an eigenvalue of (ijl HYi(rj, zj)cj>, it is nec-

essary below its essential spectrum. It is then easy to see that this implies

=1 ’

for some )\gj (rj,2) < SNi(rj, 2;).
Now, we have [U" — 7, - W1 gany — 0 where W =37, Whoby ]

3.2 Proof of Theorem 4

We may suppose ¢ > max(ENV (R, ), EN (R, T)).

Let us first prove the equality ¢ = ¢/. Indeed, ¢ < c is obvious. Let be
mn € R a sequence such that my, := max;c, EN(rp(t),Z) — ¢ as n — +oo.
For each n € N, we define

= inf EN(rp(t), ¥(t
¢n = Jnf max (ra(t),¥(t))

v = {¢ € CO([Oa 1]7 SHC}(RSN))u w(o) =V, 1/}(1) - \Ij/} .

We may now apply the methods of [8] to obtain some sequences t; € [0; 1]
and (¥y)g>1 such that

kj)glmg (r"(tg), Vi) = ¢

2. HY(rp(te), Z) - U — EN (ra(tr), W) - Ug — 0 in L2(R3Y),

3. (C/'N(Tn(tk), V) < )\{V(Tn(tk), Z) + ek, khm €, =0

——+00
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1,2) correspond to the classical fact that one can obtain min-maxing sequences
that are almost critical. On the other hand, 3) is a consequence of the less-
known fact that one can obtain Palais-Smale sequences with Morse-type in-
formation related to the dimension of the homotopy-stable class used in the
min-max method, which is 1 here (paths are deformations of [0;1]). Since we
are in C = R?, eigenvectors always have an even Morse index and this is why
AV appears in 3) and not AL.

The fact that such a sequence (¥},) is precompact in H}(R3V) is now a sim-
ple consequence of Theorem 1 - 4). Indeed, the compactness below the essential
spectrum is nothing else but the Palais-Smale condition of £ with Morse-type
information introduced in [14]. We have the following general lemma, whose
proof is postponed until the end of the proof of Theorem 4.

Lemma 8. We assume that Z = (Z1,...,Zn) is such that N < |Z|. Let
(R™, U™ be a sequence in Q x SHYR3N) such that

1. R" = Re(}

2. lim EN(R™,U") =,

n—-+00
8. HN(R™ Z) - 9" — EN(R™, ") . 0" — 0 in L*(R3Y),
4. there exist dy > 1 and €, — 0 such that EN(R", ¥") < A%(R", Z) + en.

Then (U™) is precompact in H}(R3N) and converges, up to a subsequence, to
an eigenfunction ¥ of HN (R, Z) associated to N} (R, Z) with d < dy.

Applying this result, we obtain, by passing to the limit as k — 400,
c<e¢,= )\{V(rn(tn),Z) < mp,
for some t,, € [0;1] and so ¢ = ¢.
We now prove the alternative of the Theorem. We introduce

Fe(Ro) = { (R, ¥) € @ x SHYR™), Y "|R; — R;| < Ro, EY(R,T) > c
i#j

I'a) = {7 €T, max EN(y(t)) <c+ a} .
te(0;1]

We have the following alternative:

either there exist Ry > 0 and « > 0 such that, F.(Ro) Ny([0;1]) # 0 for all
v € I(a),

or for all Ry > 0 there exists a min-maxing sequence 7y, € I' such that F.(Rg)N

T ([0;1]) = 0.
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First Case : there exist Ry > 0 and o > 0 such that, F.(Ry)N~([0;1]) # 0
for all v € I'(a).

Since (R, V) and (R',¥’) do not belong to F.(Rp), we may apply the
methods of [14] (F.(Rp) is a set which is dual to the homotopy-stable class
I'(«) with boundary B = {(R, V), (R, ¥')}) to obtain a sequence (R",¥") €
Q x SHL(R3*N) such that

1. lim d((R",¥"),F.(Ro)) =0,

n—-+o0o

2. lim EV(R™ U") =,

n—-+o0o

3. lim VzEN(R™, ") =0,

n—-+o00
4. HN(R", Z) - ¥™ — EN(R", ¥™) - ¥" — 0 in L2(R®Y),
5. EN(R™, 0™ < AV(R™, Z) + e,

nEI—&I—loo n = 0

Remark that 2,3,4,5) correspond to the fact that one can obtain min-
maxing sequences that are almost critical, and with Morse-type information.
On the other hand, 1) is the consequence of the duality theory developed in
[14] that enables to locate the critical points.

Due to 1), >2,.; |R;' — R?[ is bounded. Up to a translation, we may sup-
pose R" — R € Q (since AY(R", Z) — 400 when d(R™,052) — 0 due to the
nuclei/nuclei repulsion). Now U™ converges up to a subsequence to a ¥ in
H'(R3Y) by lemma 8.

Second Case : for all Ry > 0 there exists a min-maxing sequence v, € I'
such that F.(Ro) Ny, ([0;1]) = 0.

Let (r,) be a sequence in R such that r, — 4o00. For each r,, there exists
a 7y, such that, for instance,

1
< EN(v () < e+ =
¢ < max (m(t)) < e+~

and Fo(r) Nyn([0;1]) = 0. We now write 4, (t) = (Rn(t), U, (t)) and fix n. The
set Ky, = {t € [0;1], > [R}'(t) — R}(t)| <y} is a compact subset of [0;1] such
that max EV(v(K,)) < c. We now introduce

Py = {y € CO(0; 1], SHA®R™)), i, = U, }

which is an homotopy-stable class of dimension 1 with boundary ¥"(K,,), and

_ N
Cn = TJJIEDIf\I/ tren[aa;}l(} EN(Rn(t),7(1)) (13)

so that 1
c<c, <c+ —.
n

Applying the methods of [14], we may find a sequence ¢ € [0;1] \ K,, and
Uk ¢ SHL(R3N) such that t; — f and
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L. Zi;éj | Bni(tr) — Bnj(tr)| = mn

2. i N(R,(tr), UF) = ¢,
k—1>I—iI-1<>og (R(k)a n) C

3. HN(R,(ty), Z) - WF — EN(R, (1), UF) - Wk — 0 in L2(R3N)

n

4. EN(R,(t), ¥F) < \V(R,(t), Z) + ap  with Jm oy =0
——+00
By lemma 8, (U¥),cy is precompact in H!(R3*YN) and converges, up to a
subsequence, to some ¥ such that

L) i Ry — R} >

2. lim EN(R™ U") =c

n—-+00
3. HN(R™, Z) - W™ = \N(R", Z) - U™

where R™ := R, (t).

Since ., |R} — R}| — +oo, there exists a 2 < p < M, some X} € R3
with j = 1,...,p and a Ry > 0 such that (changing the indices if necessary and
up to a subsequence) R" = (X7 +r7,...., X)) + 1)), [r}| < Ro, Z = (21, ..., 2p),
and limg, o | X" — X]"\ = +00, 17 — 1;.

Passing to the limit, we obtain, by Theorem 2

c= lim AV(R™ Z) =AY (r,2).
n—-+0o00
We now simply apply Theorem 3 to obtain the convergence to a critical
point at infinity of energy ¢, as defined in the corresponding section. O

Let us now prove Lemma 8.

Proof of Lemma 8 — Let m be an integer such that \¥ (R, Z) > AN (R, Z) =
/\é\g(R, Z). Due to the fact that \Y(R™, Z) — AY (R, Z) as n — +oc, we have
MNY(R™, Z) > )\Jd\g (R, Z) > c for n large enough.

Let be V;, = @7, " ker (H(R",Z) — \N(R", Z)), and (¢¢,...,9",_;) an or-
thonormal basis of V™, /' being eigenfunctions of H¥ (R", Z) (Theorem 1 - 4)).
Due for instance to the uniform exponential decay of Theorem 2, one easily sees
that each 9}' is precompact and converges up to a subsequence in H, h (R3N) to
a 1y, with span(y;) = @7 ker (H(R, Z) — AN (R, Z)).

Now we can write ¥" = Wyn + ¥ (ymy1 with an obvious definition. Since
EN(R™, ¥™) is bounded, it is a classical fact that (¥") is bounded in H}(R3")
and so, up to a subsequence, ¥" — W weakly in H!(R3V). Since dim(V,,) =
m — 1, (¥y,) is precompact in H'(R3V) and converges to a ¥y € V. By
difference, Wy ny1 — Wy weakly in HY(R3Y).

Since lim,, 1o EN(R™, ¥") = ¢, HN(R",Z) - U™ — c- ¥" — 0 in L?(R3V),
so we obtain

(HN(R",Z) = c) - Oy, + (HY(R", Z) —¢) - ¥(y,y10 — 0
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which implies (H™(R",Z) —c) - ¥y, — 0 and (HY(R", Z) —¢) - Yy, — 0in
L?(R3N). Finally,

g (R \I’(V ) — C”‘I’ J_”LQ 3]\/) — 0.
Because min EN(R™, S(V,)1) = AN(R", Z) > A%(R”,Z) > ¢, this implies

9wyt — 0 and then [¥y, ) [z — 0. Thus U™ converges in H(R3Y)
to a ¥ = Wy which is an eigenfunction of HY (R, Z) that belongs to V. O

3.3 The case of two interacting molecules
3.3.1 Proof of Lemma 2

We shall use the following lemma:

Lemma 9 (Multipole expansion). There ezists a constant C such that, for all
R and h € R? with R+ h # 0,

%LmthWW<WP
®+n IRl IRP ARF )| TRFIR -+

with e = R/|R)|.

Proof of Lemma 9 — It suffices to show

1 12 Ot
e B
V1 =2zt + 12 2 V1 =2zt + 2

for all t € R and =z € [-1;1] (take x = —(ep - h)/|h| and t = |h|/|R|). We

thus introduce f(z,t) =1 — V1 — 2zt + ¢2 (1 +at+ L (3x — 1)) One easily
3t3 (522 —2xt—1)

computes gf (x,t) = Vim0 50 that

mg[l_al}gl] |f(z,t)] < max{fi(t), f(t), f3(t), fa(t)}
where fi(t) = [f(z1(t), 1) 11<a,<1(2), fo(t) = |f(22(t), ) D1<ar<a(t), f3(t) =
[F(=L )], fa(t) = [ F(1LB)], 21(t) = VIS and ay(t) = HYEES Tt s now easy
to conclude that |f(z,t)| < C|t|* for some constant C' > 0. O

We are now able to prove Lemma 2.
Proof of Lemma 2 — Let £, € C*°(R3,[0;1]) be a cut-off function such that
£a=00nR3\ B(O,a/3), (&a=10n B(O,a/3 1), [Véa|eo <1, [Als]oo < 2.

. ~ N, 2 ~
We introduce ¢ (1, ..., 2n;) = [}y Sal@i)j (@1, s an;), ¥F = of /[¢5 ] 12
and ¥(a,u,u') = (u-9Y§f) A (Taz - v - §). Due to the exponential decay of
Theorem 2, one has

’SN (R(a,u,u'),\if(a,u,u')) —&N (R(a,u, u'), ¥ (o, u, u'))‘ < Ce ™
[ BN (r,2) = M ()|, [BN2(,2) = €720 y8)| < Cem®
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for some C,a > 0. Let us recall that, by definition,

YAY (21, .., 1/N1'N2 Z W (25)

|Cl=N1

where ¢ = (4, ..., %y, ) when C' = {iy < --- <in}, 0(C) = £1. Applying
this equality to ¥, we obtain on the right functions with disjoint supports. We
shall therefore only study the expansion of

6N (R(Oé, u, ’U/), (U : @Z’?) ® (Tal_f : u/ ' 2JZ)(QDZ)) .

1

We have (using the notation ! = (x1,...,2n,) and 22 = (TN, 41, ..., TN))

EV (R(a, u,u'), (udhf) @ (Tagu'y3 )) = &M (ur, uw?)+5N2(a77+U’T’,Taau/w§“ )

Ny N
+ii/ [ (1) [P ls (22) d:v d +ZZ
£t L Jpon |aT +u/ - 22 —u - x) \av—i—u i — e
i=1 j=1 J i=1 j=1
N. N
/ ii Zz|¢1 Zl:i ,|¢1 )’ |¢2( )’2 datda?
]av+u x; lav + ' -7 x|
=1 j=1 i=1 j=1 Li

so we obtain

eV (R(a,u, ), (W‘f) ® (Tagu'y5)) = €M (r, w?) + N (' 0g)

/

pz(y
d d
//Rs ]av+u y— y+zz|av+u — w7y

=1 j=1
zips (y) 2’/31 ()
- N dy — N d
lz/s\av—f—u Yy —u- TZ|y 22/3|ow+u = x]x

where the pf! are the electronic densities associated to v}, and finally

EN (R(a, u, v), (ui?) © (ragu'ys)) = EN(r,9f) + EN2 (', 45)
[ ARy,
RS ]av—i—u Yy —u- x|

where 5§ (x) = pf(x) — 310 20y, (x) and p3(y) = po(y) — 271, 26, (y) are
the total densities of charge associated to the distributions p{* and pg. Now, by
lemma 9, we have

P& L7 lPa . a7
// 5 (y) dr dyZQIQZ+q2(U ) U_ql(u 5) - U
R6 |ow+u y—u-xl o' a? a?

3(uP® - B) (WP - 0) — (uP?) - (W'P§)  3(geu@Qru’ + g/ Qo' v - v
s * 203

1 1y, 3| s ~x
oL [[ Wy mbiaiew,, ,
a3 JJge |aU+u -y —u- x|
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But we have

wy — uz3|p¢(2)|p% | (y 3C _ -
// ’ _ ‘/’ 1’( )’ 2’( )dmdy</‘ |x!3(]p1\+]p2\)(x)da:.
R |aU+u -y —u-z a Jps

It suffices to notice that |PY — Pp| < Ce ™ and |Qf — Qx| < Ce™** for some
C,a > 0 to end the proof. O

3.3.2 Proof of Theorem 6

Let us suppose that we are in the second case of Theorem 5, and that ¢ >
max{EN(M),EN(M’)}. By the proof of Theorem 4, we obtain a sequence
a, — +oo and paths -y, such that

1
AY < ¢ < max EN(y(t) < c+ -

te[0;1]

and EN (a(t), u(t), ' (t), ¥(t)) < c when a(t) < ay,. Let t} and 3 be respectively
the minimum and the maximum of {¢, «(t) > a,}. By the definition of ¢, we
have 0 < ] < tj < 1. For the sake of simplicity, we introduce u] = u(tqj?),
u'f =/ (th), and W% = W(t}).

The idea of the proof is now to connect M* = (v, uf, v'7, ¥F) and MY =
(ap, ul,u'y, ¥Y) by a path on which « is constant, with a maximum energy

that is below c.

04/'

) %
M

N

Y1 Ao

Figure 3: A schematic representation of the proof

We shall use the following lemma
Lemma 10. We assume that (o, u,u’) € (0;+00) x (SO3(R))? is fized, and we
abbreviate R = R(c,u,u'). Let U1 and ¥y be two wavefunctions of SH}(R3Y).

Then there exists a continuous path W : [0;1] — SHY(R3N) such that ¥(0) =
Uy, U(1) = Uy, and for all t € [0;1]

EN(R,w(t)) < max{EN(R,¥),EN (R, Uy)}.
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Proof of Lemma 10 — Let us denote by V' the finite-dimensional eigenspace
associated to the first eigenvalue A\V(R, Z) of HY(R,Z), and let Py be the
projection onto V. We may write U1 = tqUy + /1 — t%\pvj_, where ty € [0;1],
Uy = % if Py (W) # 0, and Uy is an arbitrary normalized function of
V if Py(¥1) =0 (then tg = 0). This enables to define a path connecting ¥; to
Uy, on which the energy decreases, by varying ¢ € [to; 1].

We may find with the same method a path from ¥y to some ¥/, in V, with
a decreasing energy. It remains now to take an arbitrary path in the sphere of
V to connect Wy and ¥y, (the sphere of V' being pathwise-connected since we
are in C), on which £V(R,-) is constant. O

Now, let N1 and Ny be such that
EN(r,2) + EN2(¢, 2/) = min {E™(r,z) + E™(r',2), ni +ng =N} := AV

and (N7 — |2))(Nz — |#/]) # 0.

By lemma 6, there exist ¥; and s, two ground states of respectively
HN(r, 2) and HN2(r/,2'). We now introduce W} = (u] - 11) A (T, - u'pb2)
for k = 1,2. Since SO3(R) is pathwise connected, one may find two paths
Up, Ul : [0;1] — SO3(R) such that U,(0) = uf, U,(1) = uf, U,(0) = o'}
and U/,(1) = u/5. This enables to connect M} := (v, u},u'}, ¥%) and M3 :=
(ap, ul vy, \11721) by a path on which @ = «,,. Applying Lemma 10, we may
connect M} to M}, and M} to My. We finally obtain an admissible path %,
connecting M and M’, with a maximum that is attained ”between” M} and
Mg It is now a consequence of Lemma 2 that

max £V (u(t) = B () + BV, )+ (M - ‘ZZ(HNQ 17D, <(ai)2> |

Since N1 + Ny = N = |z| + |Z/|, we have (N7 — |z|)(N2 — |2’]) < 0 and so

e < max £V (3,(1)) < BV (r.2) + V(. )
te|0;

for n large enough, which is a contradiction. O

3.3.3 Proof of Theorem 7

As in the previous proofs, we may suppose that ¢ > max{EVN(M),EN(M')},
and that there exists a sequence «,, — +00 and paths -, such that
1

< Nya@) <c+ =
C_tgl[ggf (m(t)) < et~

and EN(a(t), u(t),u'(t), ¥(t)) < ¢ when a(t) < a,,. We use the same definitions
as above for t7, t4, M}' = (u},u’};, ¥}) for k = 1,2. Applying Lemma 10 if nec-
essary, we may also assume that % is a ground state of H (R(ay,, ul, u'}), Z).

Up to a subsequence, we may assume that u} — uj and u'); — vy as n
goes to 400 and that each (¥}), converges to some critical point at infinity of
energy ¢ (by Theorem 3). But by (H1), (H3) (let us assume for instance that
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El#l(r, 2) is not degenerated), these points can be written (uw) A (u'1)') where
1 is a fixed ground state of HI*I(r, 2), and ¢/ € ker <H‘Z/|(r’, 2y — E¥ Iy, z’)),
Y|z = 1. So finally, we may assume that each (¥}), converges to a critical
point at infinity of the form (ugy)) A (uj4y,).

Step 1: Rotating the molecules. As above, the idea is now to find a
path from each M;' to some tensor product, with a non-increasing energy. But
we cannot apply the method used before since a tensor product may now have
an energy which is greater than c if the molecules have a ’bad’ orientation. This
is due to the fact that the first term in the expansion of the interaction energy
will be the dipole/dipole term. Therefore, our first step will be to change the
orientation of the molecules, so that the dipole/dipole interaction energy of a
tensor product becomes negative.

Let &2 € C(R3,[0;1]) be a cut-off function such that &} = 0 on R3\
B(O,a,/3), & =1 on B(O,0,/3 = 1), |V oo < 1, A} oo < 2, and let us
denote by £ = 7,, 5] the translation of £}, and by &3 :=1— &} — £. We now
write as in the proof of Theorem 2

N

v =TT+ )T = 3 &) &y ()W = 3 (Tt

=1 1<k;<3 1<k;<3

Since k € {1,2} and n will be fixed during this step, we shall forget the

subscripts and write ¥ = Zlgklg YhktkN - We now introduce for all vy,
Vg € SOg(R),
\I’(m,vz)(xlv xN) = Z \I/kl""’kN (wkla:l, ...wkN:EN),
1<k;<3
M(vl,vg) = (aruvlu’UQulv \Ij(vl,vg))

where wy = v{, w3 = v3 = I and ws(z) = vl (r — a,¥) + a,, 7. We have also
forgotten the indices k and n for the sake of simplicity. Obviously, My 5y = M.

Lemma 11. There exists a path V : [0,1] — (SO3(R))? such that V(0) = (I,1),
V(1) is a critical point of (vi,v2) — SN(M(UWQ)), and SN(MV(t)) < EN(My )
for all t € [0;1].

Proof of Lemma 11 — Since ¥} is locally Lipschitz by Theorem 1, one easily
shows that F : (vi,v2) — EN(M(y, 4y)) is C* on (SO3(R))%. We then simply
consider the associated gradient flow to conclude. O

Applying this lemma, we may obtain some X = (v, vu, v'u/, ¥), connected
to M;' by a path with a non-increasing energy, and which is a critical point

with respect to the rotation of the molecules as defined before. Indeed it is a
critical point of the function

(Hy, Hy) — eN (an, ey, eff2yf, (@)(6H176H2))
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defined on the space A3(R) x A3(R), A3(R) being the space of 3 x 3 antisym-
metric real matrices.

Step 2: Expression and expansion of the energy and its derivative.
Now, we have

T2 k1,...,k 2
’\I"(eHheHz) = Z ’\I’ 1H1 e% |+ ¢
1<k <2

with @1 < Ce % (by Theorem 2), so we obtain

eN (an7€H1U7€H2’U/,\IJ(eH17€H2)> =
N Hy. Ha ) &kiyokn _
E & (an,e 1y, e 2“?‘1/(6H1,6H2) +O(e ao‘").

1<k;<2

Let us fix 1 < ky,....,ky < 2 and denote C; = {i, k; = I}, 2! = (2;)iccy,
2?2 = (23)icc,, Ni = |Cy]. We then have

N Hy, _H> ki,...kn ) _
E (an,e v, e 20 ‘IJ(H1@H2)

<HN1 (T, Z)Cl\:[]klw 7kN’ Phisok > <HN2 (7“,, Z’)CQ\I’kl""’kN, \I;kl,~~,kN>

1
3 G PRkN |2 Z
+A3N (T an )z | \anz_f—l—eH?xj —eHlxi|

i€C1, jels
/

—ZZ Y)Y Fay, — o

an¥ + e'f2r; — ety an¥ + efl2z; — etliy

1€C j= 1| + ’ i= 1]60 | ntU+ l’
13,2
—i—g E dr-dz”.

|y, v+eH2r — eflip|
=1 j=1

Differentiating this expression with regard to H = (Hy, Hs), we find

dg—oEN (an, Hlv,eH%' gk )) (Hyi, Hs) =

(ef1,ef

~ Co it .+ (Hox: — Hyx;
_/ ’(T—anﬁ>x2q/k17""k1\”2 Z an U+ ﬂiz (Hz J . 177)
R3N G ety lan ¥ + zj — x4

B Z Z Zjeaanrrjfxz (HQT'j - Hlxz) _i Z Ri€ay itzj—r; (H2:17j - lei)

lan¥ + 15 — a4]? o + 5 — ri]?

1€Cy j=1 i=1 jeCq

/

ziZ5€apipr;—r, * (Harj — Hiry)

da' da®.
+ZZ | T + 1 — ri]? v

=1 j=1
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Now, we obtain, using lemma 2,

"
Vi, =N (an,eHl ef2y! @itk ) =

( Hq eH2)
N _ /
S el IR LR D D sz oldride’
n 1€Cq
Ny — |2 - -
_W / (T )2 OF k21 =350T) [ S wgal = zrar! | datda?
n R3N ieCh i=1

1 ~ N,
" @ [ 1) #2735,

T

Z T Zz 7 Z x; Z dzldxz? +0 fR3N |‘i’k1’""]m|2
7 (AN) 7 (an)4 )

i€C jeCs

and a similar expansion for the gradient with regard to Hos.
We may now expand the energy with a similar method and obtain

N (an,v,v’,\i!kl""’kN) _ <HN1 (r, Z)Cl‘l,kl,...,kN’\I,kl,...,kN>+

<HN2(T/,Z/)CZ‘IJk17""kN,\I’kl’m’kN> + (Nl — Zl)(N2 — ZQ) / |‘jk1,“.,k1\/|2
R3N

(679
Ny — |2/ ~ Ui
+ 7( (2a )|2 ’)eg-/ |(T,ang)lellkl""’k1"\2 Z T — Zzin dxtdx?
n R3N ieCy i1
(N1 — |2]) / T ki, kN (2 ' / 1.2
-5 " | (T, ) g2 U | Z T — Z dzx dx
(Oén) R3N JECs
(N2 — |2']) / T h k|2 7
- | (T, ) g2 U | (I — 300" )x; - x;
2(C¥n)3 R3N anU/x ch;l (3 (3

- Zzi(I — 3057 )r; - 7’1-) dot da?

i=1
(N1—|Z|)/ ki, kN (2 T
- |(T_,5)z2 P N (I — 300" )z - x;
m
Zz (I — 3vo! J r;- dz'dz?
j=1
1 / " 5
+ [(T—a, ) g2 UF1*N 2(T — 300 X 2T
(Oén)3 RISN anvV/)x ch;l 7 ; 1l
\i,kj,...,k;N 2
S, Z PRPEIY kLl §
jGCQ (O[n)
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With a similar computation, it can be proved that
IV H—o(HN (R, Z) TRk ki) | = O (e=0n)

when k; = 3 for some .
As a conclusion, we obtain, by summing these expressions,

5 B C D, +E 1
ev (an’eHlvveH{ZU/’\IjZ):An—l“‘ n2+ n+3n+0< >
Qn (an) (an)

where

Ay, = Z Z HNl 7" z Cl + HY ( /)Cz) \chhcza \IJCI7CQ>
N1+N2=N |C1|=N1

Bu=— Y > (N[N = [T > 0
N1+N2=N |C1|=N1
and with similar definitions for C,, D,,, E, (D, contains the two terms involv-

ing (N7 — |2]) and (N2 — |2/]), and E,, is the third term).

Step 3: A boot-strap argument. We have
Ay =Y (BN )+ BN Y B,

N14+N2=N |C1]|=N1

= ¢ ) JFy
[ARE
+ Y (BN ER) Y 1
Ni+ N2 =N |C1]=N1
N1 # ||
= c+O0(e ™)+ Y (EM(rz)+EN( ) —c) Y [9)3,
N1+ N2 =N |C1|=N1
N1 # ||

v

c+O(e ™) +e Y. > ey,

N1+N2:N |Cl‘:N1
N1 # 2|

> c¢+€B,+0 (e*ao‘”)

where € = min{ EN (1, 2) + EN2(+/,2'), N1 + No = N, Ny # |z|} —¢ > 0 (H1).
Now, we have by the definition of M;' and X},

eN (an,eHlv,eH%’,\I/Z) <c

so we obtain, for n large enough,

/
0§;Bn§<e’—1>3ng—(0” —D”+E"+O(1>. (14)

Qn an)z (an)g (an)4

Using the fact that \i'z converges to some critical point at infinity, one easily
sees that A,, By, C, and D,, are bounded as n goes to +o00o, and finally B,, =
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O (ﬁ) But we may write for instance, for 1 < k; < 2 with |Cy| :== Ny # |#],
by (14)

m
(Ny — |2'])es - /st |(T,ang)x2\i/k1""’k’\’\2 Z T — Zziri dxtdx?

i€Ch =1
R e e
= an|Na = [0 (iR j2,)
and so one can easily prove

Cn =0 (anB,), Dp=0 ((an)*B,). (15)

Now Cp, = O (%ﬂ) and by (14), B,, = O( L ) Using one more time (15),

(on)?
we obtain C,, = O (¥) and D, = O (é) As a consequence,

(an)?

- E, 1
N H H. n\ _ n
E <an,e lv,e zvf’q;k> =A,+ (on)? + 0 ((an)4> .

Using the same estimates, we also obtain an expansion of the form

~ E! 1

where E! corresponds to the derivative of the dipole/dipole term. But now it
is known that

7DA;;(lR)i {VleogN (Ozn,eHlv,eH%’,\i/(HLHQ))} =0

where P 4, ). is the orthogonal projection onto A3 (R)*+. We thus have P Ay®)L B =

(0] (a%) and 5o P 4, )L E;, — 0 as n goes to +o00. A same result holds for the
derivative with respect to Ha. Recall now that in fact v = v, v =0/}, u = u}!
and v = u'}. As above we may assume by extracting a sequence if necessary
that v} and v}, converge to some vy and v}, as n — +oo.
We may now pass to the limit and obtain, by (14) and the convergence of
vy,
(vpurP) - (vjuy P) — 3(vgug P - 0) (vup Py - ¥) <0
,P.A3(]R)i [(I - Sﬁﬂ)(vkukP)(vizu;gPé)T] =0 (16)
P A (m)~ (I = 3657 (vju), P) (vpur P)T] = 0

for k € {1,2}, and where P := P and Py := Py, .

Step 4: Study of the critical points of the dipole/dipole interac-
tion. We have the following result, which is proved in Appendix 2.
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Lemma 12. Let be P, P’ € R3\ {0} and e € S?. The critical points of the
function

Fppr i (u,u') = (uP) - (u'P") = 3(uP - e)(u'P" - e) = (I - 3eel)(uP)) - (u'P’)
defined on SO3(R)? are given by

1. ugP = €|Ple, ugP' = €|P'|e with ¢ = £1. Then (uo,u() is a minimum of
F, and Fp pi(uo, up) = —2|P[|P'|.
2. ugP = €|Ple, u) P' = —¢|P'le with e = 1. Then (u4,u)}) is a mazimum

of F with a Morse index equal to 4, and Fp, p/(u4,uy) = 2|P|[P"].

8. u P = |PJv, vy P' = —|P'|v for some v € S?> N (e)*. Then (uy,u}) has a
Morse index equal to 1, and F§ p,(ui,u}) = —|P||P'].

4. ugP = |Plv, uyP" = |P'|v for some v € S? N (e)*. Then (ug,ub) has a
Morse index equal to 2, and Ff p,(u1,u)) = |P||P'|.

Index | Energy

4 2|P||P| —_— - .~ —

2 | |P|[P]

S

A
U
1| -IPP] i

0 | —2|P||P| —_— — ~— -

Figure 4: The critical points of the dipole/dipole interaction

By (16), (viug, viuy,) is a critical point of Fg pr» With a non-positive energy.
ke
Since P # 0 and P], # 0 (H1), we conclude by Lemma 12 that F;;,Pé (vpug, viu) <
—IPYIPY <.
As a consequence, applying Lemma 2, we obtain

((/-N (Oén, U]?“Za U/Zu/Za (’UZUZ : W A (TanU ' U/ZU,Z ’ 77bl/c)) =

Fg,P,; (v ug, v'iu'y) 1
c+ 3 + O 1) <c
(an) (o)

for n large enough, since

lim Fpp (vpug, v'pu'y) = Fp pr (veu, v'gu's) < 0.

n—-+o0o
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Let us now denote by
= n n n n
My = (o, viu, v' i (VR - ) A (o - 0 - 9)) -

For n large enough, we may now construct a path connecting X}’ to M,’;
k € {1,2}, with an energy below ¢, by Lemma 10.

Step 5: Connecting the two tensor products. To end the proof, it
remains to connect M{* and M3 by a path with a maximum energy below c.
We fix here n and forget this subscript. Let us now introduce the function F'
defined by

F(v,V/',¢) = Fpp,(v,V/)
for (v,v/,¢) € W := SO3(R)? x V where V is the unit sphere of the finite
dimensional space ker (H'Z/‘(r’,z’) - E|Z"(r’,z’)). We now denote by Y =
(ugvk, upvy, ¥y) for k € {1,2}. Notice that we have shown

max(F(¥1), F(¥2)) < —min{| P[|Py[} < 0.

Now, let be

¢ = inf F(Y(t 1
¢:i= jnf, max (Y'(t)) (17)

where

' ={Y €C%0,1],W), Y(0) =Y, Y(1) = Ya}.
We have the following
Lemma 13. We have ¢ < —mingev {|P||Py|} := C < 0.

Proof of Lemma 13 — Suppose that ¢ > max(F (Y1), F(Y2)). By the meth-
ods of [14], we may find a sequence y,, € W such that F'(y,) — ¢ VF(y,) — 0
and d%V,V’)F > —e, on a space of codimension at most 1, with e, — 0 as
n — +oo. W being compact, up to a subsequence, y, = (Vn, V), dpn) con-
verges to a critical point y = (v,1/,¢) of energy ¢, and with a Morse index
with respect to (v,v') variations at most 1. By Lemma 12, we necessary have
Fly) < —|P||Py). 0

Let Y,, € I be a path connecting Y7 and Y2 such that maxcp.;) F(Y () <
¢+ & We then have

EN (n, va(), 4 (t), (n(t) - ) A (Ta5 - VA (t) - ¥n(t)))

for n large enough.
As a conclusion, we have built a path 4, for n large enough such that

EN(A(t
e (Fn(t)) < c

which is a contradiction and ends the proof of Theorem 7. ]
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Appendix 1: Non-isotropic exponential decay of the electronic density

We want to prove here Lemma 3, that we recall for the reader’s convenience.

Lemma 14. Let Vg be an eigenfunction associated to the eigenvalue )\éV(R, Z)
and pr be the electronic density. We introduce eg = LN (R, Z) — \Y(R, Z).
Then

1. pr satisfies the inequation

1
—iApR-ﬁ—VRpR-i-ERpR <0. (18)

2. With Ri(e€) := max (RO +1,Ro + 2Np> and C(e) := Ui_{z, |z — X;| =
Ri(e)}, and if r > 2R1(eR), then we have

p
pr(x) < prlrs(c(eny D e VR/PIXimri=taler)
i

=1
< plorlreceq)e v <r/PO@)—Ri(er)) (19)
< Me—Ver/p(6(z)=Ri(cr))

on U(Ri(er)), where 6(z) = min{|lz — Xj|, j = 1,...,d}, and M =
M(p, N, Ri(€r))-

Proof — The fact that pg is a solution to (10) is essentially proved in [16]
(the proof is written for atoms with no nuclei/nuclei interaction).
The proof of (19) follows ideas of [15]. We have

_iL
- = ’x—Xﬂ—Ro

for all z € U(R1(er)), so that ppr satisfies

1 P er N
SV o) o - v
5 2PR ]Z:; p  Jo—X;|- Ro PR

on U. Let f be the radial positive solution of

1 €R N
0+ (5 e ) =0

on R3\ B(0,Ri(er)), such that f(z) = 1 if |z| = Ri(eg) (f is a Whittaker
function, see [15]). Then f;(z) = f(z — X;) is a positive solution of

1 €R N )
——A - = )
2 15 (p |z — X;| — Ro 1
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on R*\ B(X;, Ri(eg)) and F = >_%_1 fj is a solution of

1 L €R N
—ZAF + <—>F:0.
2 ; P lz—Xj[—Ro

such that F(z) > 1if z € C(ep).
Since pr € C*(U(R1(er))) and lim,_, 4o pr(z) = 0, the maximum princi-
ple implies
PR < PRI Lo (C(en)) F'(2)-
But, on R?\ B(Xj, Ri(er)), we also have

€R N €R

)
p |z —Xj|—-Ro ~ 2p

so that (maximum principle)

fi(2) < él(ﬂ%)’ e~ Ver/pla=X;|~Ri(er)) < o—/er/p(lo—X;|~Fa(er))
s — X

on R3\ B(Xj, Ri(eg)) which implies

F(z) < e~ Ver/p(lz—Xj|=Ri(er))
j=1
pe—\/eR/PG L |93—Xj\—Rl(€R))
< peVer/p@(@)=Ri(er))

IN

To end the proof, we now remark that since pg is real analytic on U(Rg+1/2),
there exists a constant M depending only on Rj(eg) such that

lprl Lo (c(er)) < MlpRILrwi(Ro+1/2))) < MpR|L1 (RS = M - N

and so
pr < MNpe~Ver/p6@)~Ri(er))
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Appendix 2: Study of the critical points of the dipole/dipole interac-
tion

We prove here Lemma 12 that we recall.

Lemma 15. Let be P, P’ € R3\ {0} and e € S?. The critical points of the
function

Fppr: (u,u') = (uP) - (W'P") = 3(uP - e)(u'P'-e) = (I - 3ee’)(uP)) - (u'P")
defined on SO3(R)? are given by

1. ugP = €¢|Ple, ugP' = €|P'|e with ¢ = £1. Then (uo,u() is a minimum of
F, and F§ p(uo, uy) = —2|P||P].

2. ugP = €|Ple, u)yP' = —¢|P’|e with e = £1. Then (u4,uly) is a mazimum
of F with a Morse index equal to 4, and F§ p(us,uy) = 2|P||P'|.

3. u1P = |Plv, uy P’ = —|P'|v for some v € S?> N (e)*. Then (u1,u}) has a
Morse index equal to 1, and Ff p,(u1,u}) = —|P||P'].

4. uaP = |P|v, ubP' = |P'|v for some v € S? N (e)*. Then (ug,ub) has a
Morse index equal to 2, and Ff, p,(u1,u)) = |P||P'|.

Proof — 1t is simpler to study the function
(z,y) = P[Pz -y —3(z-e)(y-e)

defined on S? x S2, but we shall not use here this expression, to keep the point
of view imposed by the proof of Theorem 7.

If (u,u’) is a critical point of Fp pr, then (0,0) is a critical point of f :
(H,H') — FsRu,P,(eH,eH/), defined on A3(R) x A3(R). We may assume u =
u' = I and | P| = |P'| = 1 to simplify notations, and we denote by M := I—3ee’.
Then we have

MP(P)T € A3(R)* MP(P)T = P'PTM (20)

{ MP'PT € A3(R)* { MP'PT = P(PY'M
Multiplying by M, we find for instance M?P'PT = P'PTM? and so M?P' =
(PTM?P)P’, showing that P and P’ are eigenvectors of M?2. Tt is then easy
to see that they are eigenvectors of M. Using (20), we obtain P = +P’. The
critical points are thus those given in the Lemma.

The second derivative is given by

d*fpp/(H,H')=2(MHP)- (H'P')+ (MH*P) - P' + (M(H')*P') - P.

Suppose for instance that P = e. Let (e,e3) be an orthogonal basis of et.
Then, in the basis (e; = e, ez, e3), M = diag(—2,1,1). We introduce H;; :=
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T

eiej — ejel, so that (H;;)1<i<j<s is an orthogonal basis of A3(R). The matrix

of d%} pf is this basis is then

d%’,Pf = ~ di&g(1,1,3,3,0,0),

OO = OO NN
OO OO oo
_ o o N OO
OO N O
O O O O oo
OO = OO

and obviously dfpﬁpf ~ diag(—1,—1,-3,-3,0,0).
If P 1 e, we use the same basis (H;;)1<i<j<3 but with e = P and find

-1 0 0 -2 0 O
0O -1 0 0o 1 0
0 0 0O 0O 0 O
2 _ i _9 _
dP,Pf - 72 0 0 71 0 O d/l’ag(:l? 27 3) 07 0’0)7
0 -2 0 0 -—-10
0 0 0 0O 0 O
and obviously d%’fpf ~ diag(—1,2,3,0,0,0). O
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